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Part I

Lecture Notes for Relativity I (PHY 4460/5560)





1

The Lorentz Transformation

We will begin our study of (special) relativity by stating the postulates of the theory on which the entire subject
is built.

Postulate 1: The speed of light, c, in vacuum has the same value in every inertial frame of reference.

Postulate 2: The laws of physics take the same form in all inertial frames of reference.

It is important to realize that a physical theory is only as true as the validity of its postulates. The remainder
of the subject is a consequence of logic and analysis. Although relativity is a very robust and mature theory,
continuous efforts are being made to test the limits of its postulates. Suffice it to say that we will consider the
postulates of relativity to hold for the remainder of these notes.

Our job is to describe a set of preferred observers who carry a measuring stick and clocks so that they may
record the spatial distance to any point of interest and also set up a clock at that location such that all clocks
agree with the clock carried by the observer for all time. Consider such a potential “inertial observer” S. The
coordinates used by the inertial observer S will be referred to as an inertial frame or an inertial coordinate
system. From the first postulate of relativity, Newton’s first law of motion is satisfied in this inertial frame,
and so the observer S will see all potential free particles as moving with a constant velocity. This means that
the observer S must not be accelerating. To locate the distance to any spatial point P from the spatial origin O
of the observer, she/he simply sends a beam of light from O to P and have it reflect back to O and records the
time taken as tOP . From the first postulate of relativity, the unambiguous distance between O and P is simply
given by

dOP = c
tOP

2
.

Also, if an event is recorded at the spatial location P, a signal is sent back to O via a light signal. Let tP be the
time when the signal was received at O by S. Then S records the time of the event as

tP −
dOP
c

.

In this manner, in principle, S is able to assign a set of four numbers (t, x, y, z) for all events. The point
x = y = z = 0, locates the origin O mentioned above. Since space and time will be on equal footing in the
development of the theory, we would instead have S use the coordinates (ct, x, y, z). This way, all of the 4-tuples
have a dimension of distance.

We will soon have occasion to describe the complete catalog of all other possible inertial observers, and the
coordinate transformations between them. But for now, we will focus on a very special type of observer. Let us
suppose that an observer S̄ is moving along the positive x-axis of S with a constant speed v. Since in Newtonian
mechanics such an observer would also be deemed inertial (accelerations of objects as viewed by S and S̄ are
the same, and hence the expression for the net force is unchanged), we would want the speed of light in S̄ to be
exactly c. How can this be? For, after all, relative velocities must simply add vectorially giving that the speed
of light c̄ in S̄ is given by c̄ = c− v, thus violating the second postulate of relativity!

The resolution to the above conundrum is given by the famous Lorentz transformation that students first
encounter in a Modern Physics course. Let S̄ use coordinates (ct̄, x̄, ȳ, z̄). Notice that c is not “barred”. Then
the time and space coordinates of the two observers are related by the transformation



4 1 The Lorentz Transformation

ct̄ = γ(ct− βx)
x̄ = γ(x− βct)

ȳ = y
z̄ = z

where β = v/c and γ =
1√

1− β2
. (1.1)

A few immediate remarks are in order. Note that the Lorentz transform is not valid when β2 ≥ 1 (we certainly
don’t want imaginary lengths and time). Therefore, we only allow for S̄ to have a relative velocity below c.
Further, when β << 1, we see that the Lorentz transformation reduces to its Galilean counterpart, i.e.,

t̄ = t
x̄ = x− vt
ȳ = y
z̄ = z

. (1.2)

Comparing the above equations, we see that, unlike Newtonian physics, here t̄ is not equal to t; and this is the
source of many of the interesting physics in special relativity.

Remark 1.1. Since the time coordinate undergoes a change under a Lorentz transformation, we can no longer
treat it as an absolute quantity. I.e., we have to treat time and space on an equal footing. Thus, spacetime
points are described by the 4-tuple (ct, x, y, z). We chose ct instead of t since ct has the dimension of length just
like x, y, z.

Finally, it is important to note that there exists no meaningful derivation of the Lorentz transformation in
the present context; however, we include a heuristic argument for the sake of completeness. It is only later,
when we confront the powerful theorem by Zeeman [2] that we can conclude that we have the right result.

Observer S̄ using coordinates (t̄, x̄, ȳ, z̄) is moving with a speed v along the x-axis of another inertial observer
S using coordinates (t, x, y, z). We want a transformation between the two coordinate systems such that both
observers measure the same speed of propagation for a beam of light. Since relative motion is restricted to the
x direction, we will set

ȳ = y, and z̄ = z .

As a first guess, we assume that
x̄ = γ(x− vt) . (1.3)

Here γ is set to be a constant depended on the parameters of the transformation, namely c and v, that is
yet to be determined. The above expression has the advantage that when γ → 1, we get the familiar Galilean
coordinate transformation of coordinates. The symmetry between the frames suggests that when v → −v, the
barred and unbarred coordinates interchange. This assumption tacitly implies that γ is an even function of v.
Then, eq.(1.3) also implies that

x = γ(x̄+ vt̄) . (1.4)

Combining the above two equations yields

x̄ = γ(γx̄+ γvt̄) − γvt ,

or

t = γt̄ +
(γ2 − 1)

γv
x̄ .

Once again, swapping the barred and unbarred coordinates and substituting v → −v, we get that

t̄ = γt +
(1− γ2)

γv
x . (1.5)

Now, imposing the requirement that, for the location of the tip of a beam of light

x = ct =⇒ x̄ = ct̄

in eq.(1.3) we get that
t̄ = γt(1− β) (1.6)

where,

β =
v

c
.
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Unlike eqs.(1.3)-(1.5), eq.(1.6) is not generally valid. It is only true along the tip of the beam. Nonetheless, it
enables us to fix γ. Inserting eq.(1.6) into eq.(1.5) yields,

γt − γβt = γt+
(1− γ2)

γv
ct ,

which gives the final needed expression for γ as

γ =
1√

1− β2
.

Note that β < 1 for real and finite transformations. Finally, inserting eq.(1.3) into eq.(1.5) gives us that

t̄ = γ
(
t− v

c2
x
)
.

To recap, the Lorentz transformation describing a boost along the x direction is given by

x̄ = γ(x− vt) , t̄ = γ
(
t− v

c2
x
)
,

ȳ = y , and z̄ = z ,

where

γ =
1√

1− β2
, and β =

v

c
.

Remark 1.2. It is only for convenience that we chose to derive the Lorentz transformation along the x axis. It
is just as easily done along any axis, and we will have occasion to see this explicitly.

Problem 1.1. Show that the inverse Lorentz transformation is given by

ct = γ(ct̄+ βx̄)
x = γ(x̄+ βct̄)

ȳ = y
z̄ = z

. (1.7)

Problem 1.2. Suppose a beam of light is sent from the spacetime point (ct1, x1, y1, z1) to (ct2, x2, y2, z2) in S,
then we must have that

c2(t2 − t1)2 = (x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 .

Show that in S̄ the two spacetime coordinate components must also satisfy

c2(t̄2 − t̄1)2 = (x̄2 − x̄1)2 + (ȳ2 − ȳ1)2 + (z̄2 − z̄1)2 .

Here, the barred coordinates are related to their unbarred coordinates by the Lorentz transformation in eq.(1.1).

The above problem does indeed verify that the speed of light does not change in a coordinate system that
is moving with a constant velocity with respect to another inertial frame. For simplicity, we chose the direction
of the moving frame to be in the x direction. Clearly, there is no need for such a restriction. Such frames
(/observers) are in general referred to as Lorentz Boosted frames (/observers). One might even refer to the
transformation in eq.(1.1) as a Lorentz Boost. The number γ in eq.(1.1) is often referred to as the Lorentz
factor.

To understand the nature of space and time of a boosted observer, as compared to another inertial observer,
we begin our analysis be constructing spacetime diagrams in the t, x plane. It is customary to graph x as the
horizontal axis and ct as the vertical axis (the fact that these axes are chosen to be perpendicular has no physical
significance; it is done only for ease). We will place both S and S̄ coordinate grids in the same spacetime diagram
to fully appreciate the consequences of a Lorentz boost. To this end, note that the t̄ axis of S̄ is the set of all
points on which x̄ = 0, i.e., we set γ(x− vt) = 0. Here, as usual γ = 1/

√
1− β2 and β = v/c. Therefore, the ct̄

axis is the line
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x

c t

x

tc
beam of light

atc +== xctconstant, b

bxctx +==
b

1
constant,

Fig. 1.1. Slanted dashed lines are lines of constant ct̄ and x̄. Notice how the beam of light has the same speed in both
frames.

ct =
1

β
x .

Similarly, the x̄ axis is obtained by setting ct̄ = 0 = γ(ct− βx) and is given by the line

ct = βx ,

and the lines ct̄ = constant (horizontal lines in the S̄ frame) are given by

ct = βx+ a

in the frame S. Here, different constants a generate different lines of constant ct̄. These lines are parallel to the
x̄ axis.

The lines x̄ = const (vertical lines in the S̄ frame) are given by lines

ct =
1

β
x+ b

Here, different constants b generate different lines of constant x̄. These lines are parallel to the ct̄ axis. The
resulting diagram is represented in fig.(1.1). The observer in S lives on the line x = 0, i.e, the ct axis, while the
observer in S̄ lives on the line x̄ = 0, i.e., the ct̄ axis. The fact that different observers live on different curves
in spacetime leads to the famous time dilation and length contraction effects. Such special relativistic effects
are meaningful only when β is significant and γ is greater than 1. In practice, this happens when β ≥ .1 or
equivalently when v ≥ .1c.

Time Dilation

Example 1.1. With respect to a stationary inertial observer on earth (we will treat non-moving observers on
earth as practically inertial), a rocket ship flies from a spacetime point p1 = (0, 0, 0, 0) on earth to the point
p2 = (c T, d, 0, 0) to a distant galaxy. What is the lapsed time for an inertial observer that is fixed on the rocket
ship? Provide the relevant spacetime diagram.

Solution: For ease of calculation, we will ignore the initial acceleration and the final deceleration of the rocket
ship, as the time taken for launch and landing is minuscule compared to an intergalactic journey!

Let S and S̄ be the inertial frames used by the observer on Earth and the rocket, respectively. As measured
by S on Earth, the rocket ship starts at

t1 = 0 and x1 = 0 ,

and at its destination has coordinate values
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x

c t

0=x

tc

1
p

2
p

dx =

tctc =

v

d
cct =

Fig. 1.2. The solid represents the path taken by the rocket ship.

t2 = T and x2 = d = vT ,

where v is the speed of the rocket ship. On the rocket ship however, S̄ locates the starting point p̄1 as

t̄1 = 0 and x̄1 = 0 ,

and the time coordinate of the final destination as

t̄2 = γ
(
t2 −

v

c2
x2

)
= γ

(
t− v

c2
vT
)

=
√

1− β2 T .

Or

t̄2 =
T

γ
.

I.e., the observer on the rocket ship has aged less than the observer on Earth. This is an example of the well
known time dilation effect in special relativity. As expected

x̄2 = γ(x2 − vt2) = γ(d− d) = 0 .

The relevant spacetime diagram for this example is given in fig.(1.2). ut

Definition 1.1. If a spacetime event occurs at the same spatial location 1 in a particular inertial frame, then
the time lapsed for the event in this frame is called the proper time (denoted by τ) for this event. The frame
itself is referred to as rest frame for the event.

For the example considered above, the proper time lapsed for the trip τ = ∆t̄. We will subsequently generalize
the definition of proper time to include circumstances where there are no inertial rest frames during the entire
span of the event. This will be the case, for example, in the initial and final stages of flight when the rocket ship
is accelerating and or decelerating.

Length Contraction

Definition 1.2. The length of an object measured in a frame where the object is at rest is referred to as its
proper length.

Example 1.2. A (really fast) jet airplane of proper length L0 passes you by at a speed of βc. According to you,
what is the length of the airplane? How long does it take for the airplane to pass you?

Solution On the airplane, in S̄, the front end traces out a curve in spacetime denoted by (ct̄2, x̄2), and so does
that back end as described by (ct̄1, x̄1). Note that we suppress the y and z coordinates for obvious reasons.
Clearly, S̄ measures the proper length to be

∆x̄ = x̄2 − x̄1 = L0 .

When we transform the end point spacetime locations to your frame of reference S, the expressions become

∆x = γ(∆x̄+ v∆t̄) (1.8)

1 By the same spatial location we mean xi = constant for i = 1, 2, 3 in the particular inertial frame.
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x

ct tc

x

0
L

L

front of airplane

back  of airplane

Fig. 1.3. The solid lines show the proper length L0, and L is the length as measured in the frame S.

and
c∆t = γ(c∆t̄+ β∆x̄) . (1.9)

Note that ∆ is the change in coordinate values from the front and the back end of the airplane. Also, we have
used the inverse Lorentz transform (as we must). When you measure the length of the airplane in S, you locate
the end points at the same instant of time in your frame (that’s the simplest way to measure the length of a
moving object). I.e., c∆t = 0 or from eq.(1.8)

c∆t̄ = −β∆x̄ .

Then, from eq.(1.9), the length L that you measure is given by

L = ∆x = γ(∆x̄+ v∆t̄) = γ

(
∆x̄− v2

c2
∆x̄

)
=
∆x̄

γ
,

or

L =
L0

γ
.

I.e., the length of the airplane appears contracted to you. The time taken for the airplane to pass you is given
by

∆t =
distance

v
=
L0

√
1− β2

v
.

Fig.(1.3) shows the relevant spacetime diagram. ut

The following example is from [3].

Example 1.3. A train of rest length 200m travels along a straight line of track past a train station of rest length
100m with β =

√
3/2. What does the engineer on the train measure the length of the train station to be? What

does the station master measure the length of the train to be?

Solution Here γ = 2.

According to the station master:
Length of the station = 100m
Length of the train = 200/2 = 100m

According to the engineer on the train:
Length of the train = 200m
Length of the station = 100/2 = 50m

The relevant spacetime diagram is shown in fig.(1.4). Here we see that two views can co-exist harmoniously. ut
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Back of Train

Front of Train

ct

Train station according to station master

x

Train according to station master

Train according to engineer

station according to the engineer

Fig. 1.4. The station is shown in blue, and the train is shown in green.

This portion of the homework is from a standard course in military science that every school child has to take
in the Post Imperial Era 2

Problem 1.3. You have been posted in the outer rim territory to monitor rebel activity in the sector. Near
the end of a quiet shift, the Tantive IV streaks past, possibly carrying the stolen plans to the Death Star! The
Imperial fleet must determine the accurate speed of the craft to track the Tantive IV. Your scans indicate that
the spacecraft has a length of 135 m. Imperial records show the craft is 150 m long. In transmitting your report
to the headquarters, what speed should you give for the spacecraft?

Problem 1.4. Anakin Skywalker dueled Count Dooku on board the Invisible Hand. During the duel, the
Invisible Hand zoomed past the Integrity at a speed of .9c. Lieutenant Commander Needa looked through the
window and witnessed part of the duel. If Anakin was holding his meter-long lightsaber at an angle of 30 degrees,
how long does the saber appear to Needa? According to Needa, what angle does the lightsaber subtend (to the
common horizontal in the direction of relative motion)?

Problem 1.5. Following the Rebel Alliance’s smashing victory at the Battle of Yavin, Luke Skywalker (he was
19 years old at the time) flew his X-wing fighter to Hoth to scout its suitability for housing the new rebel base.
Unfortunately, 4 light years into the trip (as measured by the rebel base) Luke discovered an Imperial blockade
and that forced him to return immediately to Yavin, the round trip taking 6 years according to Luke, (a) how
fast did he travel? (b) How old was Princess Leia, who was located at the base, when Luke returned?

Hint: Write 1 light year as c times 1 year. I.e., 8 lyrs = 8 c years.

Problem 1.6. Bonus 3 pts: Jacen Solo, the oldest son of Han and Leia, boards a spaceship and travel away
from Coruscant toward Leritor, a mid rim world near the Bothan sector at a constant velocity of 0.85c. One year
later on Coruscant clocks, Jacen’s twin sister, Jaina, boards a second spaceship and follows Jacen at a constant
velocity of 0.95c in the same direction. (a) When Jaina catches up with Jacen, what will be the differences in
their (proper) ages? (b) Which twin will be older?

2 Problems in special relativity were transformed into the world of “Star Wars” by Michael Cervera (Adjunct Lecturer,
Department of History, Troy University). This storyline follows the expanded Star Wars universe and not the third
theatrical trilogy.
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Inertial Observers

In this chapter, we will classify the list of all possible inertial observers. This is important so that we can
recognize a viable physical theory from an unphysical one. After all, according to the second postulate of
relativity, any physical theory must have the same appearance in all inertial frames. So, we could select a
candidate transformation for each member of an inertial class and subject the test theory to its transformation
properties. If the new theory survives this test, then at the very least we have a plausible theory. In the next
chapter, we will subject mechanics and electrodynamics to this test, and you will get a concrete sense of what
“same appearance in all inertial frames” might mean. In practice, what we do is modify a theory if necessary
so that the postulates do indeed hold.

It might seem odd that physicists consider the above-mentioned test as an important one. But, soon you
will see that this has far-reaching consequences. In fact, just this test in special relativity determines all the
possible types of particles that might exist in the universe 1. It also determines the types of mathematical
expressions that are allowed in a field theory. In this chapter, however, we will not consider the second postulate
of relativity. Our sole attention will focus on the constancy of the speed of light. Turns out, this will modify
most all previously existing equations of physics. Any correct physical theory must be recast in its relativistic
form. We will take this issue up in the following chapter.

Before we enter into our classification scheme, it will be useful to have an understanding of the basic
properties of the rotation group. After all, observers who are rotated with respect to an inertial observer must
also be inertial (they would clearly measure the speed of light to be c).

2.1 The Rotation Group

Consider the simple case of rotation of an orthonormal bases frame about the z-axis. Hereēx
ēy
ēz

 =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

ex
ey
ez

 . (2.1)

The rotation matrix about the z-axis about an angle ϕ denoted by Rz(ϕ) is then given by

Rz(ϕ) =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

 .

It is easy to verify some of the immediate properties of Rz(ϕ):

[Rz(ϕ)]−1 = Rz(−ϕ) ,

detRz(ϕ) = 1 ,

and
[Rz(ϕ)]T ·Rz(ϕ) = I ,

where I is the identity matrix. Now, let v be any 3-dimensional vector given by

1 This is beyond the scope of our purpose here. Most textbooks on Quantum Field Theory will explain the classification
of particle types. For example, see [4].
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v = vx ex + vy ey + vz ez .

The same physical vector in the rotated frame can be written as

v = v̄x ēx + v̄y ēy + v̄z ēz .

Notice what we are doing is a passive rotation. The physical vector remains unchanged while the components
and the bases change simultaneously. I.e.,

v̄ = v .

Under a rotation about the z-axis, we already know how the bases vectors in the two frames are related to each
other (eq.(2.1)). It will be useful to work out the transformation between the components of the vector v in the
two frames as well. To this end note that

v = v̄x ēx + v̄y ēy + v̄z ēz

= v̄x (cosϕ ex + sinϕ ey) + v̄y (− sinϕ ex + cosϕ ey) + z̄ ez

= (cosϕ v̄x − sinϕ v̄y) ex + (sinϕ v̄x + cosϕ v̄y) ey + z̄ ez .

I.e., vxvy
vz

 =

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1

v̄xv̄y
v̄z

 .

Noting that the inverse of the above matrix is its transpose we get thatv̄xv̄y
v̄z

 =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

vxvy
vz

 .

Curiously, here, under rotation the components of a vector change exactly the same way as the bases vector
(eq.(2.1))! It is important to note that this is not true under any other types of bases transformation save
rotation. We will see the reason for this shortly (problem 2.2).

Theorem 2.1. Given any vector v in a particular frame, the bases can be rotated so that the new basis, v has
only components in x-direction.

Proof. The argument is very simple and hardly unique. Let θ0 and ϕ0 be the polar and azimuthal angle
coordinates of the vector v 2. Then, first rotate the bases about the z-axis through ϕ0 and then rotate about
the new y-axis by an angle of π/2− θ when θ < π/2 and by −(θ − π/2) otherwise. ut

Example 2.1. Consider a vector v with magnitude 2, ϕ = 900 and θ = 300. Find a bases where v only has an x
component.

Solution: Note v = ey +
√

3 ez. As per the proof above we first rotate about z-axis through 900. The rotation
matrix in this case is

Rz(π/2) =

 0 1 0
−1 0 0
0 0 1

 .

Consequently the new basis is given by

ēx = ey , ēy = −ex and ēz = ez .

In this basis, v = ēx +
√

3 ez. Now rotate about ēy through 600. I.e.,

2 Our choice of spherical coordinates are such that

x = r cosϕ sin θ ,

y = r sinϕ sin θ

and
z = r cos θ .

Here θ and ϕ are the polar and azimuthal angles respectively.
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ẽy
ẽz

 =

 1
2 0

√
3

2
0 1 0

−
√

3
2 0 1

2


ēx

ēy
ēz

 .

Then ṽxṽy
ṽz

 =

 1
2 0

√
3

2
0 1 0
−
√

3
2 0 1

2


 1

0√
3

 ,

and
v = 2 ẽx

where ẽx
ẽy
ẽz

 =

 1
2 0

√
3

2
0 1 0

−
√

3
2 0 1

2


 0 1 0
−1 0 0
0 0 1

ex
ey
ez

 .

�

Problem 2.1. Let

R =

 1
2 0

√
3

2
0 1 0

−
√

3
2 0 1

2


 0 1 0
−1 0 0
0 0 1

 .

Show that
detR = 1 , and RTR = I .

So far we considered simple cases of very specific rotations. However, to understand rotations as abstract objects
let us consider its defining properties.

Definition 2.1. A transformation of vectors is a rotation R if and only if

1. R is linear. Clearly we would want that for any pair of vectors v and w, R(v + w) = R(v) + R(w), and
R(av) = a R(v)) for any real number a.

2. R should preserve the lengths of vectors.
3. R should preserve the angle between any pair of vectors.
4. R should preserve the relative orientation of vectors; in particular for a orthonormal bases set, since

ex × ey = ez ,

we must have that
ēx × ēy = ēz .

Here ēx = R(ex), and similarly for the other basis vectors.

As a reminder, what we are doing here is a passive rotation as described previously. Property 1 implies that R
can be written as a matrix. Since we can reconstruct how every vector transforms once we know how the basis
vectors transform, we will specify R by its defining equations on an orthonormal basis:ēx

ēy
ēz

 =

R11 R12 R13

R21 R22 R23

R31 R32 R33

ex
ey
ez

 . (2.2)

Theorem 2.2. If R is a rotation, then RTR = I, where I is the identity matrix.

Proof. Under rotation, the familiar dot product of vectors is unchanged (properties 2 and 3 above). I.e., for any
pairs of vectors v and w

v ·w =

3∑
i=1

vi wi =

3∑
i=1

v̄i w̄i ,

where
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v̄i =

3∑
j=1

Rij v
j 3

for a rotation matrix Rij . The vector w transforms in a similar manner. Then

v ·w =

3∑
i=1

v̄i w̄i =

3∑
ijk=1

Rij v
j Rik w

k =

3∑
jk

(RTR)jk v
j wk =

3∑
i=1

vi wi .

This can happen for every pair of vectors x and y if and only if

(RTR)kj = I .

ut

Problem 2.2. Suppose under a rotation, the components of any vector v change according to the transformation

v̄i =

3∑
j=1

Rij v
j ,

then show that the basis vectors change exactly the same way, i.e.,

ēi =

3∑
j=1

Rij ej .

Theorem 2.3. If R is a rotation, then detR = 1.

Proof. From property 4 of rotations and eq.(2.2),

1 = (ēx × ēy) · ēz = detR .

This immediately gives that detR = 1. ut

Theorem 2.4. R is a rotation 4, if and only if

detR = 1 and RTR = I .

Proof. The above two theorems satisfy all the requirements of rotation in definition 2.1. ut

Problem 2.3. Show that the set of all rotations form a group. I.e., show that

1. R = I, the identity matrix, is a rotation.
2. if R1 and R2 are rotations, then R1R2 is a rotation.
3. if R is a rotation, then R−1 is a rotation.

Hint: Recall that for matrices A and B,

det(AB) = (detA)(detB) ,

and
(AB)T = BTAT .

Definition 2.2. From the theorem above, the set of all matrices R such that detR = 1, and RTR = 1 forms an
algebraic group 5 under matrix multiplication called the rotation group, and is denoted as SO(3).

The letters S stand for special, meaning determinant 1, or orientation preserving, and the letter O stands for
orthogonal, meaning RTR = 1 since they carry orthonormal bases to another set of orthonormal bases.

3 Here we have assumed that the bases vectors (ex, ey, ez) and transform exactly as the components of a vector
(v1, v2, v3). The next problem shows that this is indeed the case.

4 As defined in eq.(2.2).
5 If you are not familiar with Group Theory in Algebra, here we simply mean that conditions of problem 2.3 hold true.
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2.2 Classes of Inertial Observers

There are four very distinct types of coordinate transformations that relate one inertial observer to another. For
definiteness, consider one inertial frame/observer S that uses coordinates (ct, x, y, z). While the 3-tuple (x, y, z)
is the Cartesian coordinates of a particle, we will never treat it as a vector (you will see soon that in differential
geometry this is typical). However, when we have a Cartesian coordinate system (and only then), the difference
in location between two spatial points (x2, y2, z2) and (x1, y1, z1) is denoted by

∆x = (x2 − x1, y2 − y1, z2 − z1)

is considered to be a vector located at the point (x1, y1, z1).

Time Translated Observer

Define a new set of coordinates, presumably carried by another observer, given by

t̄ = t+ t0 , and (x̄, ȳ, z̄) = (x, y, z)

for some constant t0. Here, the two observers have not initially synchronised their otherwise identical clocks.
Then the speed of a beam of light in S ∣∣∣∣∆x

∆t

∣∣∣∣ = c

in turn implies that ∣∣∣∣∆x̄

∆t̄

∣∣∣∣ = c .

Clearly this is so because ∆x̄ = ∆x and ∆t̄ = ∆t. Here | · | calculates the usual magnitude of a vector x.

Space Translated Observer

Now consider a new class of observers defined by

t̄ = t , and (x̄, ȳ, z̄) = (x+ ax, y + ay, z + az)

Here ax, ay, and az are 3 fixed real numbers. Here too, for the exact same reason as above,∣∣∣∣∆x

∆t

∣∣∣∣ = c

implies that ∣∣∣∣∆x̄

∆t̄

∣∣∣∣ = c .

Rotated observer

Now consider a class of observers defined by

t̄ = t , and x̄i =

3∑
i=1

Rij x
j

for some rotation matrix R. Since the entries of the matrix R are constant

dx̄i

dt
=

d

dt

3∑
i=1

Rij x
j =

3∑
i=1

Rij
dxj

dt
.

From properties 2 and 3 of definition 2.1, magnitudes of vectors do not change under rotation and so∣∣∣∣dxdt
∣∣∣∣ = c→

∣∣∣∣dx̄dt
∣∣∣∣ = c .

Therefore, a rotated observer measures the speed of light to be c just as S.
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Lorentz Transformed Observer

It is important to mention the very significant new class of observers that are related by a Lorentz transformation
here (eq. (1.1)). In the previous chapter, we ensured that the speed of light is indeed preserved under a Lorentz
transformation. Naturally, we mean to include boosts in all directions.

2.3 Minkowski Spacetime

The coordinates (ct, x, y, z) constructed by clocks and light beams as described in the beginning of Chapter 1,
where along a light beam, the change in coordinates is such that

c2(∆t)2 = (∆x)2 + (∆y)2 + (∆z)2

is referred to as Minkowski coordinates. These coordinates are most “natural” to special relativity. Minkowski
coordinates are usually labeled by Greek indices as {xµ}, where µ = 0, 1, 2, 3 and x0 = ct, x1 = x, x2 = y and
x3 = z. Purely spatial objects are indicated by Latin indices {xi}, where i = 1, 2, 3 and x1 = x, x2 = y and
x3 = z.

In the previous section, we constructed four distinct classes of inertial observers. For compactness in notation,
we can combine all of the transformations in these inertial frames into a single equation, which we write as

x̄µ = Λµ ν x
ν + aµ , (2.3)

where aµ is a constant 4-tuple that could include a time and space translation, and the matrix Λµ ν includes
both rotations and Lorentz transformations about arbitrary directions. 6 While the 4-tuples themselves are not
vectors, the difference in coordinates of two points, xµ2 and xµ1 , defined by

∆xµ = xµ2 − x
µ
1

is to treated as a vector located at the point xµ1 . Then under a transformation given in eq.(2.3),

∆x̄µ = Λµ ν ∆x
ν . (2.4)

In fact, the above equation defines what we mean by a vector; namely, any object that transform according to
eq.( 2.4) under a coordinate transformation in eq.( 2.3) is called a 4-vector. Therefore, under inertial transfor-
mations, 4-vectors are only affected by boosts and rotations. Although ∆xµ is not invariant under Λµ ν , it turns
out that a “special” combination of components of ∆xµ are invariant under eq.(2.3).

6 Always, the first index of a matrix, (µ in this case) denotes the row, and the second index (ν in this case) denotes the
column of the matrix. Explicitly

Λµ ν =


Λ0

0 Λ
0

1 · ·
Λ1

0 Λ
1

1 · ·
· · · ·
· · · Λ3

3

 .

Additionally, we are using the Einstein summation convention, namely repeated upper and lower indices are being
summed over. Explicitly

Λµ ν x
ν = Λµ 0 x

0 + Λµ 1 x
1 + Λµ 2 x

2 + Λµ 3 x
3

for each value of µ. The Einstein summation convention is to be understood throughout the remainder of the text.
Any exceptions will be stated as such. When Λµ ν is a rotation, it will take the form

1 0 0 0
0
0 Rij
0

 ,

where R is a 3× 3 rotation matrix, and for example, when Λµ ν is a boost along the x-direction, it will take the form

Λµ ν =


γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

 .
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Theorem 2.5. Under eq.( 2.3), the quantity

−(∆ct)
2

+ (∆x)
2

+ (∆y)
2

+ (∆z)
2

is an invariant for rotations, time and space translations, and boosts along x axis. Here (∆ct,∆x,∆y,∆z) are
the components of a 4-vector.

Proof. Under space-time translations, the result is trivially true, since the components of a 4-vector remains
unaffected. Under rotations

(∆x)
2

+ (∆y)
2

+ (∆z)
2

= (∆x̄)
2

+ (∆ȳ)
2

+ (∆z̄)
2

and
∆ct̄ = ∆ct .

Therefore, the above combination is again trivially true. Under a Lorentz transformation in the x-direction

−(∆ct̄)
2

+ (∆x̄)
2

+ (∆ȳ)
2

+ (∆z̄)
2

= −γ2[∆ct− β∆x]2 + γ2[∆x− β∆ct]2 + (∆y)2 + (∆z)2

= γ2[(∆x)2(1− β2)− (∆ct)2(1− β2)] + (∆y)2 + (∆z)2

= −(∆ct)2 + (∆x)2 + (∆y)2 + (∆z)2 .

In a similar manner, it can be shown that

−(∆ct)
2

+ (∆x)
2

+ (∆y)
2

+ (∆z)
2

is invariant under arbitrary Lorentz transformations. ut

Clearly, the notation ∆xµ is cumbersome. Moreover, as we shall see, there are 4-vectors other than coordinate
differences. Therefore, we denote an arbitrary vector located at the point x in spacetime by Ax, Bx, Xx, Yx etc.
A 4-vector Xx at the point x is taken to mean

Xx ≡ (X0, X1, X2, X3) ≡ Xµ
x .

Here Xx is the abstract notation for a vector, while in the index notation we write the same 4-vector as Xµ
x .

Also, Since spacetime is the basic object in special relativity, we will henceforth call 4-vectors simply as vectors.
If we are referring to the spatial components of a 4-vector in a particular frame, we will point it out by calling
the object a 3-vector.

Remark 2.1. Tentatively, the set of points described by Minkowski coordinates (ct, x, y, z) ∈ R4 will be referred
to as Minkowski spacetime. A precise definition with additional properties will follow shortly.

Problem 2.4. Consider any two vectors Xµ
x and Y µx at the same spacetime point x. Show that the quantity

−X0Y 0 +X1Y 1 +X2Y 2 +X3Y 3

is an invariant under eq.(2.3), for rotations, time and space translations, and boosts along x axis.

We can use the invariant quantity to endow spacetime with an inner product η (in R3 we often call this the dot
product). The problem above motivates the following definition.

Definition 2.3. For any pair of vectors Aµx and Bµx at the spacetime point x, in Minkowski coordinates, define
an inner product η by

η(Ax, Bx) ≡ −A0B0 +A1B1 +A2B2 +A3B3 . (2.5)

Notice that the inner product takes two vectors at the same spacetime point x to a real number. With a slight
abuse of notation, it is also usual to write η(Ax, Bx) as Ax · Bx, and A2

x is taken to mean Ax · Ax. Define a
matrix ηµν by
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ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

Then, using the Einstein summation convention we write

η(Ax, Bx) = ηµνA
µ
xB

ν
x .

For any pair of vectors, the above quantity does not depend on the inertial frame. Note that η−1 = η, however
we will denote η−1 as

ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,

so that
ηµαηαν = δµ ν ,

where the Kronecker delta, δµ ν , is the identity matrix.

2.4 The Lorentz Group

We have shown that spacetime translations, rotations, and boosts preserve the inner product η. It is only natural
to ask if we are missing any other linear transformations that will preserve η. To this end, consider any tentative
linear transformations Λµ ν . Then for any pair of vectors A and B, let Ā, and B̄ be defined by

Āµ = Λµ νA
ν ,

and similarly for B̄.

Theorem 2.6. Let Λ be any linear transformation on vectors in Minkowski spacetime. Then Λ preserves the
inner product η, i.e.,

η(A,B) = η(Ā, B̄)

if and only if
η = ΛT η Λ .

Here Ā and B̄ is as defined above.

Proof.
ηαβ A

αBβ = ηµν Ā
µB̄ν = ηµν Λ

µ
αΛ

ν
β A

αBβ .

Therefore
Aα

[
ηµν Λ

µ
αΛ

ν
β − ηαβ

]
Bβ = 0

for all Aα and Bβ . This can happen only when

ηαβ = ηµν Λ
µ
αΛ

ν
β . (2.6)

In matrix notation, the above equation reads

η = ΛT η Λ . 7

ut

Definition 2.4. Any matrix that satisfies
η = ΛT η Λ (2.7)

is called a general homogeneous Lorentz transformation. The set of all general homogeneous Lorentz transfor-
mations is denoted by L.

7

ηµν Λ
µ
αΛ

ν
β = Λµ α ηµν Λ

ν
β =

∑
µ

(
ΛT
)α

µ ηµν Λ
ν
β .

The right hand side of the equation above is simply matrix multiplication.
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Problem 2.5. Show that the boost in the x-direction given by eq.(1.1) is a general homogeneous Lorentz
transformation.

Problem 2.6. Show that the matrix

T =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (2.8)

is a general homogeneous Lorentz transformation. T is the time-reversal transformation, and has the same
entries as η, and T2 = I

Problem 2.7. Show that the matrix

P =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (2.9)

is a general homogeneous Lorentz transformation. P is called the parity transformation. P transforms a right-
handed coordinate system into a left-handed one. Also, P2 = I.

All general homogeneous Lorentz transformations will preserve the inner product η between any pair of vectors.
Taking the determinant of the above equation, we also find that

detΛ = ±1 .

Therefore, general homogeneous Lorentz transformations can be inverted as a matrix. Eq.(2.7) when multiplied
by Λ−1 on both sides give

Λ−1 = η ΛT η . (2.10)

Theorem 2.7. Define
Λν

µ ≡ ηνβ ηµα Λβ α . (2.11)

Then
(Λ−1)µ ν = Λν

µ .

Proof.

(Λ−1)µ ν = (η ΛT η)µ ν =
∑
αβ

ηµα (ΛT )α β ηβν = ηµα Λβ α ηβν = ηνβ η
µα Λβ α .

ut

Theorem 2.8. Eq.( 2.7) implies that
ηµν = Λµ αΛ

ν
β η

αβ . (2.12)

Proof.
Λam Λ m

b = δab .

I.e.,
Λam ηµb η

νm Λµν = δab .

Or,
ηµb (Λam ηνm Λµν) = δab .

Since ηµb has a unique inverse, we have the necessary result. ut

Problem 2.8. Show that L is a group. Hint: use eqs. (2.7) and (2.10).

Theorem 2.9. If Λ ∈ L, then

(Λ0
0)2 = 1 +

3∑
k=1

(Λk0)2 = 1 +

3∑
k=1

(Λ0
k)2 . (2.13)
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Proof. By setting α, β = 0 in eq.(2.6) we find that

η00 = −1 = −(Λ0
0)2 +

3∑
k=1

(Λk0)2 .

Similarly, eq.(2.12) implies that

η00 = −1 = −(Λ0
0)2 +

3∑
k=1

(Λ0
k)2 .

ut

From eq.(2.13) we get that
Λ0

0 ≥ 1 , or Λ0
0 ≤ −1 .

Problem 2.9. Show that Λ ∈ L is a rotation if and only if Λ0
0 = 1.

Definition 2.5. If Λ ∈ L and Λ0
0 ≥ 1, we say that Λ is orthochronous, if Λ0

0 ≤ −1 it is non-orthochronous.

Theorem 2.10. The set of all orthochronous elements of L forms a subgroup of L.

Proof. Let Λ and Λ̄ be two orthochronous elements of L, then

(ΛΛ̄)0
0 = Λ0

0 Λ̄
0

0 +
∑
i

(Λ0
iΛ̄
i

0) .

From eq.(2.13), and the Schwartz inequality of 3-vectors, the above expression becomes

= +

√
1 +

∑
i

(Λ0
k)2

√
1 +

∑
i

(Λ̄k0)2 +
∑
i

(Λ0
iΛ̄
i

0)

≥
√

1 +
∑
i

(Λ0
k)2

√
1 +

∑
i

(Λ̄k0)2 −
√∑

i

(Λ0
k)2

√∑
i

(Λ̄k0)2 ≥ 0 .

I.e., Λ Λ̄ is orthochronous.

Also,
Λ 0

0 = η0a η
0b Λab = (−1)(−1)Λ0

0 > 0 .

I.e., the inverse of an orthochronous matrix is orthochronous. ut

Our inertial transformations thus far, described in eq.(2.3), all have the property that detΛ = +1. But, there is
no reason for us to ignore the case that includes a reflection of the spatial axis. Naturally, we excluded this case
while classifying rotations, because they are not a rotation. However, an inertial observer could easily carry a
spatial grid where ex× ey is what he/she calls the −ez direction. This reassignment will not affect the speed of
light.

Definition 2.6.
L+ =

{
Λ| η = ΛT η Λ, and detΛ = +1

}
,

L− =
{
Λ| η = ΛT η Λ, and detΛ = −1

}
,

L↑+ =
{
Λ|Λ ∈ L+, Λ

0
0 ≥ 1

}
,

and
L↓+ =

{
Λ|Λ ∈ L+, Λ

0
0 ≤ 1

}
.

Problem 2.10. Verify that L↑+ forms a subgroup of L.
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Definition 2.7. The proper 8 orthochronous homogeneous Lorentz group, denoted by L↑+, is the set of all or-

thochronous homogeneous Lorentz transformations with determinant 1. L↑+ is often called the Lorentz group for
short.

Problem 2.11. For any general homogeneous Lorentz transformation Λµ ν ,

T = (Λ0
0, Λ

1
0, Λ

2
0, Λ

3
0) ,

X = (Λ0
1, Λ

1
1, Λ

2
1, Λ

3
1) ,

Y = (Λ0
2, Λ

1
2, Λ

2
2, Λ

3
2) ,

and
Z = (Λ0

3, Λ
1

3, Λ
2

3, Λ
3

3) .

Show that
η(T, T ) = −1 , η(X,X) = η(Y, Y ) = η(Z,Z) = 1 ,

and
η(T,X) = η(T, Y ) = η(T,Z) = η(X,Y ) = η(X,Z) = η(Y,Z) = 0 .

Problem 2.12. Show that if a linear transformation of type

Λ =


a b 0 0
c d 0 0
0 0 1 0
0 0 0 1


belongs to L↑+, then Λ is a boost in the + or − x-direction.

Theorem 2.11. Let Λ be an arbitrary member of L↑+. Then there exists two rotations R1 and R2 such that

Λ = R1 ΛB(β0) R2 .

Here, ΛB(β0) is a Lorentz boost in the x-direction with parameter β0.

Proof. If
Λ1

0 = Λ2
0 = Λ3

0 = 0 ,

then the theorem is trivially true. Suppose this is not the case. Set

u1 =
(Λ1

0, Λ
2

0, Λ
3

0)√
(Λ1

0)2 + (Λ2
0)2 + (Λ3

0)2
≡ (α1, α2, α3) .

Let
u2 = (β1, β2, β3)

and
u3 = (γ1, γ2, γ3)

be unit vectors such that {u1, u2, u3} is an orthonormal basis in R3. Note that u2
i = 1 for each i and ui ·uj = 0

for i 6= j. Therefore

(R1)−1 =

α1 α2 α3

β1 β2 β3

γ1 γ2 γ3


is an orthogonal matrix 9. And by swapping the last pair of rows if necessary, we can ensure that the above
matrix has a unit determinant. Therefore, we get the following rotation in M4:

8 The term proper refers to the determinant of the transformation being +1.
9 Since

(R1)−1 (R−1
1 )T =

 (u1 · u1) (u1 · u2) (u1 · u3)
(u2 · u1) (u2 · u2) (u2 · u3)
(u3 · u1) (u3 · u2) (u3 · u3)

 =

 1 0 0
0 1 0
0 0 1

 .
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(R1)−1 =


1 0 0 0
0 α1 α2 α3

0 β1 β2 β3

0 γ1 γ2 γ3

 .

Then (R1)−1 Λ ∈ L↑+, and is of the form (as is explained below)

(R1)−1 Λ =


Λ0

0 Λ0
1 Λ0

2 Λ0
3

a10 a11 a12 a13

(a20 = 0) a21 a22 a23

(a30 = 0) a31 a32 a33

 .

Here {aij} are real numbers one gets from the above matrix multiplication. Because of the explicit form of
(R1)−1, the top row is not affected. Here,

a10 = α1 Λ
1

0 + α2 Λ
2

0 + α3 Λ
3

0 =
√

(Λ1
0)2 + (Λ2

0)2 + (Λ3
0)2 > 0 ,

and
a20 = β1 Λ

1
0 + β2 Λ

2
0 + β3 Λ

3
0

=
√

(Λ1
0)2 + (Λ2

0)2 + (Λ3
0)2 (u1 · u2) = 0 .

Similarly, a30 = 0. Now let
v2 = (a21, a22, a23)

and
v3 = (a31, a32, a33) .

Note that v2 and v3 are orthonormal vectors since a20 = 0 = a30. Let v1 = (c1, c2, c3) be such that {v1, v2, v3}
is an orthonormal basis for R3. If necessary, by allowing v1 → −v1 we can arrange for

(R2)−1 =


1 0 0 0
0 c1 a21 a31

0 c2 a22 a32

0 c3 a23 a33


to be an orthogonal matrix in L↑+. Then (R1)−1 Λ (R2)−1 must be in L↑+, and is of the form, which is easily
verified using problem 2.11, that

(R1)−1 Λ (R2)−1 =


a b 0 0
c d 0 0
0 0 1 0
0 0 0 1

 .

Here
a = Λ0

0 , b = Λ0
1c1 + Λ0

2c2 + Λ0
3c3 ,

c = a10 , and d = a11c1 + a12c2 + a13c3 .

As we have already shown in problem 2.12, a proper orthochronous Lorentz transformation of the form
a b 0 0
c d 0 0
0 0 1 0
0 0 0 1


is a Lorentz transformation in the x-direction. ut

Theorem 2.12. All the elements of L are generated by T,P and L↑+. Here, T and P are as in problem 2.6 and
2.7 respectively.

Proof. Let Λ ∈ L. Recall that T−1 = T, and P−1 = P. Then

if Λ ∈ L↓+, then TPΛ ∈ L↑+. Therefore Λ = PTΛ↑+ for some Λ↑+ ∈ L
↑
+.

if Λ ∈ L↓−, then TΛ ∈ L↑+. Therefore Λ = TΛ↑+ for some Λ↑+ ∈ L
↑
+.

if Λ ∈ L↑−, then PΛ ∈ L↑+. Therefore Λ = PΛ↑+ for some Λ↑+ ∈ L
↑
+. ut
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In particle physics, there are interactions that do not respect time reversal symmetry and parity. I.e., the laws
of physics in such cases are not invariant under T and P, and are not considered as inertial transformations.

2.5 Causal Structure of Minkowski Spacetime

Definition 2.8. The collection of Minkowski spacetime points denoted by the 4-tuple (ct, x, y, z), along with the
inner product η acting on vectors is called Minkowski spacetime, and is denoted by M4.

Definition 2.9. The semi-direct product of the Lorentz group and all the translations forms the Poincaré group.
This is the cartesian product (Λ, a), where Λ ∈ L↑+ and a ∈M4. Under the action of an element of the Poincaré
group on M4, we get the transformation x̄µ = Λµν x

ν + aµ.

Thus far, all known interactions respect the Poincaré group. I.e., all laws of physics are invariant under trans-
formations of the type given above. The elements of the Poincaré transformations are the generators of new
inertial frames.

Now that we have defined our background spacetime M4 and the inner product η, it is important to clarify
that a vector X is located at some particular x ∈ M4. When this distinction is important, it is indicated by a
subscript x. I.e., a vector at the spacetime point x will be written as Xx or more commonly as X(x).

Definition 2.10. The set of all vectors X(x), at any x ∈M4, clearly forms a vector space at x that is denoted
by Tx(M4). An element of Tx(M4) is referred to as a tangent vector at x of the Minkowski spacetime.

Definition 2.11. A vector field Y in M4 is a differentiable map such that Y (x) ∈ Tx(M4) for any x ∈M4. The
differentiability of Y implies that while Y takes on the form

Y (x) =
(
Y 0(x), Y 1(x), Y 2(x), Y 3(x)

)
,

each component function is differentiable with respect to the spacetime coordinates {xν}. Specifically, this means
that

∂Y µ

∂xν

exists for all values of µ and ν. Typically, we require Y to be smooth. In this case, all orders of mixed partial
derivatives exist. 10

Since the inner product η is not dependent on the location of a spacetime point in Minkowski coordinates, in
what follows we will often indicate a vector without reference to its location point.

Remark 2.2. However, since the inner product is a map between any two vectors at the same spacetime location,
it is to be implicitly understood that, in what follows, η(A,B) is short for η(Ax, Bx) for some x ∈M4.

Suppose Aµ = ∆xµ is the difference in location between the starting point and the ending point of a particle
moving with a constant speed, then

A2 = −(∆ct)2 + (∆x)2 + (∆y)2 + (∆z)2 < 0

implies
(∆x)2 + (∆y)2 + (∆z)2

(∆t)2
< c2 .

Therefore, the object is traveling below the speed of light, and hence it would take more time for the object
to reach its destination than light would. When A2 = 0, we have a vector that clearly describes the motion of
a particle travelling at the speed of light. Finally, if A2 > 0, the supposed particle the vector Aµ is describing
travels a greater spatial distance than light would in the same amount of time. We are not claiming that such
particles exists, however, the above discussion motivates the following definition.
10 By a mixed partial derivative we mean objects like

∂2Y µ

∂x0∂x1

etc.
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Definition 2.12. Let A be any vector at any point in M4. Then A is called

• timelike if A2 < 0.
• light-like (or null) if A2 = 0.
• spacelike if A2 > 0.
• A is causal if it is time-like or null.

Definition 2.13. Let A,B,X and Y be any set of vectors in M4. Then

• if A2 = −1, we say that A is a unit timelike vector
• if B2 = 1, we say that B is a unit spacelike vector
• if X and Y are vectors at any same point x ∈M4, and if η(X,Y ) = 0, we say that X and Y are orthogonal.
• if X and Y are unit orthogonal vectors, then they are called orthonormal.

Problem 2.13. Let T = (T 0, T 1, T 2, T 3) be a timelike vector. Then there exists a rotation Λ ∈ L such that
T̄µ = Λµ ν T

ν is of the form T̄µ = (T̄ 0, T̄ 1, 0, 0) . Hint: Use theorem 2.1.

Problem 2.14. Let T be a timelike vector of the form T = (T 0, T 1, 0, 0) . Then there exists a Lorentz boost
Λ ∈ L such that T̄µ = Λµ ν T

ν is of the form T̄µ = (T̄ 0, 0, 0, 0) .

Definition 2.14. Let A ∈M4. Then

A⊥ = {B ∈M4| η(A,B) = 0}

is the set of all vectors orthogonal to A.

Problem 2.15. Let A ∈M4. Show that A⊥ is a vector space.

Theorem 2.13. Let T be a timelike vector in M4. Then T⊥ is a 3-dimensional subspace of M4 consisting of
only spacelike vectors.

Proof. Considering the results from the last two problems, let Λ ∈ L be such that

T̄µ = Λµ νT
ν

is of the form given by
T̄µ = (T̄ 0, 0, 0, 0) .

In this frame set
S̄µ1 = (0, 1, 0, 0), S̄µ2 = (0, 0, 1, 0) , and S̄µ3 = (0, 0, 0, 1) .

Then
T̄⊥ = span {S̄1, S̄2, S̄3} .

Since η is invariant under L, we get that

T⊥ = span {S1, S2, S3} ,

where
Sµi = (Λ−1)µ ν S̄

ν
i

for i = 1, 2, 3 are orthonormal spacelike vectors. ut

Problem 2.16. Let N = (N0, N1, N2, N3) be a lightlike vector. Then there exists a rotation Λ ∈ L such that
N̄µ = Λµ ν N

ν is of the form N̄µ = (a,± a, 0, 0), where a is a constant. Hint: Use theorem 2.1.

Theorem 2.14. Let N be a lightlike vector in M4. Then N⊥ is a 3-dimensional subspace of M4 of the type

N⊥ = span {N,S1, S2} ,

where S1 and S2 are spacelike vectors.
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Proof. Let Λ ∈ L be such that
N̄µ = Λµ νN

ν

is of the form given by
N̄µ = (a,±a, 0, 0) .

In this frame set
S̄µ1 = (0, 0, 1, 0) , and S̄µ2 = (0, 0, 0, 1) .

Then
N̄⊥ = span {N̄ , S̄1, S̄2} .

Since η is invariant under L, we get that

N⊥ = span {N,S1, S2} ,

where
Sµi = (Λ−1)µ ν S̄

ν
i

for i = 1, 2 are orthonormal spacelike vectors. ut

Note that N⊥ contains N . This is a peculiarity of special relativity stemming from the fact that η permits
non-zero null vectors (since every null vector is orthogonal to itself). The 3-dimensional hyperplane N⊥ is often
referred to as a null hyperplane. In general relativity, where spacetime is pliable, we will have null hypersurfaces
of interest. In particular, as we shall see, the event horizon of a black hole is in general a null hypersurface.

Time Orientation

We began our study of relativity by looking at how inertial coordinates are constructed. An inertial observer,
free from any external forces, would use a light source, and a clock to setup a spacetime coordinate chart {xµ}
for all events of interest. Suppose in this coordinate system, a particle moves from point xµ1 to xµ2 , then the
displacement vector from xµ1 to xµ2 is such that

∆x0 = x0
2 − x0

1 > 0 . (2.14)

Meaning, event xµ2 occurs at a later time than xµ1 . We will refer to such a vector that denotes particle displacement
as a future-pointing timelike vector. Strictly speaking, while the above choice is convenient, it is not necessary.
This, however, means that we have to keep up with our unnatural choice of coordinate system and compensate
for this fact during every calculation. We will dispense with such tautology by defining a notion of “future” in
precise terms.

Theorem 2.15. Let T be timelike, and W any causal vector, then either

T 0W 0 > 0 in which case η(T,W ) < 0 ,

or
T 0W 0 < 0 in which case η(T,W ) > 0 .

Proof. If T 0W 0 = 0, then since T is timelike T 0 6= 0, so W 0 = 0 i.e., W is spacelike and hence is not causal. So
either T 0T 0 > 0 or T 0W 0 < 0 .

We have that (T 0)2 >
∑3
i=1(T i)2 and (W 0)2 ≥

∑3
i=1(W i)2. Therefore,

(T 0W 0)2 >

(
3∑
i=1

(T i)2

) 3∑
j=1

(W j)2

 ≥ ( 3∑
i=1

T i W i

)2

,

i.e.,

|T 0W 0| >

∣∣∣∣∣
3∑
i=1

T i W i

∣∣∣∣∣ .
If T 0W 0 > 0, we have that

T 0W 0 = |T 0W 0| >

∣∣∣∣∣
3∑
i=1

T i W i

∣∣∣∣∣ ≥
3∑
i=1

T i W i .

Therefore, g(T,W ) < 0. If T 0W 0 < 0, we have g(T,−W ) < 0 and so g(T,W ) > 0. ut
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Given a causal vector, it may not be clear if you are in an inertial chart such that for future pointing causal
vectors, eq.(2.14) is true.

Definition 2.15. Let T be any fixed timelike vector field in M4. Then (M4, T ) is referred to as a time-oriented
Minkowski spacetime with orientation T . In (M4, T ) a causal vector W is future pointing if and only if η(T ,W ) <
0.

Please note that,

a. T should evaluated at the same space-time location as W (see remark 2.2).
b. furthermore, by definition, T is future-pointing in (M4, T ).

Definition 2.16. In (M4, T ), let T be a timelike vector in a given Minkowski coordinate system. The Minkowski
coordinate system is positively time-oriented if T 0 > 0.

Theorem 2.16. Let X be a future-pointing causal vector in a positively time-oriented Minkowski coordinate
system (ct, x, y, z). Then X0 > 0.

Proof. This follows immediately from definition 2.15 and theorem 2.15. ut

Theorem 2.17. Let (ct, x, y, z) be a positively time-oriented Minkowski coordinate system for (M4, T ), and

let Λ ∈ L↑+. Then (ct̄, x̄, ȳ, z̄) as generated by Λ in the usual manner is a positively time-oriented Minkowski
coordinate system.

Proof. Considering theorem 2.11, we can pick Λ to be a Lorentz boost in the x-direction. In this case

T̄ 0 = γ (T 0 − βT 1) .

But,
−(T 0)2 + (T 1)2 + (T 2)2 + (T 3)2 ≤ 0 .

Since T 0 > 0, we get that
T 0 ≥

√
(T 1)2 + (T 2)2 + (T 3)2 ≥ T 1 .

Hence, since β < 1, we get that T̄ 0 > 0. ut

Problem 2.17. Let N be a continuous future-pointing null vector field in (M4, T ). Then any causal vector W
is future pointing if and only if

a. η(W,N) < 0, at any point in spacetime where W is not proportional to N .
b. W = a2N , for some non-zero number a, wherever W is proportional to N .

From the above problem, we see that a non-vanishing null vector field defines a time orientation on M4.

Problem 2.18. Find a spacelike vector S such that S0 > 0. Then find a Lorentz boost in L↑+ such that S̄0 < 0.

From the above problem, it should be clear that there is no temporal order to spacelike vectors.

Problem 2.19. If V and W are future-pointing timelike and future-pointing causal vectors, respectively in
(M4, T ), show that V +W is future-pointing timelike.

Problem 2.20. Let T be any continuous timelike vector field in M4. Show that the only possible time orienta-
tions of M4 are given by (M4, T ) and (M4,−T ).

Problem 2.21. Let (ct, x, y, z) be an inertial coordinate system for M4. In this coordinate system, let T =
(−3, 0, 1, 2) be a continuous timelike vector field in M4. Consider the time-oriented spacetime (M4, T ).
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1. Confirm that T is a timelike vector.
2. Let W = (1, 0, 0, 1). Confirm that W is a causal vector.
3. If so, is W future-pointing?

Problem 2.22. Let (M4, T ) be a time-oriented Minkowski spacetime. Let W be a future-pointing timelike
vector in (M4, T ). Then show that

(M4, T ) ≡ (M4,W ) .

I.e., show that X is future-pointing causal vector in (M4, T ) if and only if X is future-pointing causal in (M4,W ).

2.6 Zeeman’s Theorem

Definition 2.17. Let f : M4 →M4 such that

1. f is 1-1 and onto. I.e., f−1 is well defined.

2. (v − w)2 = 0 for v, w ∈M4 ⇐⇒ (f(v)− f(w))2 = 0.

3. v − w is future pointing lightlike ⇐⇒ f(v)− f(w) is future pointing lightlike.

Then f is called a causal automorphism.

A causal automorphism is the most general candidate for an inertial transformation: f takes the whole of M4

and maps it uniquely to the whole of M4. This means that the new inertial observer has complete access to
spacetime. Further, from property 2, f maps lightlike vectors to lightlike vectors, i.e., f preserves the speed of
light. Finally, f preserves the temporal order on light rays. I.e., it maps future-pointing null vectors to future-
pointing null vectors. This is a mild and meaningful restriction. We certainly don’t want light beams to be sent
to the past by an inertial observer! However, we are not a priori restricting f to be a linear transformation.

Definition 2.18. A dilation K : M4 →M4 is the map

K(v) = k v

for every v ∈M4. Here k is a positive constant. It is usual for k to be referred to as a conformal factor.

We state the following theorem by Zeeman without proof [2]. The most intuitive proof of Zeeman’s theorem is
by S. Nanda and is definitely worth studying [5].

Theorem 2.18. Let f be a causal automorphism of M4. Then there exists an orthochronous orthogonal trans-
formation Λ, a ∈M4, and a dilation K of M4 such that f = K ◦ Λ+ a. I.e.,

x̄µ = fµ(x) = k Λµ ν x
ν + aµ ,

for some Λ ∈ L↑+.

Let us see what this very important theorem tells us about special relativity. First we will tackle the conformal
factor k. A transformation of type

(ct, x, y, z)→ k (ct, x, y, z)

has no physical content. It simply changes the length scale by a factor k. A dilation is similar to converting from
metric units to English units, for example. Barring conformal factors, any transformations (that could include
non-linear ones) that preserves the feature that the speed of light is constant and the fact that light flows into
the future is necessarily an inertial transformation generated by the Poincaré group, and none other. Our quest
for inertial transformations are, in fact, over. And, most importantly, since Poincaré transformations preserve
the inner product η, it is truly a fundamental property of spacetime and is not preserved just for lightlike
vectors. This inner product must be elevated to the status of a metric, in a differential geometric sense, when
using non-inertial coordinates, or even non-Cartesian coordinates for that matter. 11 So, our hasty calculation

11 This will be clarified along the way. For example, when using the familiar spherical coordinate system on the spatial
coordinates (x, y, z), i.e., when we use coordinates (ct, r, θ, ϕ), η should be written as

−1 0 0 0
0 1 0 0
0 0 r2 0
0 0 0 r2 sin2 θ

 .

We will learn how and why we do this when we study tensor calculus.
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of the Lorentz transformation has proven to be the correct one under boosts. There is no other way the speed
of light can be preserved, along with causality, without mixing space and time!



3

Relativistic Mechanics and Electrodynamics

In this chapter, we will assume that T has been fixed and that all positively time-oriented inertial charts have
T 0 > 0, and so (M4, T ) will simply be denoted by M4. Any future pointing causal vector W will have W 0 > 1.

3.1 Particle Dynamics

A curve α is a smooth (at least piecewise differentiable) map

α : (a, b)→M4 .

Here (a, b) is an open interval in R. In a coordinate chart, α can be written in the form

α(s) =
(
c t(s), x(s), y(s), z(s)

)
.

The curve α is timelike, spacelike or null if g(α′, α′) is less than zero, greater than zero, or zero, respectively,
for every s ∈ (a, b), where

α′ =

(
c
dt

ds
,
dx

ds
,
dy

ds
,
dz

ds

)
.

For now, we will concentrate on future-pointing timelike curves since we are interested in the worldline (as they
are called) of a massive particle. For this reason, we set

c
dt

ds
> 0 .

Example 3.1. Consider the curve
α(s) =

(
.3c s2, 0, 0, .3cs

)
.

Then

α′ =
d

ds
α(s) = (.6c s, 0, .3c) .

To check if α is a timelike curve, we compute its Minkowski norm:

g(α′, α′) = −.36c2s2 + .09c2 .

I.e., α is timelike when s > 1/2, in which case it is also future pointing. �

Example 3.2. In the previous example, consider any pair of s2 > s1 > 1/2. Then

α(s2)− α(s1) = .3c
(
s2

2 − s2
1, 0, 0, s2 − s1

)
= .3c(s2 − s1) (s2 + s1, 0, 0, 1) .

is clearly future-pointing timelike for all s. �

In the previous example, α is a future-pointing timelike curve from p to q, and as expected q − p is a future-
pointing and timelike vector. This statement is true in general, as will be shown below. For ease of notation,
for any vector X in M4, define the quadratic form

QM (X) = η(X,X) .
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Lemma 3.1. Let α : (a, b) → M4 be a future pointing timelike curve. Let s0 ∈ (a, b). Then there exists δ1 > 0
such that when s ∈ (s0, s0 + δ1) ⊂ (a, b) we have that α(s)− α(s0) is a future pointing timelike vector.

Proof. Since dt/ds > 0 we have that t(s2)− t(s1) > 0.

Suppose the premise of the lemma is not true. Then there exists a monotonically decreasing sequence sn that
converges to s0 from above such that

QM (α(sn)− α(s0)) ≥ 0 .

The quadratic form cannot be less than zero, for then α(sn)−α(s0) would be future pointing (since t(sn)−t(s0) >
0 as shown above) for every sequence, and then we will have nothing to prove. I.e.,

QM

(
α(sn)− α(s0)

sn − s0

)
≥ 0

for every n. Since QM is a continuous function,

0 ≤ lim
n→∞

QM

(
α(sn)− α(s0)

sn − s0

)

= QM

(
lim
n→∞

α(sn)− α(s0)

sn − s0

)
= QM (α′(s0)) .

I.e., α′(s0) is either spacelike or null. And this is a contradiction of the premise. ut

Theorem 3.1. Let α : (a, b)→M4 be a future pointing timelike curve such that α(si) = p and α(sf ) = q. Here
si < sf ∈ (a, b). Then q − p is future-pointing timelike.

Proof. First, we note that the previous lemma can be extended to the past. I.e., for every s0 ∈ (a, b) there exists
δ2 > 0 such that when s ∈ (s0 − δ2, s0) ⊂ (a, b) we have that α(s0)− α(s) is future pointing timelike.

From lemma (3.1), there exists δ > 0 such that when s ∈ (si, si + δ) we have that α(s) − p is future pointing
timelike. Let ε = sup{δ} for all δ satisfying the condition above. The supremum exists because all δ are bounded
by (sf − si). Then for si < s < si + ε, we have that α(s)− α(si) is future pointing timelike.

Suppose ε < sf − si. From lemma (3.1), there exists δ2 such that when

s ∈ (si + ε− δ2, si + ε) ⊂ (si, sf )

we have that α(si + ε)− α(s) is future pointing timelike. Then

α(si + ε)− α(si) = (α(si + ε)− α(s)) + (α(s)− α(si)) .

Q
(
α(si + ε)− α(si)

)
= Q

(
α(si + ε)− α(s) + α(s)− α(si)

)
= Q

(
α(si + ε)− α(s)

)
+Q

(
α(s)− α(si)

)
+2η

(
α(si + ε)− α(s), α(s)− α(si)

)
.

All terms in the right-hand side above are negative (Why is the last term negative?). Therefore, α(si+ε)−α(si)
is timelike and further its future pointing because α(si + ε) − α(s), and α(s) − α(si) are. In exactly the same
way, there exists δ3 such that if s ∈ (si, si + ε+ δ3), then

α(s)− α(si)

is future pointing timelike. This contradicts the definition of ε. ut

There are two immediate concerns that we will address simultaneously. The parameter s for timelike curves
seem arbitrary and devoid of physical meaning. Also, we have not yet introduced the notion of proper time for
accelerating particles. We will now develop a notion of proper time for the accelerating particle and use it to
parameterize its worldline.
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Propertime For Accelerating Particles

Recall example 1.1. Here, the observer on Earth uses a coordinate system given by (ct, x, y, z), while the observer
on the spaceship uses a coordinate system given by (ct̄, x̄, ȳ, z̄). The change in position of the spaceship, which
I call W for ease, as measured on Earth, is given by

W = (c∆t,∆x, 0, 0) = (c∆t, βc∆t, 0, 0).

Meanwhile, the observer on the spaceship measures the change in position to be

W̄ = (c∆t̄,∆x̄, 0, 0) =
(
γ(c∆t− β∆x), γ(∆x− βc∆t), 0, 0

)
=
(
γ(c∆t− β∆x), 0, 0, 0

)
= (c∆t̄, 0, 0, 0).

Clearly, here ∆t̄ measures the propertime lapsed. Why?

Then
W 2 = η(W,W ) = W̄ 2 = η(W̄ , W̄ ) = −c2(∆t̄)2 .

Or,
c∆τ = c∆t̄ =

√
−QM (W ) .

The expression above shows that proper time is independent of the inertial coordinate system.

Now, let us consider the case of an accelerating particle. Let α(s) for s in some open interval in R be
the worldline of a particle traveling below the speed of light. Then, as mentioned earlier, α′ is future-pointing
timelike. Let α(si) = p and α(sf ) = q be any two events on the curve, also let {sj}nj=1 be a monotonically
increasing sequence such that

si < s1 < s2 < ... < sn < sf .

Then from the previous theorem, if sm > sn, α(sm)− α(sn) is future-pointing timelike. Therefore,

c∆τtotal ≈
√
−QM (α(s1)− α(si)) +

√
−QM (α(s2)− α(s1)) + ...

+
√
−QM (α(sn)− α(sn−1)) +

√
−QM (α(sf )− α(sn))

=

√
−QM (α(s1)− α(si))

(s1 − si)2
(s1 − si) + ...+

√
−QM (α(sf )− α(sn))

(sf − sn)2
(sf − sn) .

Note that
QM (α(sb)− α(sa))

(sb − sa)2
= η

(
α(sb)− α(sa)

sb − sa
,
α(sb)− α(sa)

sb − sa

)
.

Now we let n→∞ such that all ∆s→ 0 to obtain the exact propertime for the worldline.

Definition 3.1. Let α(s) be a future pointing timelike curve, the propertime τ as a function of the parameter s
is given by

c τ =

∫ s√
−η(α′(s̄), α′(s̄)) ds̄ . (3.1)

Here, α′ = dα/ds, and s̄ is a dummy integration variable.

Theorem 3.2. The propertime along any future pointing timelike curve does not depend on the inertial coordi-
nate system, nor does it depend on the choice of the smooth parameter s.

Proof. Clearly, τ is independent of the inertial frame used (since η(α′, α′) is invariant). It is not difficult to see
that τ is independent of the parameter s. Since α(s) is future pointing, we have that dx0/ds > 0. Let u(s)
be another parameter for α such that α(u) is also a future pointing timelike curve. Then dx0/du > 0, and so
du/ds > 0 since

dx0

ds
=
dx0

du

du

ds
> 0 .

Therefore,
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Fig. 3.1. The solid lines approximates the smooth curve α. Each arrow indicates that the displacement vector is future
pointing.

c τ =

∫ √
−η
(
dα

ds
,
dα

ds

)
ds =

∫ √
−
(
du

ds

)2

η

(
dα

du
,
dα

du

)
ds =

∫ √
−η
(
dα

du
,
dα

du

) ∣∣∣∣duds
∣∣∣∣ ds

=

∫ √
−η
(
dα

du
,
dα

du

)
du

ds
ds =

∫ √
−η
(
dα

du
,
dα

du

)
du .

ut

Example 3.3. Find the proper time function for

α(s) =
(
c s3, 0, 0, 3 c s2

)
.

α′ =
d

ds
α(s) =

(
3 c s2, 0, 0, 6 c s

)
.

To check if α is a timelike curve, we compute its Minkowski norm:

η(α′, α′) = −9c2 s4 + 36c2 s2 = −9 c2s2(s2 − 4) .

Therefore, α is future pointing timelike when s > 2. Then

τ =

∫
3s
√
s2 − 4 ds+ const .

I.e.,
τ = (s2 − 4)3/2

when the integration constant is set to zero. When α is proper time parameterized,

α(τ) =
(
c (τ2/3 + 4)3/2, 0, 0, 3 c (τ2/3 + 4)

)
(3.2)

for τ > 0. �

Relativistic Velocity And Acceleration

We use the propertime associated with the worldline of the particle to define the 4 velocity of the particle.

Definition 3.2. Let α(τ) be a propertime parameterized future pointing timelike curve. Then the proper 4 ve-
locity of the particle associated to the curve is defined by

U = α̇ =

(
c
dt

dτ
,
dx

dτ
,
dy

dτ
,
dz

dτ

)
.

From now on · on timelike curves refers to derivative with respect to propertime. The 4-acceleration of the
particle is defined in the usual way by

a = U̇ = α̈ =

(
c
d 2t

dτ2
,
d 2x

dτ2
,
d 2y

dτ2
,
d 2z

dτ3

)
.
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From definition (3.1) we have that

U2 ≡ η(U,U) = −c2 . (3.3)

Taking the propertime derivative of the equation above gives

d

dτ
U 2 = 2η(U, a) = 0 ,

i.e.,

η(U, a) = 0 , (3.4)

and in particular a is spacelike (since U is timelike).

Transformation Of 4-velocity and acceleration

Consider a moving particle in an inertial frame S of M4. When parameterized by proper time, its world line
takes the form

(x0(τ), x1(τ), x2(τ), x3(τ)).

Then the components of the 4-velocity are given by

Uµ =
dxµ

dτ
.

Since τ is invariant under translations, in a translated frame

Ūµ =
dx̄µ

dτ
=

d

dτ
(x̄µ + aµ) =

dxµ

dτ
= Uµ .

I.e., U does not change under translations. Since τ is invariant under the action of Λ ∈ L,

Ūµ =
dx̄µ

dτ
≡ d

dτ
(Λµν x

ν) = Λµν
dxν

dτ
.

Or,

Ūµ = Λµν U
ν . (3.5)

I.e., 4-velocity, and similarly, 4-acceleration transforms like a vector in M4.

The decomposition of 4-velocity

It is possible to write the 4-velocity vector in terms of the familiar 3-velocity vector

u =

(
dx

dt
,
dy

dt
,
dz

dt

)
of an object.

−c2 = U2 = −c2
(
dt

dτ

)2

+

(
dx

dτ

)2

+

(
dy

dτ

)2

+

(
dz

dτ

)2

= −
(
dt

dτ

)2
(
c2 −

(
dx

dt

)2

−
(
dy

dt

)2

−
(
dz

dt

)2
)
.

I.e.,

−c2 = −
(
dt

dτ

)2 (
c2 − u · u

)
or

γ ≡
(
dt

dτ

)
=

1√
1− β2

where β =
√

u · u/c.

Caution: Although the expressions for γ and β are the same here as they were in the case of the Lorentz boost,
the physical meaning is different (related but different).

Thus

U = (c γ, γ u) =
1√

1− u2/c2
(c, u) . (3.6)
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Example 3.4. Find the proper velocity U for

α(s) =
(
c s3, 0, 0, 3 c s2

)
.

As we have seen, when α is proper time parameterized,

α(τ) =
(
c (τ2/3 + 4)3/2, 0, 0, 3 c (τ2/3 + 4)

)
for τ > 0. Then

U =
d

dτ
α(τ) =

(
c (τ2/3 + 4)1/2τ−1/3, 0, 0, 2 c τ−1/3

)
.

�

Example 3.5. Find the 3-velocity of
α(s) =

(
c s3, 0, 0, 3 c s2

)
.

To compute the 3-velocity of the particle set t = s3. Then

α(t) =
(
c t, 0, 0, 3 c t2/3

)
.

Therefore,
u = (0, 0, 2 c t−1/3) = (0, 0, 2 c (τ2/3 + 4)−1/2)

�

Example 3.6. For α as given above, show explicitly that U = γ(c, u).

U =
d

dτ
α(τ) =

(
c (τ2/3 + 4)1/2τ−1/3, 0, 0, 2 c τ−1/3

)
.

= (τ2/3 + 4)1/2τ−1/3
(
c, 0, 0, 2 c (τ2/3 + 4)−1/2

)
.

Which is of the form
U = (τ2/3 + 4)1/2τ−1/3 (c, u) .

It is easily verified from eq.(3.2) that

dt

dτ
=
ds

dτ

dt

ds
= 3s2 ds

dτ
= (τ2/3 + 4)1/2τ−1/3

as required. �

Transformation Of 3-velocity

Eq.(3.6) imply that

ui =
U i

U0/c
(3.7)

Let S̄ be the inertial frame generated by a Lorentz boost (eq.(1.1)) on a given frame S. Then,

Ū0 = γ U0 − βγ U1

Ū1 = γ U1 − βγ U0 .

Here, β and γ are obtained from the Lorentz boost (and not the speed of the particle). Also,

Ū2 = U2

and
Ū3 = U3 .

Eq.(3.7) gives that

ū1 =
c Ū1

Ū0
=
c [U1 − βU0]

U0 − βU1
=

[c U1/U0 − βc]
1− (β/c) (c U1/U0)

.

I.e, setting u1 = ux we get,
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ūx =
(ux − v)

(1− v
c2 ux)

.

Similarly,

ūy =
uy

γ (1− v
c2 ux)

and ūz =
uz

γ (1− v
c2 ux)

.

The two equations above give the transformation equation for 3-velocity under boost. Note that they do not
transform like a vector.

Under rotations, 3-velocity transforms by a simple 3× 3 rotation matrix like in Newtonian physics. So there is
nothing new to consider since arbitrary Lorentz transformations are compositions of boosts and rotations.

Example 3.7. A spaceship traveling away from the earth at a speed of .8c fires a torpedo at .8c in the same
direction. Find the speed of the torpedo as measured by Earth.

Let S be the frame fixed on the spaceship. All motion is fixed along the x-axis. Then

u = (.8 c, 0, 0) .

S̄ is the frame fixed on Earth. Then the relative velocity of S̄ with respect to S is −.8c.

ūx =
(.8c− (−.8c))
(1− (−.8c)

c2 .8c)
=

1.6 c

1.64
= .9756 c < c .

�

Problem 3.1. Find the components of u in terms of ū. Hint: Deploy the usual strategy of applying β → −β
while swapping the barred and the unbarred quantities.

Problem 3.2. The Starship Enterprise, retracting away from a Klingon vessel at half warp, fires a photon
torpedo towards the Klingon vessel. Find the speed of the photon torpedo as measured by the Klingon vessel.

In the following problems, let
α(s) =

(
2 c (s2 + 1), cs, 0, 0

)
.

Problem 3.3. Find α′ and determine when α is a future-pointing timelike curve.

Problem 3.4. Find the proper time function τ for α given above.

Problem 3.5. Find the proper velocity U = α̇.

Problem 3.6. Compute the 3-velocity of the particle that has α as its world line.

Problem 3.7. A spaceship traveling away from the earth along the x-axis at a speed of .8c fires a torpedo at
.8c at an angle of 60o in the x − y plane of the spaceship. Find the 3 velocity of the torpedo as measured by
Earth. The inertial frames located on the Earth and the spaceship are related by the usual Lorentz boost in the
x-direction.
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Relativistic Force And Momentum

Definition 3.3. The 4-momentum P of a particle of mass m is

P (τ) = mU(τ) = (m c γ,m γ u) ≡ (m c γ,p) .

Note, the 3-momentum p = mγu. This is a redefinition of the classical momentum. It is important to note
that conservation of the relativistic momentum has been experimentally verified in the elastic scattering of
elementary particles thus lending credence to the modified definition. In the limit β � 1 we have that

γ = 1 +
1

2
β2 +

3

8
β4 + ... .

Therefore, in the small speed (as compared to c) limit, the relativistic momentum does indeed approach its
Newtonian value. Since g(U,U) = −c2, we have that

η(P, P ) = −(mc)2 .

Definition 3.4. (Modified Newton’s 2nd Law) The net 4-force K acting on the particle is

K(τ) =
dP

dτ
(τ) .

From eq.(3.4) we have that
g(K,P ) = 0 .

The spatial component of the relativistic force is related to its Newtonian counterpart in the following way:

K =
dp

dτ
=
dt

dτ

dp

dt
=
dt

dτ
F .

Example 3.8. During a spacewalk, an astronaut, missing the Earth’s gravitational field, decides to use his jet
pack to accelerate at 1g along a fixed direction along the x axis. Find the propertime parameterized world line
of the astronaut.

Since there is no motion along the y, z axis, we will only concern ourselves with U0, U1. Clearly,

d

dt
(mγ ux) = mg

implies
dU1

dτ
=
g

c
U0 . (3.8)

Similarly g(U, a) = 0 implies

U0 dU
0

dτ
= U0 a0 = U1 a1 = U1 dU

1

dτ
= U1 g

c
U0 .

I.e.,
dU0

dτ
=
g

c
U1 . (3.9)

Equations (3.8) and (3.9) give that
d2U1

dτ2
=
(g
c

)2

U1 .

This is easily solved to give

U1(τ) = a sinh
(g
c
τ
)

+ b cosh
(g
c
τ
)
.

Now we set ux = 0 (starting from rest), and so

γ(0) = 1 .

Therefore, U1(τ = 0) = 0, and
dU1

dτ
(0) =

g

c
U0(0) = g .



3.1 Particle Dynamics 37

These initial conditions give

U1(τ) = c sinh
(g
c
τ
)
.

Eq.(3.8) along with U0(τ = 0) = c now gives

U0(τ) = c cosh
(g
c
τ
)
.

Setting t(0) = 0 and x(0) = c2/g for convenience we get

ct =
c2

g
sinh

(g
c
τ
)
, and x =

c2

g
cosh

(g
c
τ
)
.

I.e., the particle moves along the hyperbolic curve(g x
c2

)2

−
(
g ct

c2

)2

= 1 .

�

Problem 3.8. Show that the path of the astronaut in the problem above describes a future-pointing timelike
curve.

Relativistic Energy

Recall that

F =
dp

dt
=

d

dt
(mγu) .

Then the work done on a particle is given by

W =

∫ xf

xi

F · dx =

∫ tf

ti

(F · u) dt =

∫ tf

ti

d

dt
(mγu) · u dt = m

∫ tf

ti

u · d(γu) .

On the other hand
d(γu) = udγ + γdu

and

dγ =

3∑
i=1

∂γ

∂ui
dui =

1

c2
u · du

(1− u2

c2 )3/2
.

Then,
u · d(γu) = u2dγ + γu · du (3.10)

Combining all the terms above, we get that

u · d(γu) =
β2u · du

(1− β2)3/2
+

u · du
(1− β2)1/2

=
u · du

(1− β2)3/2
= c2dγ .

I.e.,

W = mc2
∫ f

i

dγ .

From the work kinetic energy theorem, the change in kinetic energy of a particle is given by

∆ K.E = W = mc2
∫ f

i

dγ = mc2
(
γ(f)− γ(i)

)
.

Therefore,

K.E = mγc2 −mc2 (3.11)

so that K.E= 0 for a particle at rest. In this case, in the limit where β << 1, we get that

K.E = mc2
(

1− u2

c2

)−1/2

−mc2 ≈ mc2
(

1 +
u2

2c2
+ ...

)
−mc2 .

Therefore in the non-relativistic limit
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K.E =
1

2
mu2

as expected. Recall that,
∆E = ∆(K.E + P.E) ,

where P.E is the potential energy of the particle. Then, for a free particle, since ∆P.E = 0, we get that

∆K.E = ∆E ,

where E is the total energy of the particle. I.e.,

E = mγc2

up to an arbitrary constant, which we set to 0. In this case, the rest energy of an object is given by the famous
equation

Erest = mc2 .

Here γ = 1 since an object at rest in not moving. The relation between E and |p| =
√

p · p of a particle can
now be obtained by noting that

|p|2c2 = mγ2u2c2 = m2γ2c4β2 = m2γ2c4(1− 1

γ2
) = m2γ2c4 −m2c4

or

−E2 + |p|2c2 = −(mc2)2 1 .

The above equation is sometimes referred to as the mass-shell condition for a free particle. Note that in the
above equation, setting m = 0 implies that

E = |p|c 2 .

All massless particles are expected to satisfy the above relationship. You should already know from your Modern
Physics course that this is true for photons.

Recall that
1eV = 1.6× 10−19J .

The electron volt (eV )is a useful unit of energy when considering elementary particles. For example, the rest
energy of an electron is mec

2 = .511MeV . In this case, the unit for momentum becomes

[p] =
Mev

c
.

Example 3.9. An electron with energy 1MeV makes a head-on collision with a positron at rest. If the e−e+ pair
annihilates to produce two gamma ray photons of equal energy moving at angle θ with respect to the initial
path of the electron. Find the energy and momentum of the photons and the scattering angle θ.

Conservation of momentum implies that
pe = 2p cos θ .

Here pe is the initial 3-momentum of the electron and p is the 3-momentum of the photon. Conservation of
energy gives

mγc2 +mc2 = 2pc .

1 You might wonder why I placed the negative signs in such a curious order. In the next chapter, we will return to this
point.

2 We have taken liberties here and assumed that E and |p| does not depend on the mass of the object. As long as we
are being careless, we can continue the argument and set

E = mγc2 = |p|c = mγuc ,

and thereby conclude that such particles must travel at the speed of light, i.e.,

u = c .
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Also,
1MeV = mγc2 = γ(.511MeV )

implies that
γ = 1.96 and β = 0.8 .

Therefore,

pe = mγ
u

c
c = mγβc =

mγc2β

c
= (.511)(1.96)(.8)

Mev

c
= 0.8

Mev

c
.

The energy conservation equation implies that

1MeV + .511MeV = 2pc

or

p = 0.76
Mev

c
,

and so for the photon
E = 0.76MeV .

Finally, momentum conservation implies that

0.8
Mev

c
= 2(.76)

Mev

c
cos θ

which gives
θ = 64.4o .

�

g(K,P ) = 0 implies that

0 = −mγc d
dτ

(mγc) +
dt

dτ
F · p

or noting that ṫ = γ we get
d

dt
(mγc2) = F · u .

I.e.,
d(mγc2) = F · dr .

In the event that the net force acting on an object is conservative, i.e.,

F = −∇φ

for some scalar function φ, we have that

(mγc2)rf − (mγc2)ri = −
∫ rf

ri

∇φ · dr = φ(ri)− φ(rf ) .

Thus, we get the conserved quantity
E = mγc2 + φ .

For small u

E = mc2 +

(
1

2
mu2 + φ

)
+ ... .

The quantity in the parentheses is the sum total of the classical kinetic and potential energy of the object. The
higher-order terms give relativistic corrections.
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3.1.1 Massless Particles

The “photon” is an example of a massless particle. The speculated “graviton” is also a massless particle. The
worldline of a photon is a curve α(s) such that

dα

ds
= P ,

the four momentum of a photon

P =

(
E

c
, p

)
.

The important point is that for a particular photon, P is constant throughout its worldline (as long as it exists
as a distinct entity, the photon is a free particle). Then

ct =
E

c
s+ ct0

and
x = ps+ x0 .

There is no notion of proper time for a photon.

Transformation Of Momentum

P = m dU/dτ implies that, at least for particles with mass, P transforms as a vector. We postulate that
the 4-momentum of massless particles also transform as vectors. For example, under a Lorentz boost in the
x-direction, regardless of a particles mass

Ē

c
= γ

(
E

c
− v

c
px

)
and

p̄x = γ

(
px − v

1

c
(E/c)

)
,

while p̄y = py and p̄z = pz.

Conservation Of 4-Momentum

Fundamental interactions of elementary particles respect Newton’s 3rd law: For every action, there is an equal
and opposite reaction. I.e., since forces come in equal and opposite pairs, the net force on a closed system is
zero. Therefore,

Pnet, initial = Pnet, final .

Equivalently, the total 4-momentum before and after the event (collision, particle creation and/or annihilation,
etc.) is the same. This is the law of conservation of momentum. Separating the space and time components we
get the law of conservation of energy and 3-momentum p.

There are numerous examples of particle interactions where the relativistic form of total energy and momentum
of the interacting particles are conserved. These results essentially validate special relativity. Here is one such
example:

Example 3.10. In a particle physics lab, a photon with energy Eph collides with an electron initially at rest.
Upon collision, the initial photon is annihilated, creating an electron-positron pair. The newly created electron
position pair, along with the initial electron, moves with a speed u in the direction of motion of the initial
photon. Find Eph and u.

Solution In the frame S of the physics lab, the total initial energy

Ei = Eph +m c2 .

Here, m is the mass of electron (/positron). Total initial momentum

pi = Eph/c .
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In the rest frame S̄ of the electron-positron cluster, the total final energy

Ēf = 3mc2 ,

and the total final momentum
p̄f = 0 .

Since
E = γ (Ē + v p̄x) and px = γ (p̄x +

v

c2
Ē) ,

we get
Ef = 3mγc2 and pf = 3 m γ u .

Setting pi = pf we get Eph = 3m γ u c, and Ei = Ef we get

3mγuc+mc2 = 3mγc2 .

Or
mc2 = 3mγ (c2 − uc)

or

1

3
= γ (1− β) =

1√
(1− β)(1 + β)

(1− β) =

√
1− β
1 + β

.

Therefore, β = u/c = 4/5 and Eph = 4mc2.

In the previous example, Eph = 4mc2 as opposed to 2mc2 (for the two new particles created) since the three
particles carry kinetic energy of

T = 3mγc2 − 3mc2 = 5mc2 − 3mc2 = 2mc2 .

�

Binding Energy

The total energy of a bound system, like the nucleus of an atom, is less than the combined energy of the
separated nucleons. This is in fact, why nucleons bind. For example, the nucleus of the deuterium atom, called
the deuteron, consists of a proton and a neutron. The difference in mass

∆m = (mp +mn)−md = [ (1.007825 + 1.008665)− 2.014102 ] u .

The binding energy

Eb = .002388 u
931.5MeV

u
= 2.224 MeV .

Alpha Decay

Unstable nuclei have a larger mass than its constituent nucleons. A frequently seen decay process is by the
emission of the nucleus of a Helium atom (the α particle). A typical decay of Radium to Radon looks like

226
88 Ra → 222

86 Rn + 4
2He .

The mass difference in this mechanism is given by

∆m = mRa − (mRn +mHe) = [ 226.025402− (222.017571 + 4.002602) ] u .

= .005229 u .

The decay energy

Ed = .005229 u
931.5MeV

u
= 4.871 MeV .

Here, the lighter object (namely the alpha particle) carries most of this energy in the form of kinetic energy.
This is can easily be seen by noting that, in the non-relativistic case

KE =
p2

2m

and the momentum p is the same for both Radon and the alpha particle due to momentum conservation.
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Problem 3.9. Show that

1u = 931.494
MeV

c2
.

Problem 3.10. Show that when β � 1 we have that

γ = 1 +
1

2
β2 +

3

8
β4 + ... .

Problem 3.11. In example 3.8, assume that the astronaut launched from Earth.

1. When 30 years has passed on earth, how much older is the astronaut? How far from Earth has the astronaut
traveled?

2. When the astronaut is 30 years older, how much time has lapsed on Earth? How far from the Earth is the
astronaut?

Problem 3.12. A photon traveling in the y-direction has momentum 3.2 × 10−9Kg m/s. Find the energy of
the photon.

Problem 3.13. An electron traveling in the x-direction has energy 2MeV . Find the magnitude of the momen-
tum of the electron. Find the speed of the electron.

Problem 3.14. Calculate the binding energy of 4He (atomic mass = 4.002603u). 4He has two protons and two
neutrons.

Problem 3.15. Calculate the energy released in the alpha decay of 238
92 U (atomic mass = 238.050783 u) into

234
90 Th (atomic mass = 234.043583 u).

Relativistic Covariance of Mechanics

The laws of mechanics now take the form
maµ = Kµ .

As long as under the action of Λ ∈ L↑+, the external force K is such that

K̄µ = Λµ ν K
ν

we would have that
māµ = K̄µ .

This is what we mean when we say that the laws of mechanics take the same form in every inertial frame. As
you will see below, this is indeed the case for K in electrodynamics.

3.2 A First Look at Tensors

Recall that under a coordinate transformation of type

x̄µ = Λµ ν x
ν + aµ

vectors transform as
Āµ = Λµ ν A

ν . (3.12)

Recall that the tangent space at any x ∈M4 is denoted as Tx(M4). In the past we referred to elements of Tx(M4)
as just vectors. But since we are getting ready to define a new vector space, henceforth elements of Tx(M4) will
be referred to as Minkowski tangent vectors or contravariant Vectors. In particular, Minkowski tangent vectors
will transform as given by eq. (3.12).
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Dual Vectors

As we have seen before, for vectors A and B, the quantity η(A,B) is invariant under the action of a general
homogeneous Lorentz transformation and spacetime translations. I.e.,

η(A,B) = η(Ā, B̄) .

This allows us to define a new kind of vector with lower indices, namely, objects of type Aµ defined by

Aµ = ηµνA
ν .

Theorem 3.3. AµB
µ ≡ A0B

0 +A1B1 +A2B2 +A3B3 is invariant under a general homogeneous transformation
and spacetime translations, provided a dual vector Aµ transforms as

Āµ = Λµ
νAν .

Proof.
ĀµB̄

µ = Λµ
θAθ Λ

µ
νB

ν = (Λ−1)θ µ Λ
µ νAθB

ν = AνB
ν .

ut

Thus, we see that Aµ has well-defined transformation properties. Objects that transform according to a rule

Āµ = Λµ
νAν (3.13)

shall henceforth be referred to as a covariant vector, or a dual vector. Note that the above transformation
property is equivalent to

Āµ = (Λ−1)ν µ Aν .

Definition 3.5. The set of all vectors Aµ(x) at any x ∈ M4, clearly forms a vector space at x that is denoted
by T ?x (M4). An element of T ?x (M4) is referred to as a dual vector at x.

Definition 3.6. A dual vector field X in M4 is a differentiable map such that X(x) ∈ T ?x (M4) for any x ∈M4.

Consider the map from
Tx(M4)→ T ∗x (M4)

given by
Aµ → Aµ = ηµνA

ν .

In coordinates,
(A0, A1, A2, A3)→ (A0, A1, A2, A3) = (−A0, A1, A2, A3) .

Its inverse
T ∗x (M4)→ Tx(M4)

is clearly given by
Aµ = ηµνAν .

Note:

1. From above, we see that ηµν and ηµν provide a 1−1, onto and invertible map between Tx(M4) and T ∗x (M4).
2. Theorem 3.3 articulates the fundamental role of a dual vector: it operates on a tangent vector in a linear

fashion to yield a real number, in the sense that

Aµ (Bµ + Cµ) = AµB
µ +AµC

µ .
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Problem 3.16. Show that, under a coordinate transformation of type

x̄µ = Λµ ν x
ν + aµ ,

we get that

Λµ ν =
∂x̄µ

∂xν
,

and that

Λν
µ =

∂xµ

∂x̄ν
.

Consequently, we have that
∂x̄µ

∂xα
∂xα

∂x̄ν
=
∂xµ

∂x̄α
∂x̄α

∂xν
= δµν .

3

From the problem above we have that, under a coordinate transformation of type

x̄µ = Λµ ν x
ν + aµ ,

tangent vectors/dual vectors transform according to the rule

Āµ =
∂x̄µ

∂xν
Aν , Āµ =

∂xν

∂x̄µ
Aν . (3.14)

Problem 3.17. Verify
∂x̄µ

∂xα
∂xα

∂x̄ν
=
∂xµ

∂x̄α
∂x̄α

∂xν
= δµν

for the case of transformation of coordinates (x, y, z) to (r, θ, ϕ) in R3.

Definition 3.7. Under a coordinate transformation of type

x̄µ = Λµ ν x
ν + aµ ,

a tensor of rank (r, s) at a point p ∈M4 is an object that transforms according to the rule

T̄µ1...µr
ν1...νs(p̄) = Λµ1

α1
. . . Λµr αr Λν1

β1 . . . Λνs
βs Tα1...αr

β1...βs(p) .

Definition 3.8. Under a coordinate transformation of type

x̄µ = Λµ ν x
ν + aµ ,

a tensor field of rank (r, s) is an object that depends on the points x ∈M4 that transforms according to the rule

T̄µ1...µr
ν1...νs(x̄) = Λµ1

α1
. . . Λµr αr Λν1

β1 . . . Λνs
βs Tα1...αr

β1...βs(x) .

Here x̄ locates the point x in the transformed coordinate system.

From eq.(3.14), we see that the tensor transformation rule can also be written in the form

T̄µ1...µr
ν1...νs(x̄) =

∂x̄µ1

∂xα1
. . .

∂x̄µr

∂xαr
∂xβ1

∂x̄ν1
. . .

∂xβs

∂x̄νs
Tα1...αr

β1...βs(x) .

Problem 3.18. Show that under
x̄µ = Λµ ν x

ν + aµ ,

for Λ ∈ L, the metric is invariant as a rank (0, 2) tensor. I.e., verify that η̄µν = ηµν , where

η̄µν = Λµ
α Λν

β ηαβ .

3 In our case this expression follows immediately. But this is true in general. See problem 3.17 for a non-trivial case.
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Mixed Tensors and Tensor Products

There is no real need to place all the contravariant indices in the beginning, followed by all the covariant indices.
Nothing precludes the existence of tensors of type

Sα
β
γ .

The transformation properties of such an object should be obvious. Such objects are sometimes called mixed
tensors. It is also possible to define a product of tensors. For example the product of tensors Sµ ν and Tαβ

denoted by
Sµ ν · Tα β

can be viewed as a new tensor that transforms according to the rule

S̄µ ν · T̄α β = Λµ aΛν
bΛα cΛβ

d Sa b · T c d .

The above transformation property can be extended to the product of arbitrary mixed tensors.

Contraction of Tensor Indices

Similarly, it is possible to contract any two indices of a tensor. For example, consider a tensor of type Sµν α.
Then the quantity

Sµν ν

is a well-defined tangent vector. To see this, note that

S̄µν α = Λµ a Λ
ν
b Λα

c Sab c .

Therefore
S̄µν ν = Λµ a Λ

ν
b Λν

c Sab c = Λµ a Sab b .
4

Or
S̄µν ν = Λµ λ Sλν ν ,

which means that you can contract the indices and then transform the remaining indices of a tensor, or transform
the tensor (without contracting the indices) and then contract the indices. Regardless of the order of operations,
we get the same result. In exactly the same way, we can contract indices of products of tensors. As an example,
this could take on the form

Sµ α · Tα β ,

or even the familiar operation
ηµν ·Aν = ηµν A

ν .

When indices of tensors are contracted, the resulting tensor is clearly of one less covariant and contravariant
rank.

Raising and Lowering of Indices

Problem 3.19. Show that
ηµνĀ

ν = ηµνAν ,

and
ηµνĀν = ηµνAν .

In this manner, all tensor indices can be lowered and raised by η and η−1. For example, given a tensor Sµν α,
we can obtain a new tensor Sµ να by

Sµ να = ηνλ S
µλ

α

Problem 3.20. How are the components of Sµ ν
α related to Sµν α?

4 What is crucial here is the fact that
Λν b Λν

c = δcb .
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3.3 Relativistic Electrodynamics

3.3.1 The Klein-Gordon Field

As a warm-up to relativistic field theory, let us first consider the simplest case of a scalar field. Here, it will be
easy to see how Lorentz invariance applies to fields. Recall that the mass-shell equation is given by

−E
2

c2
+ p2 +m2c2 = 0 .

From Quantum Mechanics, the Hamiltonian Operator E is given by,

E = Ĥ ≡ i~ ∂
∂t

,

and the momentum operator
p̂ ≡ −i~~∇ .

Inserting the operator expressions for E2 and p2 into the mass shell equation, we get that

~2 ∂2

∂(ct)2
− ~2∇2 +m2c2 = 0

which can be viewed as an operator equation. Consider a particle described by a scalar field (a single real-valued
function) φ on M4. The operator equation above can then be thought of as acting on φ, resulting in

− ∂2φ

∂(ct)2
+∇2φ− m2c2

~2
φ = 0 .

The above equation can be written more compactly as

ηµν
∂2φ

∂xµ∂xν
− m2c2

~2
φ = 0 . (3.15)

This is the Klein-Gordon equation. The Higgs field in particle physics and the inflaton field in cosmology is
indeed attributed to the above Klein-Gordon equation.

Now, we must determine whether the Klein-Gordon equation is relativistically correct or not, i.e., whether
or not the equation is Lorentz invariant. To this end, consider two frames with coordinate charts {xµ} and {x̄µ}
related by

x̄µ = Λµ ν x
ν + aµ .

In these two frames, the scalar field is such that

φ̄(x̄) = φ(x) .5

Suppose in {xµ}, eq. (3.15) holds true. The derivative operator transforms according to the chain rule

∂

∂xµ
φ(x) =

∂x̄α

∂xµ
∂

∂x̄α
φ̄(x̄) = Λα µ

∂

∂x̄α
φ̄(x̄) .

For ease of notation, we set

∂µ ≡
∂

∂xµ
, and ∂̄µ ≡

∂

∂x̄µ
.

Then
ηµν∂µ∂νφ(x) = ηµν Λα µ Λ

β
ν ∂̄α∂̄β φ̄(x̄) = ηαβ ∂̄α∂̄β φ̄(x̄) .

The last equality was obtained using eq.(2.12). Thus, it follows that, eq.(3.15) in the chart {xµ} implies that

ηαβ ∂̄α∂̄β φ̄(x̄)− m2c2

~2
φ̄(x̄) = 0 .

I.e., the Klein-Gordon equation has the same appearance in the chart {x̄µ} This is what we mean when we say
that the Klein-Gordon equation is Lorentz invariant.

Problem 3.21. Let Kµ = (K0,K) be a constant vector. How are the components of K related so that

φ(x) = A eiηµνK
µxν

is a solution to the Klein-Gordon equation. Here A is a constant. Is φ an eigenfunction of E and p? If so, what
are the corresponding eigenvalues? What can you conclude about the causal character of K? Note that the
solution is clearly Lorentz invariant.
5 It is precisely this requirement that makes φ a scalar field.
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3.3.2 Electrodynamics

Maxwell’s equations for the electric and magnetic field in S.I 6 units are given by

∇ ·E =
ρ

ε0
, ∇ ·B = 0 ,

∇×E = −∂B

∂t
, and ∇×B =

1

c2
∂E

∂t
+ µ0J .

Here, ρ is the charge density, J is the current density, E is the electric field, B is the magnetic field and
c2 = (µ0ε0)−1. The Lorentz force on a charged particle q is given by

F = q(E + u×B) . (3.16)

In order to formulate a relativistic theory of electrodynamics, we have experimentally determine how these
quantities transform under a Lorentz transformation. Suffice it to say that upon extensive verification, it has
been deemed that indeed the 4-current

Jµ = (cρ,J)

transforms a 4-vector, and the quantities

Fµν =


0 Ex/c Ey/c Ez/c
−E/c 0 Bz −By
−Ey/c −Bz 0 Bx
−Ez/c By −Bx 0


transforms as a rank two contravariant tensor. In any frame, given Fµν , we can determine E and B using the
mnemonic

Ei = F ti , and Bi = εijkF
jk .7

Fµν is referred to as the Maxwell tensor, and under the action of the Poincaré group element (Λ, a)

F̄µν(x̄) = Λµ αΛ
ν
β F

αβ(x) ,

where, as usual
x̄µ = Λµ αx

α + aµ .

Problem 3.22. Show that

Fµν =


0 −Ex/c −Ey/c −Ez/c

Ex/c 0 Bz −By
Ey/c −Bz 0 Bx
Ez/c By −Bx 0

 .

Define ∂[µFνλ] by the expression

∂[µFνλ] ≡
1

3!
[∂µFνλ − ∂µFλν + ∂νFλµ − ∂νFµλ + ∂λFµν − ∂λFνµ] .

In the above expression, we are taking an anti-symmetric sum of all the indices within the square brackets. The
factor of 1/3! is a convention and a useful normalization. 8 Since Fµν is anti-symmetric, we get that

∂[µFνλ] =
1

3
[∂µFνλ + ∂νFλµ + ∂λFµν ] .

Theorem 3.4. The homogeneous Maxwell’s equations are given by the equation

∂[µFνλ] = 0 . (3.17)

The above equation is referred to as the Bianchi identity for electromagnetism.

6 c2 = (µ0ε0)−1.
7 These are clearly not tensor equations. Here εijk is the completely anti-symmetric object such that ε123 = 1.
8 In the language of differential calculus, this combination of derivatives is called the exterior derivative of F .
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Proof. Set µ = ν = 0, λ = 1. Then, trivially

∂F01

∂ct
+
∂F10

∂ct
+
∂F00

∂x
= 0 ,

and we do not get any meaningful information in this case. In the same way, if any two of the three indices are the
same, we get a trivial result that do not correspond to Maxwell’s equations. Now set µ = 0, ν = 1, and λ = 2.
In this case, we get that

1

c

∂Bz
∂t

+
∂Ex
∂y

+
∂Ey
∂x

= 0 ,

or

(∇×E)z +
1

c

∂Bz
∂t

= 0 .

Similarly, µ = 0, ν = 1, λ = 3 and µ = 0, ν = 2, λ = 3 give the remaining two components of Faraday’s law. The
only remaining choice of indices is µ = 1, ν = 2, λ = 3, wherein we get

∂F23

∂x
+
∂F31

∂y
+
∂F12

∂z
= 0 ,

or ∇ ·B = 0 ut

Theorem 3.5. Under the action of the Poincaré group, eq.( 3.17) preserves its form. In other words, the Bianchi
identity is covariant, i.e.,

∂̄[µF̄νλ] = 0 ⇐⇒ ∂[µFνλ] = 0 .

Proof.
∂̄[µF̄νλ] = (Λ−1)α µ(Λ−1)β ν(Λ−1)γ λ ∂αFβγ

+(Λ−1)α ν(Λ−1)β λ(Λ−1)γ µ ∂αFβγ + (Λ−1)α λ(Λ−1)β µ(Λ−1)γ ν ∂αFβγ .

A simple rearrangement of dummy indices shows that

(Λ−1)α ν(Λ−1)β λ(Λ−1)γ µ ∂αFβγ = (Λ−1)α µ(Λ−1)β ν(Λ−1)γ λ∂βFγα ,

and
(Λ−1)α λ(Λ−1)β µ(Λ−1)γ ν ∂αFβγ = (Λ−1)α µ(Λ−1)β ν(Λ−1)γ λ∂γFαβ .

Substituting the above two expressions into the original expression for ∂̄[µF̄νλ] gives

∂̄[µF̄νλ] = (Λ−1)α µ(Λ−1)β ν(Λ−1)γ λ[∂αFβγ + ∂βFγα + ∂γFαβ ]

= (Λ−1)α µ(Λ−1)β ν(Λ−1)γ λ∂[αFβγ] .

The claim is now obvious. ut

Problem 3.23. Show that in covariant form, the Lorentz force on a charge q is given by

Kµ = qFµνUν . (3.18)

Here U is the 4-velocity of the charge. I.e., show that the spatial components of the Lorentz force in eq.(3.18)
give eq.(3.16), and when µ = 0, this is simply the equation for power.

Problem 3.24. Show that the inhomogeneous Maxwell’s Equation is given by

∂νF
µν = µ0J

µ .

Problem 3.25. Show that the above equation is covariant. I.e. show that

∂

∂x̄ν
F̄µν = µ0J̄

µ

where J̄µ = Λµ ν J
ν and F̄µν is as given above.
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Problem 3.26. Show that

FµνF
µν = 2

(
B2 − E2

c2

)
,

where E2 = E ·E and similarly for B2.

Problem 3.27. Let

Aµ =

(
−V
c
,A

)
,

where V is the scalar potential, and A is the vector potential of electrodynamics. Then show that

Fµν = ∂µAν − ∂νAµ .

Also, show that if Aµ transforms as a dual vector, then Fµν transforms as a tensor.

3.4 The Energy-Momentum Tensor

The Energy-Momentum tensor for the electromagnetic field is given by the symmetric tensor 9

Tµν =
1

µ0

[
ηαβF

µαF νβ − 1

4
ηµνFαβF

αβ

]
.

Theorem 3.6. In vacuum,
∂µT

µν = 0 .

Proof. Since ∂µF
µν = 0 in vacuum,

∂µT
µ
ν =

Fαβ

µ0

[
∂αFνβ −

1

2
∂νFαβ

]
(3.19)

Swapping the dummy variables α and β, from above we get that

∂µT
µ
ν =

F βα

µ0

[
∂βFνα −

1

2
∂νFβα

]
.

Or

∂µT
µ
ν =
−Fαβ

µ0

[
∂βFνα +

1

2
∂νFαβ

]
. (3.20)

Eqs. (3.19) + (3.20) gives

2∂µT
µ
ν =

Fαβ

µ0
[∂αFνβ − ∂βFνα − ∂νFαβ ] .

Substituting
∂αFνβ = −∂νFβα − ∂βFαν ,

we get that

2∂µT
µ
ν =

Fαβ

µ0
[−∂νFβα − ∂βFαν − ∂βFνα − ∂νFαβ ] = 0 .

ut

Problem 3.28. For the Maxwell field, show that T 00 describes the energy density of the electromagnetic field.
I.e.,

T 00 =
1

2
ε0E

2 +
1

2

B2

µ0
.

9 Tµν = T νµ.
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Problem 3.29. For electromagnetic fields, show that,

T 0i =
1

µ0c
(E×B)i .

In electrodynamics, the Poynting vector is given by S = (E × B)/µ0, and the momentum density vector p is
p = S/c2.

In the relativistic formalism, the energy-momentum density 4-tuple pµ is defined by

pµ =
1

c
T 0µ . (3.21)

Thus,

pµ =

(
energy density

c
, momentum density vector

)
.

It should be clear to you that pµ as defined by eq.( 3.21) is not a 4-vector. Since the energy-momentum tensor is
divergence-free

∂

∂t
pµ =

∂

∂ct
T 0µ = −∇iT iµ .

The rate of change of total energy-momentum, defined by

dPµ

dt
=

d

dt

∫
R3

pµ d3x =

∫
R3

∂

∂ct
T 0µ d3x .

Then, using the 3-dimensional divergence theorem, we get that

dPµ

dt
= −

∫
R3

∇iT iµd3x = − lim
r→∞

∫
S2(r)

T iµ ni da .

In the above equation, S2(r) is the 2-dimensional sphere of radius r, da is the area element on the sphere, and
n is the outward normal to the sphere. In spherical coordinates,

da = r2 sin θ dθdϕ

and n = r̂. When fields are restricted to compact regions of space, we will generally have that

lim
r→∞

r2 T iµ → 0 ,

in which case
dPµ

dt
= 0 .

Equivalently, the total energy and momentum described by Pµ is a conserved quantity. Although pµ is not a
4-vector, it can be shown that Pµ is indeed a 4-vector under Lorentz transformation ([6]).

Problem 3.30. For non-vacuum fields Jµ 6= 0 . In this case, show that for the electromagnetic energy-
momentum tensor

∂µT
µν = −F να Jα .

Problem 3.31. The energy-momentum tensor for the Klein-Gordon field is given by

TµνK.G = ηµαηνβ∂αφ ∂βφ−
1

2
ηµν

[
ηαβ∂αφ∂βφ+

m2c2

~2
φ2

]
.

Show that
∂µT

µν
K.G = 0 .

Problem 3.32. For electromagnetic fields, show that,

∂µJ
µ = 0 .

Problem 3.33. Find the electric and magnetic field created by an electron moving along the x-axis with a
speed v.
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The Ingredients of the Energy-Momentum Tensor

Since T 0i/c is the momentum density, the dimensions of T 0i denoted by [T 0i] is given by

[T 0i] =
M

LT 2
.

For reasons that will become evident when we consider the Einstein equation, we would like Tµν to be a
symmetric tensor field. With this in mind, let us try to understand the meaning and dimensions of T i0. Since
Tµν is divergence free

∂µT
µ0 =

∂T 00

∂ct
+ ∂iT

i0 = 0 ,

or, integrating over a closed spatial cuboid V with boundary B, we get that

1

c

d

dt

∫
V

T 00dxdydz = −
∫
B

T i0 · n̂i da

= −
∫
Bx

T 10dydz −
∫
By

T 20dxdz −
∫
Bz

T 30dxdy .10

Here n̂i, is, as usual, the outward normal, and the three area integrals are taken over the six faces of the cuboid.
Then, ignoring the limits of integration for ease of presentation∫

T 00dxdydz = −
∫
cT 10dydzdt−

∫
cT 20dxdzdt−

∫
cT 30dxdydt .

Since the left-hand side above represents total energy, we have that

[cT i0] =
energy flowing out in the i-th direction

area · time
.

Therefore, as desired

[T i0] =
M

LT 2
= [T 0i] .

Furthermore cT i0 can be interpreted as the flux of energy flux per unit area per unit time, which is exactly the
Poynting flux Si. Thus, we see that T i0 = cpi as we expected. It is a curious fact that the energy flux per unit
area per unit time is exactly c times the momentum density that in part allows for the energy momentum tensor
to be symmetric.

The conservation equation for the ith-component of momentum is given by (once again, for ease, we ignore
the limits/regions of integration)

1

c

d

dt

∫
T 0idxdydz = −

∫
T 1idydz −

∫
T 2idxdz −

∫
T 3idxdy

or, ∫
T 0i

c
dxdydz = −

∫
T 1idydzdt−

∫
T 2idxdzdt−

∫
T 3idxdydt .

As before, since the left-hand side above represents total momentum, we can conclude that

[T ii] =
i-momentum flowing out in i-direction

area · time

=
force in the i-direction

area
= pressure in the i-direction ≡ Pi .

Additionally,

[T ji] =
i-momentum flowing out in j-direction

area · time
≡ σij .

It should immediately be clear that [σij ] = [σji]. We are now able to visualize the energy-momentum tensor in
the following way:

Tµν =



ρc2 cpx cpy cpz

cpx Px σ12 σ13

cpy σ21 Py σ23

cpz σ31 σ32 Pz


. (3.22)

σij describe the shear in the field.

10 Here
∫
Bx
T 10dydz would mean integral over

∫
T 10dydz when x = xf minus the same integral when x = xi.
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Non-interacting Dust

Let us consider a non-interacting dust evolving in spacetime simply due to their initial velocities in such a way
the at any point we can define a 4-vector u that describes the average fluid 4-velocity. Further, from point to
point, we assume that u varies smoothly. Naturally u is a timelike future pointing vector field. Consider one
such u at any point in this “fluid”. In its local rest from u = (c,~0) at any instant of motion. Then the mass
contained in a small cubical region of the dust is given by

∆m = ρ0∆x∆y∆z

where ρ0 is the rest mass density. Now consider the same region in the lab frame. For ease let us consider the
case where this cubical region is moving in the x-direction. There will be length contraction in the direction of
motion. The cubical section will now have a cuboidal shape, and the mass can be expressed as

∆m = ρ∆x̄∆y∆z

where ∆x̄ = ∆x/γ due to length contraction. Comparing the two expressions for mass, we see that

ρ = γρ0 .

It appears that mass density transforms as the 0th component of a 4-vector 11. Thus, we define the mass density
vector by

Jµ =
1

c
ρ0u

µ

so that J0 = ρ0γ = ρ. The continuity equation given by

∂µJ
µ = 0 (3.23)

is imposed on this current so that the total mass of the system is conserved. This can be seen as follows.

1

c

d

dt

∫
J0 dxdydz = −

∫
R3

∇ · J dxdydz = − lim
r→∞

∫
S2(r)

J · n̂ da .

The last term above vanishes since J vanishes on the boundary, and so we get that the total mass

M =

∫
J0 dxdydz

is conserved. Thus, the continuity equation implies conservation of mass and is a needed ingredient for fluid
dynamics.

To obtain the energy-momentum tensor for a non-interacting dust, we simply note that in the rest frame
T 00 = ρ0c

2, or equivalently T 00 = ρ0u
0u0. Thus, we define the symmetric energy-momentum tensor for dust by

the expression
Tµν = ρ0u

µuν .

It is easily checked that this tensor is divergence-free, for

∂µT
µν = ∂µ(ρ0u

µuν) = ∂µ(ρ0u
µ)uν + ρ0u

µ∂µu
ν

= c(∂µJ
µ)uν + ρ0

duν

dτ
.

The first term in the right-hand side above goes to zero due to the continuity equation, and the second term goes
to zero because there are no forces acting on the dust. Thus, the energy-momentum tensor for a non-interacting
dust is divergence-free as required.

Equivalently, we could have required that for a non-interacting dust, the energy-momentum tensor is
divergence-free to obtain the continuity equation given by eq.(3.23).

11 While u = (c,~0) in the rest frame, in the lab frame u = (cγ, γ~u).
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Perfect Fluids

A perfect fluid has a well defined fluid velocity as before. In addition, the fluid, unlike dust, can exert pressure on
itself. In the local rest frame of the fluid, the momentum density vanishes, and we can take Px = Py = Pz = P
in eq.(3.22). Further, a perfect fluid does not suffer from shear terms described by σij . Then, in a local rest
frame,

Tµν =


ρ0c

2 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 =


ρ0c

2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+


0 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P


or,

Tµν = ρ0u
µuν + P

(
ηµν +

uµuν

c2

)
,

since in the rest frame u = (c,~0). But this is a tensorial equation and therefore we set the energy-momentum
tensor for a perfect fluid as

Tµν =

(
ρ0 +

P

c2

)
uµuν + P ηµν . (3.24)

The equations of motion for a perfect fluid can be obtained by setting ∂µT
µν = 0.

Problem 3.34. Verify that the energy-momentum tensors of the electromagnetic field, the Klein Gordon field
and the perfect fluid is a tensor. In particular, for the perfect fluid how does ρ0 and P transform? Hint: Don’t
overthink the last question. Read their definitions carefully.

Energy Conditions

For the inertial observer whose 4-velocity is u = (c, 0, 0, 0), from problem 3.28, we see that T 00 ≥ 0 for the
electromagnetic field. I.e., the energy density is non-negative. Clearly,

T 00 =
1

c2
Tµνuµuν =

1

c2
Tµνu

µuν ≥ 0.

Therefore, for any inertial observer, described by a future pointing timelike vector W , we must have that
TµνW

µW ν ≥ 0 for the electromagnetic field. We will indeed capture this feature as a requirement for any
physically relevant energy-momentum tensor.

Definition 3.9. The energy-momentum tensor satisfies the weak energy condition if TµνW
µW ν ≥ 0 for every

future pointing timelike vector field W .

Problem 3.35. Let W be any future-pointing timelike vector. Show that TµνW
µW ν ≥ 0 for the Klein-Gordon

field. Pick an inertial frame where W = (1, 0, 0, 0).

Problem 3.36. Let W be any future-pointing timelike vector. Show that TµνW
µW ν ≥ 0 for a non-interacting

dust.

Energy-momentum tensors do not automatically satisfy the weak energy condition. These are, in general, extra
conditions imposed on the constituents of the tensor.

Problem 3.37. Show that the energy-momentum tensor for a perfect fluid satisfies the weak energy condition
if and only if

ρ0 > 0 , and ρ0c
2 + P > 0 .

Hint: Pick u = (c, 0, 0, 0). Let W be any future-pointing timelike vector. Since W is future pointing timelike,
note that

0 <

(
~W

W 0

)2

< 1,

however the above quantity can get arbitrarily close to 1.
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Since cpµ = T 0µ describes energy and momentum density, we would like the flow or transport of these quantities
to be below or at the speed of light. For an observer at rest in the inertial frame when uµ = (c, 0, 0, 0),

T 0µ = −1

c
T νµuν .

As before we would like this feature to remain true for any observer.

Definition 3.10. The energy-momentum tensor satisfies the dominant energy condition if for any future-
pointing causal vector field W , −Tν µW ν is also a future-pointing causal vector field.
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Introduction to Gravity

Just like in special relativity, Einstein began his work in general relativity with a premise he elevated to the
status of a principle. Stated simply, the Equivalence Principle (EP) takes the following form: Any freely falling
observer cannot detect local effects due to gravity.

Before we consider the implications of the equivalence principle in detail, let us begin by considering some
simple examples of how gravitation effects the Minkowski spacetime. The basic idea here is that all objects
are affected by gravity in the same way, and hence by falling along with the objects you do not encounter any
gravitational effects locally (very close to you). In Einstein’s time this was a giant leap for humankind. However,
watching a video of the goings on in the International Space Station, one is quickly convinced of its validity.
But the usual caution applies, and the quest for EP-violation is ongoing. Any concrete case of EP-violation is
admittedly a quick path to a Nobel prize!

4.1 Gravitational Effects in Minkowski Spacetime

4.1.1 Bending of Light

Consider a free-falling spaceship with an observer at one end of the ship. The freely falling observer emits a
beam of light towards the other end of the craft from a height h from the “bottom” of the ship. The observer,
as per the equivalence principle, cannot feel the effects of gravity and records that the light beam reached the
other end of the ship exactly a height h from the bottom. However, to an inertial observer outside the ship, the
beam of light appear to bend as the ship falls downward in order to reach the other end of the craft at the same
level h from the bottom of the ship. This is an important and immediate consequence of EP. As we shall see in
detail, this effect has indeed been verified experimentally. 1

4.1.2 Gravitational Redshift

As a thought experiment, consider a free falling room 2 and two observers - one inside the room (FF for Free
Falling) and one at rest outside (IO for Inertial Observer). In the beginning of the experiment, i.e., t = 0, the
room is at rest with respect to IO, and then it falls freely under a uniform gravitational field g. At this instant,
a beam of light of frequency νem is emitted vertically to the top of the room which is a height h above. There
is a light detector placed on the ceiling of the room. According to FF, the light detector records a light signal
at time ∆t = h/c with frequency νrec = νem as required by EP. Thus for FF 3

νrec
νem
− 1 = 0 .

However, accounting for special relativity, for IO, the corresponding equation takes the form

νrec
νem
− 1 ≈ u

c
,

1 We will discuss the bending of light in the context of a Schwarzschild black hole.
2 Einstein was famous for his thought experiments. In 1915, mankind was not yet prepared to conduct free-fall experi-

ments in space.
3 Recall that the relativistic doppler effect, for small β, is given by:

ν

ν0
− 1 =

√
1 + β

1− β ≈ β .
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where u = g∆t is the downward speed of the ceiling/detector at the time of signal detection. EP grants the
information presented by FF as the preferred one when gravitation is included. Thus, to reconcile between the
above two expressions for the frequency shift, IO “conjures” a gravitational frequency shift of

νrec
νem
− 1 ≈ u

c
+∆gν ,

where, clearly, we must have that u/c + ∆gν = 0. To explain the gravitational origin of ∆g,ν , we will re-write
it as following:

∆gν = −u
c

= −g∆t
c

= −gh
c2

= −∆Φ
c2

,

where Φ is the Newtonian gravitational potential. More generally,

νrec
νem
− 1 ≈ u

c
− ∆Φ

c2
.

Thus, when light signals are sent to and from stationary points in a gravitational field, we get that

νrec − νem
νem

≈ − 1

c2
[Φrec − Φem] . (4.1)

The above equation describes the gravitational correction to redshift at the lowest order. As light signals are
emitted from a star, as it travels to towards Earth, there is a gravitational redshift

Note: νem > νrec so this is a gravitational redshift.

4.1.3 Gravitational Time Dilation

For a special relativistic inertial observer, the frequency of light received will depend inversely on their proper
time, i.e.,

ν ∼
1

∆τ
.

I.e., from eq.(4.1) we get that when a stationary observer with propertime τ1 emits light in a gravitational field
and is received by another stationary observer with propertime τ2,

νrec − νem
νem

=

(
1

∆τ2
− 1

∆τ1

)
∆τ1 ≈ −

∆Φ

c2
,

or,

∆τ1
∆τ2

≈ 1− ∆Φ

c2
. (4.2)

This is a case of gravitational time dilation. Physically, this signifies that two stationary observers at two
locations have clocks that do not tick the same way in a gravitational field.

4.2 Generalized Coordinates

Gravitational time dilation suggests the spacetime coordinate dependence of the metric. A stationary observer
at position 1 in a gravitation field notes that

−c2∆τ2
1 = (η00)1 c

2∆t2 .

But another stationary observer in the same inertial frame at location 2 notes that

−c2∆τ2
2 = (η00)2 c

2∆t2 .

Eq. (4.2) then implies that
(η00)2 6= (η00)1; .

Thus, if we want to keep the metric as a tensorial object, we can no longer assume that

(ηµν)2 6= (ηµν)1 .

Therefore, when gravitation is included, ηµν , and consequently, ηµν are dependent on coordinates (ct, x, y, z).
It is typical in this case to refer to the metric by gµν . In this case, to include gravitation, we let
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ηµν → gµν(ct, x, y, z) ,

such that when gravitation is “turned off”, i.e., in the limit that the Universal Gravitational constant G → 0,
we must have that

gµν(ct, x, y, z)→ ηµν .

Also, just like ηµν , we require that gµν is symmetric 4. If gµν is position dependent, we should be prepared to
handle more transformations than those given by the Poincaré group. Hence, in the following, we will describe
the most general class of coordinates allowable to describe any region of spacetime. In order to understand the
nature of a generalized coordinate system, consider first the simple case of the cylindrical coordinate system.
The coordinate transformation between the Cartesian and cylindrical coordinate system

(x, y, z)→ (s, φ, z)

is given by
x = s cosϕ
y = s sinϕ
z = z

.

The matrix of partial derivatives in this case is given by
∂x
∂s

∂x
∂ϕ

∂x
∂z

∂y
∂s

∂y
∂ϕ

∂y
∂z

∂z
∂s

∂z
∂ϕ

∂z
∂z

 =

cosϕ −s sinϕ 0
sinϕ s cosϕ 0

0 0 1

 .

The determinant of the above matrix is called the Jacobian of the transformation, namely J , and in this case
is given by s. The inverse transform between the cylindrical coordinate system and the Cartesian coordinate
system is given by

s =
√
x2 + y2

tanϕ = y/x
z = z

.

In this case, 
∂s
∂x

∂s
∂y

∂s
∂z

∂ϕ
∂x

∂ϕ
∂y

∂ϕ
∂z

∂z
∂x

∂z
∂y

∂z
∂z

 =

 cosϕ sinϕ 0
− sinϕ/s cosϕ/s 0

0 0 1

 ,

and J = 1
s . It is important to observe that the above two transformations are inverses of each other, i.e.,

∂x
∂s

∂x
∂ϕ

∂x
∂z

∂y
∂s

∂y
∂ϕ

∂y
∂z

∂z
∂s

∂z
∂ϕ

∂z
∂z




∂s
∂x

∂s
∂y

∂s
∂z

∂ϕ
∂x

∂ϕ
∂y

∂ϕ
∂z

∂z
∂x

∂z
∂y

∂z
∂z


=

cosϕ −s sinϕ 0
sinϕ s cosϕ 0

0 0 1

 cosϕ sinϕ 0
− sinϕ/s cosϕ/s 0

0 0 1

 = δµν .

The previous example illustrates all the essential properties and requirements of a valid coordinate system.
By definition, R3 consists of all points given by the 3-tuple (x, y, z). Every point has a distinct value for the
3-tuple. Coordinate labels are like addresses. They should uniquely specify the location of a point. This is, in
fact, not the case for the cylindrical coordinate system. Along the z, there is no unique specification of the
coordinate ϕ. I.e., the 1-1 map between the Cartesian and the cylindrical coordinate system breaks down. As
you can see, the points were cylindrical coordinate system is ill-defined defined is precisely given by the location
s = 0. This is exactly when the Jacobian of the original transformation vanishes, or equivalently, where the
Jacobian of the inverse transformation is ill-defined. This result is true in general and forms the benchmark test
for coordinate systems. The general result is called the inverse function theorem, and we state it below without
proof.

Suppose (x1, ..., xn) is a coordinate system. 5 Then, another n-tuple (y1, . . . , yn) is a valid coordinate system
if every point denoted by (x1, ..., xn) is uniquely denoted by (y1, . . . , yn) and vice versa. I.e., we can write the
coordinate functions in the form.
4 There is no reason to consider the possibility that g(A,B) 6= g(B,A).
5 We are not just considering spacetimes here. The coordinate system could describe a sphere or a torus or a complicated

surface, even in higher dimensions. Such objects are in general, referred to as a differential manifold.
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y1(x1, . . . , xn), . . . , yn(x1, . . . , xn)

and
x1(y1, . . . , yn), . . . , xn(y1, . . . , yn) .

By this, we mean that one set of coordinate system is a differentiable function of the other set and vice versa.
The inverse function theorem [7] states that this happens precisely when the matrix given by

∂y1

∂x1
∂y1

∂x2 · · · ∂y1

∂xn
∂y2

∂x1
∂y2

∂x2 · · · ∂y2

∂xn

...
...

. . .
...

∂ym

∂x1
∂ym

∂x2 · · · ∂y
m

∂xn


is well defined, and further, the Jacobian of the transformation given by the determinant of the above matrix
is not equal to zero. Moreover, when this is the case

∂y1

∂x1
∂y1

∂x2 · · · ∂y1

∂xn
∂y2

∂x1
∂y2

∂x2 · · · ∂y2

∂xn

...
...

. . .
...

∂ym

∂x1
∂ym

∂x2 · · · ∂y
m

∂xn




∂x1

∂y1
∂x1

∂y2 · · ·
∂x1

∂yn

∂x2

∂y1
∂x2

∂y2 · · ·
∂x2

∂yn

...
...

. . .
...

∂xm

∂y1
∂xm

∂y2 · · ·
∂xm

∂yn

 = δµν .

The above equation can be written using the Einstein summation convention as

∂yµ

∂xα
∂xα

∂yν
=
∂xµ

∂yα
∂yα

∂xν
= δµν . (4.3)

Problem 4.1. Write the transformation and the inverse transformation between the Cartesian coordinate sys-
tem and the spherical coordinate system. Locate the points where the Jacobian of the transformation is either 0
or undefined. Argue as to why these locations are not describable by the spherical coordinate system. Further,
verify eq.(4.3) in this case.

4.3 Tensors in Generalized Coordinates

The transformation rules for covariant and contravariant vectors in special relativity are given by problem 3.16
and eq.(3.14).

Āµ = Λµ νA
ν =

∂x̄µ

∂xν
Aν

and

Āµ = Λµ
νAν =

∂xν

∂x̄µ
Aν .

If we have vector fields instead, the rules generalize to

Āµ(x̄) =
∂x̄µ

∂xν
Aν(x) ,

and

Āµ(x̄) =
∂xν

∂x̄µ
Aν(x) .

Here x and x̄ denote the same spacetime point in two different frames. The notation Āµ(x̄) is redundant and
can be simplified to Aµ(x̄). For our generalized coordinates, we use xµ and yµ instead of xµ and x̄µ. Therefore,
as an obvious generalization 6 we take the transformation rules for tangent and dual vector fields to be

Aµ(y) =
∂yµ

∂xν
Aν(x) ,

and

Aµ(y) =
∂xν

∂yµ
Aν(x) .

6 Vectors can only transform by the action of a matrix, and we only have a choice of the transformation matrix and its
inverse.
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As in the special relativistic case, y and x will denote the same physical event in the two coordinate systems.
Also note the usual chain rules:

∂

∂yµ
=
∂xν

∂yµ
∂

∂xν
, (4.4)

and 7

dyµ =
∂yµ

∂xν
dxν . (4.5)

The above rules imply the following transformation rule for tensors:

Tµ1,...,µr
ν1,...,νs(y) =

∂yµ1

∂xα1
...
∂yµr

∂xαr
∂xβ1

∂yν1
...
∂xβs

∂yνs
Tα1...αr

β1,...,βs(x) . (4.6)

Contraction of tensors continue to work the same way, since all we really needed was the property given by
eq.(4.3) (see theorem 3.3 along with the discussion below the theorem, and problem 3.16).

In special relativity
(∆s)2 = ηµν∆x

µ∆xν

is an invariant quantity. In general relativity, we can use the metric tensor gµν to create an invariant quantity
as well.

Definition 4.1.
(ds)2 ≡ gµνdxµdxν . (4.7)

Theorem 4.1. (ds)2 is independent of the coordinate system. I.e., it’s an invariant quantity.

Proof. Since gµν is a tensor, we get that
ds2 = gµν(y)dyµdyν

=
∂xα

∂yµ
∂xβ

∂yν
gαβ

∂yµ

∂xλ
dxλ

∂yν

∂xσ
dxσ =

∂xα

∂yµ
∂yµ

∂xλ
∂xβ

∂yν
∂yν

∂xσ
dxλdxσgαβ(x)

= δα λδ
β
σgαβ(x)dxλdxσ = gλσ(x)dxλdxσ .

ut

7 What the heck is dyµ? Let
α(s) = (x1(s), ..., xn(s)) ∀s ∈ (a, b)

be a curve given in the xµ coordinate system. Then in the yµ coordinate system, α can be written as

α(s) = (y1(s), ..., yn(s)) .

The velocity of this curve in the xi coordinate system is given by

α̇ =

(
dx1

ds
, ...,

dxn

ds

)
,

while the velocity of this curve in the yi coordinate system is given by

α̇ =

(
dy1

ds
, ...,

dyn

ds

)
.

The components of the velocity in the two coordinate frames are related by the expression

dyi

ds
=
∂yi

∂x1
dx1

ds
+ ...+

∂yi

∂xn
dxn

ds
=
∂yi

∂xi
dxi

ds
.

Since s is an arbitrary parameter, and with the understanding that we can take derivatives along any arbitrary curve,
we hide its curve independence and write

dyi =
∂yi

∂xj
dxj

for short.
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The Generality of Tensors

Although all discussions have focused on spacetime, the formalism we have developed is more general. It applies
to a large class of geometric structures called Differentiable Manifolds. For example, the Klein bottle, the surface
of a sphere, and that of a torus are 2-dimensional manifolds. The Minkowski spacetime is a 4-dimensional
manifold. A more complicated 3-dimensional manifold is the rotation group SO(3). We will not discuss how
SO(3) forms a differentiable manifold. Such discussions belong in a course on Lie Groups.

If we can further define a metric tensor gµν on a manifold, given tangent vectors X and Y , we can compute
g(X,Y ) in the usual manner by the recipe

g(X,Y ) ≡ gµνXµY ν .

If the metric tensor is positive definite, i.e., g(X,X) ≥ 0 for every tangent vector X, we say the manifold is
Riemannian. In relativity because of the presence of a timelike vector, i.e., vectors such that g(X,X) < 0, we
say the manifold is Semi-Riemannian. In particular, in orthonormal bases, since we have only one timelike
vector it is a Lorentzian Manifold. 8

The simplest 3-dimensional manifold is R3. Consider for example R3, where the Euclidean metric in the
natural coordinates (x, y, z) is given by

ds2|E = (dx)2 + (dy)2 + (dz)2 .9

Comparing the above expresion with eq.(4.7) we see that, by definition, gxx = gyy = gzz = 1 while gxy = gxz =
gyz = 0.

Problem 4.2. In the spherical coordinate system (r, θ, ϕ) of R3, where

x = r cosϕ sin θ , y = r sinϕ sin θ , and z = r cos θ ,

show that
ds2|E = dr2 + r2(dθ2 + sin2 θ dϕ2) .

Here grr = 1, gθθ = r2 , and gϕϕ = r2 sin2 θ, while, grθ = grϕ = gθϕ = 0.

Problem 4.3. In spherical coordinates, let W = (r2, 3 sin2 θ,−1) and X = (r2, 0, 2) be vector fields. Find
g(W,W ), g(W,X), g(X,X), and g(X − Y, 2X) at the point (1,0,0).

From the above problem, we see that the induced metric on a sphere of radius r is given by

ds2|sphere = r2(dθ2 + sin2 θ dϕ2)

since dr = 0 for a sphere. The presence of sin2 θ in the metric for a sphere may be puzzling! After all, there
aren’t any special points on a sphere. The reason for this is our choice of coordinate system, where there is a
preferred pole (z axis that defines the polar angle θ).

Problem 4.4. Suppose we rotate our Cartesian coordinate system by

x̄i = Ri jx
j ,

where Ri j is any element of the rotation group. Show that

ds2|E = dx̄2 + dȳ2 + dz̄2 ,

where (x̄, ȳ, z̄) is given by the rotation matrix above.

Now consider the transformation

x̄ = r̄ cos ϕ̄ sin θ̄ , ȳ = r̄ sin ϕ̄ sin θ̄ , and z̄ = r̄ cos θ̄ .

Then, as before
ds2|E = dθ̄2 + sin2 θ̄ dϕ̄2 .

Therefore, by picking a rotated coordinate system, we have a new pole (z̄ axis that defines a new θ̄ axis)
and the form metric is unchanged. Hence the metric of the sphere is said to be spherically symmetric.

8 These general metrics are required to be symmetric and non-degenerate, i.e., det g 6= 0.
9 When writing quantities like (ds)2, we often ignore the parentheses and write ds2 instead.
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4.4 Free Particle in a Gravitational Field

In a gravitational field at any one fixed point p, the EP guarantees the existence of a local inertial coordinate
system ξµ such that

gµν(ξ)|p = ηµν and
∂

∂ξα
gµν(ξ)

∣∣
p

= 0 . (4.8)

Since we expect physics to have governing equations described by the second derivatives (an old habit instilled
by Newton), the above equation can be considered as initial conditions implied by the EP. Further, the equation
of motion of an object in free fall (under the influence of gravitation alone) in the ξµ coordinate system is given
by

d2ξα

dτ2

∣∣∣
p

= 0 .

Here τ is the proper time of the falling object. The observer using the coordinate system {ξα} is said to be
locally inertial at p . Such observers do not see effects of gravitation at p. Inertial observers exists because the
rate at which the observer accelerates matches the rate at which any particle accelerates at that point. This
happens because, irrespective of their masses, objects fall exactly the same way in a gravitational field. The
equivalence of the inertial mass of an object to the gravitational mass of the object leads to the independence
of the mass of the particle in its equations of motion.

Let xµ be any other coordinate system at p. Clearly, the product rule implies that

∂

∂xα
gµν(ξ)

∣∣∣
p

=
∂ξβ

∂xα
∂

∂ξβ
ηµν(ξ)

∣∣∣
p

= 0 . (4.9)

Also, in the xµ coordinate system

gµν(x)
∣∣∣
p

=
∂ξα

∂xµ
∂ξβ

∂xν
gαβ(ξ)

∣∣∣
p
≡ ∂ξα

∂xµ
∂ξβ

∂xν

∣∣∣
p
ηαβ . (4.10)

It is important to note a subtle point. Eq.(4.9) does not mean that

∂

∂xα
gµν(x)

∣∣∣
p

= 0

since gµν(x)
∣∣∣
p

is given by the right hand side of eq.(4.10). Eq.(4.10) gives the immediate following corollary:

Corollary 4.1. det gµν 6= 0.

Definition 4.2. Since det gµν 6= 0 we get that g−1
µν exists. As usual, denote g−1

µν by gµν . Then

gµνg
να = δαµ .

Then we can raise and lower tensors just like in special relativity by replacing ηµν with gµν . For example

Aµ = gµνA
ν ,

Fµ ν = Fµαgαν ,

etc.

Theorem 4.2. The tangent space at any point p in spacetime has the same structure as in special relativity,
i.e., we can construct a basis with 4 orthonormal vectors such that one vector is timelike, and the remaining 3
is spacelike.

Proof. In ξ at p, there exist four 4-vectors e(µ) such that

ηαβ e
α
(µ)e

β
(ν) = ηµν .

This is literally what we mean by the first equation in eq.(4.8). For example, we can set

e(0) = (1, 0, 0, 0) , e(1) = (0, 1, 0, 0) ,
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etc. Then, at p, in an arbitrary coordinate system xµ, define

Eµ(α) =
∂xµ

∂ξν
eν(α) .

Clearly, then
gαβ E

α
(µ)E

β
(ν) = ηµν .

ut

Definition 4.3. An arbitrary spacetime with an assigned Lorentz metric gµν is denoted by (M, g) 10. We will
also require M to be time oriented which we may choose to specify as (M, g, T ). 11

4.4.1 The Geodesic Equation of Motion

As we have seen, in a local inertial frame centered at the point p, the equation of motion for an object in free
fall is given by

d2ξα

dτ2

∣∣∣
p

= 0 .

In the following calculation, we will rewrite the above equation in an arbitrary coordinate system xµ with no
reference to ξµ. This is important since while EP guarantees the existence of ξµ it does not offer a method to
construct it (but construct it we will, see corollary 4.3). Hence, without the rewrite, the above equation does
not yield any meaningful results.

Analogous to the special relativistic case (definition 3.1), in general relativity, propertime is given by the
expression

cτ =

∫ √
−gµν

dxµ

ds

dxν

ds
ds , (4.11)

where

Uµ =
dxµ

dτ

is the proper velocity of the particle. Then, just as before, we will have that

g(U,U) = gµν U
µUν = −c2 .

Theorem 4.3. For a free particle, EP implies the geodesic equation of motion given by

d2xµ

dτ2
+ Γµαβ

dxα

dτ

dxβ

dτ
= 0 , (4.12)

where

Γµαβ =
1

2
gµν [∂αgβν + ∂βgαν − ∂νgαβ ] . (4.13)

Proof. Let p be any point in the worldline of the particle. Then at p,

d2ξα

dτ2

∣∣∣
p

= 0

implies that
d

dτ

(
∂ξα

∂xµ
dxµ

dτ

)
= 0 .

Here, {xµ} is any coordinate system at p. Therefore,

∂ξα

∂xµ
d2xµ

dτ2
+

∂2ξα

∂xµ∂xν
dxµ

dτ

dxν

dτ
= 0 .

Since

10 Later on we will add a few more requirements for gµν , chief of them being that gµν has to satisfy the Einstein equation.
11 Considering definition 2.15 and problem 2.17, this implies an assignment of a continuous global timelike or lightlike

vector field as future pointing.
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∂ξα

∂xµ
∂xλ

∂ξα
= δλµ,

we have that
d2xµ

dτ2
+ Γµλν

dxλ

dτ

dxν

dτ
= 0

where

Γµλν ≡
∂xµ

∂ξα
∂2ξα

∂xλ∂xν
. (4.14)

Note that Γλµν as defined above is symmetric in the µ and ν indices. All of the above equations are only valid

at p . All that remains to be shown is that the above expression for Γλµν agrees with eq.(4.13). To see this, note
that at p, the metric tensor in the xµ coordinate system is given by eq.(4.10), and hence has derivatives

∂gµν
∂xλ

=
∂2ξα

∂xλ∂xµ
∂ξβ

∂xν
ηαβ +

∂ξα

∂xµ
∂2ξβ

∂xλ∂xν
ηαβ .

From eq.(4.14), the above equation becomes

∂gµν
∂xλ

= Γ ρλµ
∂ξα

∂xρ
∂ξβ

∂xν
ηαβ + Γ ρλν

∂ξα

∂xµ
∂ξβ

∂xρ
ηαβ ,

or
∂gµν
∂xλ

∣∣∣
p

= Γ ρλµ gρν + Γ ρλν gρµ

∣∣∣
p
. (4.15)

The usual procedure of adding and subtracting clever combinations of metric derivatives give (from the above
equation)

∂gµν
∂xλ

+
∂gλν
∂xµ

− ∂gµλ
∂xν

∣∣∣
p

= gκνΓ
κ
λµ + gκµΓ

κ
λν

+gκνΓ
κ
µλ + gκλΓ

κ
µν − gκλΓκνµ − gκµΓκνλ .

After a rearrangement of indices, multiplying the above equation with gνσ gives the needed result . ut

Corollary 4.2. If we know the metric gµν and the Christoffel symbols Γκλµ at one point on a semi-Riemannian
manifold, we can obtain the coordinate derivatives of the metric at that point.

Proof. This is obvious from eq.(4.15). At any point in the manifold, in any coordinate system

∂gµν
∂xλ

= Γ ρλµ gρν + Γ ρλν gρµ .

ut

Corollary 4.3. (Working backwards,) it is easy to see that given gµν and Γκλµ at one point pα on the manifold,
we can construct {ξα} that is inertial at p.

Proof. This is guaranteed by the EP, and we will show this explicitly. It is sufficient to show that we can pick
{ξα} such that at p, they satisfy eq.(4.14). Pick

ξα(x) = ξα(p) +
∂ξα

∂xµ
(p) (xµ − pµ) +

1

2

∂ξα

∂xλ
(p) Γλµν(p) (xµ − pµ)(xν − pν) + ...

The third order terms will not effect eq.(4.14) at p. Here, ξα(p) are arbitrary constants, and

∂ξβ

∂xν
(p)

are to be picked so that
∂ξα

∂xµ
(p)

∂ξβ

∂xν
(p) ηαβ = gµν(p).

ut
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Remark 4.1. In the above corollary, note that if we pick ∂ξβ

∂xν (p) so that

∂ξα

∂xµ
(p)

∂ξβ

∂xν
(p) ηαβ = gµν(p) ,

then the matrices

Λνβ
∂ξβ

∂xν
(p)

satisfies the above equation as well, provided Λνβ is an arbitrary Lorentz transformation. Therefore, if {ξα} is
inertial at pα, then so is {Λναξα + cν}, where cν are arbitrary constants. Clearly, this is not surprising.

From the above equation of motion, it is clear that the motion of an object in a gravitational field is
determined by the metric gµν . But what determines gµν? This is a long story which leads to the “other” famous
Einstein equation, and is the topic of study in the chapters to follow.

4.4.2 Photon trajectories in General Relativity

From subsection 3.1.1, we get that in special relativity, for a photon

d2xµ

ds2
= 0 ,

and

η(P, P ) = ηµν
dxµ

ds

dxν

ds
= 0 .

Here, since g = η, we also have that Γµαβ = 0. Then in General Relativity, we can take a photon trajectory to
be given by a null geodesic satisfying

d2xµ

ds2
+ Γµαβ

dxα

ds

dxβ

ds
= 0 ,

and

g(P, P ) = gµν
dxµ

ds

dxν

ds
= 0 .

It is important to note that propertime is not defined for a null geodesic. So here, s is just any parameter that
describes the null geodesic xµ(s). In general, be it propertime or otherwise, a parameter for which the curve
satisfies the geodesic equation is referred to as an affine parameter.
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Schwarzschild Solution

5.1 A Heuristic Argument for the Solution

In this section, we will learn to work with a known solution to the Einstein equation. The Schwarzschild
metric describes a vacuum, spherically symmetric, and static spacetime. For now, although we motivate the
Schwarzschild metric, we are not in a position to derive its precise form. Nonetheless, we will still learn to extract
physical meaning from this geometry. Once we formulate the Einstein equation, the Schwarzschild solution is
easily derived (as we will).

Spherically symmetric, static spacetimes take the form,

ds2 = gtt d(ct)2 + grr dr
2 + r2dΩ2 , 1

where dΩ2 = dθ2 + sin2 θ dϕ2 is the metric of the unit sphere, and gtt and grr depend only on r. From eq.(4.2),
we have that, for locations labeled by 1 and 2 in a weak gravitational field, the proper times are related by

dτ1 ≈ [1 + Φ1 − Φ2] dτ2

Let the location of 2 be very far away, i.e., let r2 →∞. Then Φ2 = 0 and dτ2 = dt, and let location 1 be another
arbitrary point (i.e., we drop the subscript). Then,

dτ ≈
(

1 +
Φ

c2

)
dt ,

or, for a stationary object (fixed r, θ, ϕ),

ds2 = −c2dτ2 ≈ −
(

1 +
2Φ

c2

)
d(ct)2 .

In the general case, we get that

ds2 ≈ −
(

1 +
2Φ

c2

)
d(ct)2 + grrdr

2 + r2dΩ2

Outside a spherically symmetric compact object, Newtonian gravity gives that

Φ =
−GM
r

.

The Schwarzschild metric describing a vacuum, spherically symmetric, static spacetime is given by

ds2
Sch = −

(
1− 2GM

c2r

)
d(ct)2 +

(
1− 2GM

c2r

)−1

dr2 + r2dΩ2 . (5.1)

Although we have motivated the expression for g00, it is a mere coincidence that we guessed it correctly. Further,
grr is stated without any explanation. I cannot offer any additional justification at this point. Suffice it to say that
we will derive this exact expression in the next chapter. The Schwarzschild metric suffers from two singularities
(points in spacetime where the metric is not defined). They are located by

1 If we are being pedantic since x0 = ct, we should write gtt as gctct.
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r = 0 and r =
2GM

c2
.

We will analyze the implications of these singularities shortly. Set

r∗ =
2GM

c2
.

r > r∗ is referred to as the Schwarzschild exterior spacetime, and r < r∗ is the interior spacetime. For Sun,

r∗� =
2GM�
c2

≈ 3km, while
r∗�
R�
≈ 10−6 .

Clearly, Tµ = (1, 0, 0, 0) is timelike in the exterior spacetime, spacelike in the interior spacetime, and lightlike
at r = r∗, while Rµ = (0, 1, 0, 0) is spacelike in the exterior spacetime, timelike in the interior spacetim,e and
undefined when r = r∗.

5.1.1 Timelike Geodesics

Setting ds2 = −c2dτ2, the invariant interval becomes

− c2 = −
(

1− r∗

r

)
c2ṫ2 +

(
1− r∗

r

)−1

ṙ2 + +r2θ̇2 + r2 sin2 θϕ̇2 , (5.2)

and the Lagrangian for the geodesic equation of motion for a free particle in Schwarzschild spacetime is given
by

L = gµν ẋ
µẋν = −

(
1− r∗

r

)
c2ṫ2 +

(
1− r∗

r

)−1

ṙ2 + r2θ̇2 + r2 sin2 θϕ̇2 .

Here · denotes derivative with respect to proper time. The Lagrangian is minimized when

d

dτ

(
∂L

∂ẋµ

)
− ∂L

∂xµ
= 0 .

For the Schwarzschild metric
∂L

∂t
= 0 .

Therefore,
d

dτ

(
∂L

∂cṫ

)
= 0⇒ ∂L

∂cṫ
= const .

I.e.,
1

2

∂L

∂cṫ
= gttcṫ = const = −κ

is a constant of motion. In the limit as r approaches infinity, we have

−gttmc2ṫ⇒ mc2γ = ε

is the energy of the particle, or

κ =
ε

mc
.

and similarly,
∂L

∂ϕ
= 0 ,

gives rise to the conservation of angular momentum l given by

l = mgϕϕϕ̇ = mr2sin2θϕ̇ . (5.3)

Since geodesic motion is always planar in Schwarzschild spacetime (just as in planetary motion in classical
mechanics, while this is clear on physical grounds, see problem 5.2 below) , we may restrict the orbit to the
equatorial plane given by θ = π/2. Then, eq.(5.2) reduces to

1

2
mṙ2 +

(
1− r∗

r

)
`2

2mr2
− GMm

r
=
m

2
(κ2 − c2) . (5.4)

Problem 5.1. Verify the above equation.

Problem 5.2. Find the geodesic equation of motion for the θ coordinate. Show that a constant value of θ
satisfies this equation.
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1

2

3

4

Fig. 5.1. Successive orbits of Mercury about the sun are shown. The perihelion advance is greatly exaggerated for visual
clarity.

5.1.2 The Perihelion Advance of Mercury

Eq.(5.4) is the governing equation for timelike geodesics in Schwarzschild spacetime. The solutions to this
equation will give corrections to the classical planetary orbits described by the Newtonian theory. For most of
the outer planets, where the effects of general relativity can be ignored, Newtonian orbits are sufficient. However,
the orbit of Mercury, being closest to the Sun, will deviate from the Newtonian expectation. One such effect is
the advancement of the perihelion (the closest point in the orbit) of Mercury. For the Sun

r∗�
R�
≈ 10−6 .

Then, for planetary motion, r > r∗, and so we won’t have to concern ourselves with the metric singularity at
r∗. Also, if needed, clearly, r∗/r will serve as a good parameter for a Taylor expansion of difficult expressions.
From eq.(5.3) we get that

ṙ =
dr

dτ
=
dr

dϕ

dϕ

dτ
=
dr

dϕ

l

mr2
. (5.5)

Problem 5.3. Setting

A =

(
1− r∗

r

)−1

, J = l/mκ , and E = c2/κ2 ,

show that equation eq.(5.4) reduces to

dϕ =

∫ √
A

r2

(
A

J2
− E

J2
− 1

r2

)−1/2

dr .

We are looking for bounded motion. In this case, the turning points r∓ are given by

dr

dϕ
= 0 =⇒ 1

r2
∓
− A(r∓)

J2
= − E

J2
.

This allows us to write E and J in terms of r∓.

1

r2
+

− A(r+)

J2
= − E

J2
=

1

r2
−
− A(r−)

J2

or,

J2 =
[
A(r+)−A(r−)

]( 1

r2
+

− 1

r2
−

)−1

.

In a similar way:

Problem 5.4. Show that

E =
r2
+A(r+)− r2

−A(r−)

r2
+ − r2

−
.
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Note that our specific choice of E and J allows for turning points.

Problem 5.5. Show that

A(r)

J2
− E

J2
=
r2
−
[
A(r)−A(r−)

]
− r2

+

[
A(r)−A(r+)

]
r2
+r

2
−
[
A(r+)−A(r−)

] .

From the above problem(
1− r∗

r

)[
A

J2
− E

J2
− 1

r2

]
= C

(
1

r−
− 1

r

)(
1

r
− 1

r+

)(
1− r∗

r

)
,

for some constant C, since the L.H.S. is a cubic polynomial in 1/r. Therefore,

A

J2
− E

J2
− 1

r2
= C

(
1

r−
− 1

r

)(
1

r
− 1

r+

)
. (5.6)

Problem 5.6. Evaluate the expression above as r →∞ and show that

C = 1− r∗
(

1

r−
+

1

r+

)
.

Therefore, ∫ r

r−

dϕ = C−
1
2

∫ r

r−

√
A

r2

[(
1

r−
− 1

r

)(
1

r
− 1

r+

)]− 1
2

dr .

To solve the above integral, use the following substitution

1

r
=

1

2

(
1

r+
+

1

r−

)
+

1

2

(
1

r+
− 1

r−

)
sinψ .

In this case, when r = r±, we have that ψ = ±π/2.

Problem 5.7. Using the above substitution, show that[(
1

r−
− 1

r

)(
1

r
− 1

r+

)]1/2

=
1

2

(
1

r−
− 1

r+

)
cosψ .

Clearly,

−dr
r2

=
1

2

(
1

r+
− 1

r−

)
cosψ dψ .

Therefore, ∫ r

r−

√
A

r2

[(
1

r−
− 1

r

)(
1

r
− 1

r+

)]− 1
2

dr =

∫ ψ

−π/2

√
A dψ .

Expanding C−
1
2 and

√
A (using eq.(5.6)) to first order in r∗ we get that

ϕ(r)− ϕ(r−) ≈
[
1 +

r∗

2

(
1

r+
+

1

r−

)]∫ ψ

−π/2

(
1 +

1

2

r∗

r

)
dψ

=
[
1 + r∗

2

(
1
r+

+ 1
r−

)]
×∫ ψ

−π/2

[
1 +

r∗

4

{(
1

r+
+

1

r−

)
+

(
1

r+
− 1

r−

)
sinψ

}]
dψ

=
[
1 + r∗

2

(
1
r+

+ 1
r−

)]
×{[

1 +
r∗

4

(
1

r+
+

1

r−

)](
ψ +

π

2

)
− r∗

4

(
1

r+
− 1

r−

)
cosψ

}
.
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Problem 5.8. To order r∗, show that

ϕ(r)− ϕ(r−) =

[
1 +

3r∗

4

(
1

r+
+

1

r−

)](
ψ +

π

2

)
− r∗

4

(
1

r+
− 1

r−

)
cosψ .

I.e.,

ϕ(r+)− ϕ(r−) ≈
[
1 +

3GM

2c2

(
1

r+
+

1

r−

)](π
2

+
π

2

)
.

Then the perihelion advance of Mercury is given by

∆ϕ = 2 [ϕ(r+)− ϕ(r−)]− 2π = 3
GM

c2

(
1

r+
+

1

r−

)
π rad/rev .

For Mercury (
1

r+
+

1

r−

)
= 3.6166× 10−8 km−1 ,

and
GM�
c2

= 1.475 km .

Therefore,

∆ϕ = 3× 1.475× π × 3.6166× 10−8 rad

rev
= 5× 10−7 rad

rev
.

= 0.103
arcsec

rev
.2

Mercury makes 415 revolutions in a century, so over the course of a century, the perihelion shift in Mercury’s
orbit is given by

∆ϕ = 415× 0.103 = 43
arcsec

century
.

5.1.3 Null Geodesics

For timelike geodesics we set ds2 = −c2dτ2 to obtain eq.(5.2). For null geodesics, ds2 = 0 and so

0 =

−
(

1− r∗

r

)
c2
(
dt

dλ

)2

+

(
1− r∗

r

)−1(
dr

dλ

)2

+ r2

(
dθ

dλ

)2

+ r2 sin2(θ)

(
dϕ

dλ

)2

,

for some affine parameter λ. Once again,

L = gµν
dxµ

dλ

dxν

dλ
,

and
∂L
∂cṫ

= const ≡ −κ

implies

κ =

(
1− r∗

r

)
c
dt

dλ
. (5.7)

Similarly, due to the ϕ-independence of the Lagrangian, we get that the angular momentum of the geodesic
is conserved about the symmetry axis. I.e.,

j = r2 sin2 θ
dϕ

dλ
.

Once again, without loss of generality, we restrict motion to the equatorial plane (θ = π
2 )), and the invariant

interval becomes

0 = −
(

1− r∗

r

)
c2ṫ2 +

(
1− r∗

r

)−1

ṙ2 + r2ϕ̇2 ,

or,

ṙ2 = κ2 − j2

r2A
.
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Earth

Sun

Planet

r0

a) b)

Fig. 5.2. a) shows a bent beam of light due to the presence of the Sun. b) shows a shorter path taken by the beam of
light when the Sun is elsewhere.

5.1.4 Shapiro Time Delay

In 1964, Irwin Shapiro calculated the time delay in a radar echo from Earth to Venus and also led the effort to
measure this fully general relativistic effect. Consider a null geodesic traveling from Earth located at r = rA to
Venus located at r = rB and back. Let r0 be the smallest value of r attained by this null geodesic (see figure
5.2). One can already guess that the time delay will be inversely related to r0. Set b = j/κ. Then, from the
equation above, along the null geodesic (light signal)

dr

dλ
= ±j

[
1

b2
− 1

r2

(
1− r∗

r

)] 1
2

The time taken,

c∆T = c

∫
dt = c

∫
dt

dr
dr ,

and
dt

dr
=
dt

dλ

dλ

dr

=
κA

cj

[
1

b2
− 1

r2

(
1− r∗

r

)]− 1
2

=
A

c

[
1− b2

r2

(
1− r∗

r

)]− 1
2

.

Note:
dr

dλ

∣∣∣
r=r0

= 0→ 1

b2
=

1

r2
0

(
1− r∗

r0

)
,

or,

b2 = r2
0

(
1− r∗

r0

)
.

Therefore,

dt

dr
=

1

c

(
1− r∗

r

)−1
[
1− r2

0

r2

(
1− r∗

r0

)(
1− r∗

r

)]− 1
2

.

Set

f(r∗) =
(

1− r∗
r

)−1
[
1− r2

0

r2

(
1− r∗

r0

)(
1− r∗

r

)]− 1
2

.

Then, to first order in r∗,

f(r∗) ≈ f(r∗ = 0) +
df

dr∗

∣∣∣
r∗=0

r∗ .

Clearly,

f(r∗ = 0) =

(
1− r2

0

r2

)− 1
2

.

2

1 rad =
360 deg× 3600 arcsec

2π deg
= 2.06× 105 arcsec .
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The time delay c∆T can be written as
c∆T = c∆T0 + c δT ,

where c∆T0 is the 0th order term which leads to the Newtonian answer, while c δT is the relativistic correction
we are looking for. The 0th order term,

c∆T0 = 2

[∫ rA

r0

(
1− r2

0

r2

)− 1
2

dr +

∫ rB

r0

(
1− r2

0

r2

)
dr

]

= 2

[√
r2
A − r2

0 +
√
r2
B − r2

0

]
,

is the expected Euclidean answer.

Problem 5.9. Show that the first-order term

df

dr∗

∣∣∣
r∗=0

r∗ = r∗
1√

r2 − r2
0

r + 3
2r0

r + r0
.

The first order correction, and hence the approximate time delay, is then given by

cδT = 2r∗

[∫ rA

r0

1√
r2 − r2

0

r + 3
2r0

r + r0
dr +

∫ rB

r0

1√
r2 − r2

0

r + 3
2r0

r + r0
dr

]
.

Problem 5.10. Show that∫
1√

r2 − r2
0

r + 3
2r0

r + r0
dr = r∗ ln

[
r +

√
r2 − r2

0

r0

]
+
r∗

2

[√
r2 − r2

0

r0 + r

]
.

Hint: Use the following substitution r = r0 sec θ, and the fact that

tan(θ/2) =
sin(θ/2)

cos(θ/2)
=

sin θ

2 cos2(θ/2)
=

sin θ

1 + cos θ
.

Then

cδT = r∗ ln

[
rB +

√
r2
B − r2

0

r0

]
+
r∗

2

[√
r2
B − r2

0

r0 + rB

]

+r∗ ln

[
rA +

√
r2
A − r2

0

r0

]
+
r∗

2

[√
r2
A − r2

0

r0 + rA

]
.

The above expression can be simplified for r >> r0. In this case

c δT = 2

[
r∗

2
+ r∗ ln

2rA
r0

+
r∗

2
+ r∗ ln

2rB
r0

]
=

4GM

c2

[
1 + ln

(
4 rArB
r2
0

)]
.

Shapiro established this correction for a radar sent between Earth and Venus to be approximately 200µs [8].

5.2 The Schwarzschild Black Hole

Consider the vector field T µSch = (1, 0, 0, 0) in the Schwarzschild coordinate system. Then

TSch · TSch = gµνT µSchT
ν
Sch = −

(
1− r∗

r

)
< 0

when r > r∗. Thus, we set TSch as being future-pointing timelike in the exterior Schwarzschild spacetime. This
choice is consistent with M4 as r →∞ as ds2

sch → ds2
flat.
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5.2.1 The problem with time

Consider an infalling timelike radial geodesic (l = 0) in the equatorial plane, such that ṙ → 0 when r = ∞.
Then, in eq.(5.4), ε = mc2, and

1

2
ṙ2 − GM

r
= 0

i.e.,

cdτ = ±
√

r

r∗
dr ,

or

τ(r)− τ(r0) = −2r∗

3c

[( r
r∗

)3/2

−
( r0

r∗

)3/2
]
.

I.e, in finite amount of proper time, the object reaches r∗. Let us compare this to the time taken for the same
event as measured in the Schwarzschild coordinate system. Noting that

dt

dr
=
dt

dτ
· dτ
dr

we get that

c
dt

dr
= −

√
r

r∗

(
1− r∗

r

)−1

.

Problem 5.11. Show that, in the equation above

c∆t = c

∫
dt = − 1√

r∗

∫
r3/2dr

r − r∗

= − 2√
r∗

[
r3/2

3
+ r∗
√
r +

1

2
(r∗)3/2

[
ln(
√
r −
√
r∗)− ln(

√
r +
√
r∗)
]]

.

From the above problem, we see that unlike the propertime interval, c∆t→ +∞ as r → r∗. This suggests that
the Schwarzschild time coordinate may not be a judicious clock. Since light is the wild card in relativity, to
understand how we might remedy the time coordinate, let us try a similar tactic with null geodesics.

5.2.2 “Probing” the Event Horizon with Light

Radial null geodesics satisfy

−
(

1− r∗

r

)
c2dt2 +

(
1− r∗

r

)−1

dr2 = 0

or,

cdt = ±
(

1− r∗

r

)−1

dr . (5.8)

What the above equation means is that an outgoing null geodesic (one where the radial coordinate r is increasing)
is given by

α(λ) = (ct(λ), r(λ), 0, 0) ,

where the 4-velocity is defined by

dα

dλ
(λ) =

(
dct

dλ
(λ),

dr

dλ
(λ), 0, 0

)
=

((
1− r∗

r

)−1
dr

dλ
(λ),

dr

dλ
(λ), 0, 0

)
.

Therefore, the vector field l given by

l =

((
1− r∗

r

)−1

, 1, 0, 0

)
is proportional to the outgoing null geodesics. Similarly, in falling geodesics have 4-velocity

n =

((
1− r∗

r

)−1

,−1, 0, 0

)
.
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Singularity

t

r=0 r=2m

Fig. 5.3. The infalling radial geodesics are indicated by the dashed curves, while the outgoing geodesics are drawn in
solid lines. In the exterior geometry, the arrows indicate that the time coordinate increases along the geodesics. At this
stage, we are not yet able to make a similar assertion in the interior geometry.

Eq.(5.8) can be integrated to give

ct = ±
(
r + r∗ ln |r − r∗|

)
+ const.

In order to remove terms with units of natural log of length, we rewrite the above equation using a new
integration constant as

ct = ±
(
r + r∗ ln

∣∣∣ r
r∗
− 1
∣∣∣)+ const.3

This curve describes both radially infalling and outgoing null geodesics (see figure 5.3).

5.2.3 Black Hole Coordinates

We are going to use the infalling geodesic equation

ct+
(
r + r∗ ln

∣∣∣ r
r∗
− 1
∣∣∣) = const.

to define a new set of black hole coordinates given by the transformation

ct̄ = ct+ r + r∗ ln
∣∣∣ r
r∗
− 1
∣∣∣ , r̄ = r, θ̄ = θ, and ϕ̄ = ϕ . (5.9)

All quantities in the black hole coordinates will be indicated with a “bar” on the top, unlike their Schwarzschild
coordinate counterparts. When transforming tensors, it is important to separate the old coordinates from the
new ones.

Problem 5.12. Write the transformation matrix between the black hole coordinates and the Schwarzschild
coordinates. When r 6= r∗ verify that the transformation matrix is invertible.

Problem 5.13. Show that in the black hole coordinate system (ct̄, r̄, θ̄, ϕ̄), the Schwarzschild metric takes the
form

ds2
BH = −

(
1− r∗

r̄

)
d ¯(ct)

2
+ 2d ¯(ct)dr̄ + r̄2

(
dθ̄2 + sin2 θ̄dϕ̄2

)
4 . (5.10)

3

ct = ±
(
r + r∗ ln

∣∣∣r∗ ( r
r∗
− 1
)∣∣∣)+ const.

= ±
(
r + r∗ ln

∣∣∣ r
r∗
− 1
∣∣∣)+ r∗ ln r∗ + const.

4 2d ¯(ct) dr̄ is really short for d ¯(ct) dr̄ + dr̄ d(̄ct), in other words gct r = gr ct = 1.



74 5 Schwarzschild Solution

In the above expression for the metric, since r̄ = r, and θ̄ = θ, it would not be erroneous to also write

ds2
BH = −

(
1− r∗

r

)
d ¯(ct)

2
+ 2d ¯(ct)dr + r2

(
dθ2 + sin2 θdϕ2

)
.

In the black hole coordinate system, r = r∗ is no longer singular in eq.(5.10). The price to pay was the singular
transformation (at r = r∗) in eq.(5.9).

Problem 5.14. Find (gBH)µν .

In order to understand the time orientation in the interior geometry, we will write TSch in the Eddington-
Finkelstein coordinate system. In this case

T̄ µSch =
∂x̄µ

∂xν
T νSch

implies that T̄ µSch = (1, 0, 0, 0). Consequently, to be consistent with the exterior geometry, T̄ µSch is set to be
future-pointing timelike when r > r∗. Note, however, that we cannot use T̄ µSch to define time orientation when
r < r∗. Why?

Problem 5.15. In the black hole coordinate system, show that

l̄ =

(
2

(1− r∗/r)
, 1, 0, 0

)
,

and that
n̄ = (0,−1, 0, 0) .

Theorem 5.1. n̄ is future pointing null where r > r∗.

Proof.
T̄Sch · n̄ = −1 .

�

But n̄ is nowhere vanishing and well defined for all values of r > 0. Therefore, we set n̄ as future-pointing
everywhere in the black hole spacetime.

Let
Rµ = (0,−1, 0, 0) (5.11)

in the Schwarzschild coordinates when 0 < r < r∗. Clearly, R is timelike when 0 < r < r∗.

Problem 5.16. Show that

R̄µ =

((
r∗

r
− 1

)−1

,−1, 0, 0

)
.

Theorem 5.2. R̄µ is future pointing timelike when 0 < r < r∗.

Proof.

R̄ · n̄ = − 1

(r∗/r − 1)
< 0

when r < r∗. �

Consider a causal particle in the interior geometry (i.e., when 0 < r < r∗) described by a curve

α(λ) = (ct(λ), r(λ), θ(λ), ϕ(λ)) .

Here, if α is a timelike, λ could be the propertime τ , or just an affine parameter if α is lightlike.
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Fig. 5.4. Light cones tip over inside the event horizon.

Corollary 5.1. In Schwarzschild coordinates, dr/dλ < 0 for a causal particle when 0 < r < r∗.

Proof. Let α be as above. Then

α̇ =

(
c
dt

dλ
,
dr

dλ
,
dθ

dλ
,
dϕ

dλ

)
.

Since α̇ and R (as given by eq.(5.11)) are future-pointing causal vector when 0 < r < r∗, we must have that
g(α̇, R) < 0. I.e., (

1− r∗

r

)−1
dr

dλ
(−1) < 0 .

Since here (1− r∗/r)−1
< 0 we must have that dr/dλ < 0. �

From the corollary above, we see that the metric given by eq.(5.10) does indeed describe a black hole. A causal
particle in the interior geometry cannot escape to the region given by r > r∗.

Definition 5.1. The metric in eq.( 5.10), along with the time orientation given by n̄ will be referred to as the
Schwarzschild black hole spacetime.

Problem 5.17. Show that −l is future-pointing when r < r∗.

5.3 The Schwarzschild Black Hole Event Horizon

The surface described by r̄ = r∗ is 3-dimensional. In the black hole coordinates (ct̄, r, θ, ϕ) (since Schwarzschild
coordinates are not valid here), the tangent space of this surface is clearly spanned by

Ñ = (1, 0, 0, 0) , S̃1 = (0, 0, 1, 0), and S̃2 = (0, 0, 0, 1) .

The set (Ñ , S̃1, S̃2) hearkens back to theorem 2.14.

Problem 5.18. Show that Ñ is future-pointing null at r̄ = r∗.

Theorem 5.3. Ñ is tangent to a null geodesic at r̄ = r∗.

Proof. (
1− r∗

r

)
l̄ =

(
2,

(
1− r∗

r

)
, 0, 0

)
is tangent to the null geodesic tangent vector l. Now set r̄ = r∗, and the right hand side above becomes
(2, 0, 0, 0) = 2(1, 0, 0, 0). ut
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Problem 5.19. (Trivially) show that S̃1, and S̃2 are spacelike at r̄ = r∗.

Now consider a causal particle described by a curve

α(λ) = (ct̄(λ), r̄(λ), θ̄(λ), ϕ̄(λ))

that could potentially cross the surface r̄ = r∗. The 4-velocity of such a particle is future-pointing causal and is
given by

α̇ =

(
c
dt̄

dλ
,
dr̄

dλ
,
dθ̄

dλ
,
dϕ̄

dλ

)
.

Theorem 5.4. For a causal particle as described above,

dt̄

dλ
> 0

at r̄ = r∗.

Proof.

0 > α̇ · n̄ =
dt̄

dλ
(−1).

ut

Problem 5.20. For a causal particle as described above,

dr̄

dλ
< 0

at r̄ = r∗.

From the results above, we conclude that the only causal vector tangent to r̄ = r∗ is Ñ , which describes a
lightlike geodesic. Any other causal vector at r̄ = r∗ points into the black hole. For this reason, the surface
r̄ = r∗ is called the event horizon. Moreover, a beam of light can potentially live on the event horizon. See
fig.(5.5) for the causal structure of the event horizon.

r = r∗

Ñ

S̃1

Fig. 5.5. The causal structure of the Schwarzschild event horizon. The circle represents a 2-dimensional sphere. Hence,
S2 (not shown) is also tangent to this sphere.

Problem 5.21. How will you place time orientation arrows on the null geodesics in fig.(5.3) when r < r∗?
Convince yourself that it is consistent with fig.(5.4).

5.4 The Schwarzschild White Hole Spacetime

Just as in the black hole case, we will use the outgoing geodesic equation
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ct−
(
r + r∗ ln

∣∣∣ r
r∗
− 1
∣∣∣) = const.

to define a new set of white hole coordinates given by the transformation

ct̃ = ct− r − r∗ ln
∣∣∣ r
r∗
− 1
∣∣∣ , r̃ = r, θ̃ = θ, and ϕ̃ = ϕ . (5.12)

All quantities in the white hole coordinates (ct̃, r̃, θ̃, ϕ̃) will be indicated with a “tilde” on top.

Problem 5.22. Rewrite the Schwarzschild metric using the white hole coordinates.

Problem 5.23. In white hole coordinates, show that the vector field l̃ = (0, 1, 0, 0) provides a time orientation
for this spacetime that is consistent with the time orientation of the Schwarzschild spacetime in the exterior
geometry.

Problem 5.24. Find the expression for ñ in the white hole coordinates.

Problem 5.25. Write a complete set of arguments showing that in the white hole spacetime, all particles are
ejected out from the region r̃ < r∗.

Definition 5.2. The Schwarzschild metric in the (ct̃, r, θ, ϕ) coordinates, along with the time orientation given
by l̃ will be referred to as the Schwarzschild white hole spacetime.

Definition 5.3. The surface defined by r̃ = r∗ is the horizon of the Schwarzschild white hole spacetime.

Problem 5.26. Show that −n is future-pointing when r < r∗ in the Schwarzschild white hole spacetime.

Problem 5.27. Compute nµ in the Schwarzschild black hole and white hole spacetimes.

5.5 Maximal Schwarzschild Geometry

By now, you should be convinced that the Schwarzschild metric alone does not define whether it describes a
white hole or a black hole. This happens because we can extend the region the metric describes by using clever
coordinates and choosing judicious time orientation. Also, recall that constant values of ct̄ describe infalling null
geodesics, while constant values of ct̃ describe outgoing null geodesics. Here will stitch the black hole and white
hole spacetime using an extended coordinate patch.

5.5.1 Transformations for the Exterior Black Hole Geometry

When r > r∗ note that
ln
∣∣∣ r
r∗
− 1
∣∣∣ = ln

( r
r∗
− 1
)
.

Then

dct̄ = cdt+ r∗.
( r
r∗
− 1
)−1 1

r∗
dr + dr = cdt+

(
1− r∗

r

)−1

dr ,

and similarly

dct̃ = cdt−
(

1− r∗

r

)−1

dr .

Therefore,

dct̄dct̃ = c2dt2 −
(

1− r∗

r

)−2

dr2 = −
(

1− r∗

r

)−1
[
−
(

1− r∗

r

)
c2dt2 +

(
1− r∗

r

)−1

dr2

]
.
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The Schwarzschild metric takes a simple form in the (ct̄, ct̃, θ, ϕ) coordinate system given by

ds2 = −
(

1− r∗

r

)
dct̄dct̃+ r2dΩ2 .

In order to cross over to the interior region of the Schwarzschild spacetime, it is possible to get rid of the
problematic term given by (1− r∗/r) in the above expression by introducing a scaled coordinate system

p = exp

(
ct̄

2r∗

)
, and q = − exp

(
−ct̃
2r∗

)
.

Then,

dct̄dct̃ = 4(r∗)2 exp

(
− (ct̄− ct̃)

2r∗

)
dpdq .

Since
ct̄− ct̃ =

[
ct+ r + r∗ ln

( r
r∗
− 1
)]
−
[
ct− r − r∗ ln

( r
r∗
− 1
)]

= 2r + 2r∗ ln
( r
r∗
− 1
)
,

we get that

exp

(
ct̄− ct̃

2r∗

)
= exp

( r
r∗

)( r
r∗
− 1
)
.

Hence

ds2 = −
(

1− r∗

r

)
dct̄dct̃+ r2dΩ2 = −

(
1− r∗

r

)
4(r∗)2 exp

( r
r∗

)( r
r∗
− 1
)−1

dpdq + r2dΩ2 ,

or,

ds2 = −4(r∗)3

r
exp

( r
r∗

)
dpdq + r2dΩ2 .

To obtain a Minkowski like coordinate system in the (ct, r) plane, define

cT =
p+ q

2
, and X =

p− q
2

.

Then,

ds2 =
4(r∗)3

r
exp

( r
r∗

)
(−c2dT 2 + dX2) + r2dΩ2 5 .

In order to obtain the transformation between (ct, r) and (cT,X), note that,

cT =
p− q

2
=

1

2

[
exp

(
ct̄

2r∗

)
− exp

(
−ct̃
2r∗

)]

=
1

2

[
exp

(
ct

2r∗

)
− exp

(
−ct
2r∗

)]
exp

( r

2r∗

)
exp

(
1

2
ln
( r
r∗
− 1
))

.

I.e.,

cT =

√
r

r∗
− 1 exp

( r

2r∗

)
sinh

ct

2r∗
.

In exactly the same way

X =

√
r

r∗
− 1 exp

( r

2r∗

)
cosh

ct

2r∗
.

The following observations will illuminate the advantages of the (cT,X) coordinate system when r ≥ r∗ (we
are going to allow the limit as r → r∗ since the metric in no longer at this point in the (cT,X, θ, ϕ) coordinate
system. See fig.(5.6).

5 In the (cT,X) plane, the metric is almost flat except for the factor (4(r∗)3/r) exp(r/r∗) . Such terms are referred to
as a conformal factor in the literature.
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a. Clearly X ≥ 0.

b.
cT

X
= tanh

ct

2r∗

implies that −1 ≤ cT/X ≤ 1. Therefore, −X ≤ cT ≤ X. Additionally, constant values of ct are straight
lines, and cT = ±X as ct→ ±∞ respectively.

c.

c2T 2 −X2 = pq = exp

(
− (ct̄− ct̃)

2r∗

)
= −

( r
r∗
− 1
)

exp
( r
r∗

)
implies curves of constant r are hyperbolas.

d. As r → r∗, one is tempted to say that cT = X = 0. However, this is not necessarily the case as the limit
is not well defined when ct → ±∞. But, regardless of the value of ct, we have that c2T 2 − X2 → 0 from
above. Therefore, in general, all we can conclude is that cT = ±X. Therefore, the hyperbolas of constant r
degenerate into straight lines cT = ±X at r∗.

5.5.2 Transformations for the Interior Black Hole Geometry

When r < r∗,
ln
∣∣∣ r
r∗
− 1
∣∣∣ = ln

(
1− r

r∗

)
.

In this case setting

cT =
p− q

2
and X =

p+ q

2
,

once again, we get that

ds2 =
4(r∗)3

r
exp

(
−r
r∗

)[
−c2dT 2 + dX2

]
+ r2dΩ2 6 .

In this case, it is easily shown that when r < r∗

cT =

√
1− r

r∗
exp

( r

2r∗

)
cosh

ct

2r∗

and

X =

√
1− r

r∗
exp

( r

2r∗

)
sinh

ct

2r∗
.

Here are the various limits of coordinate values of the interior geometry in the (T,X, θ, ϕ) coordinate system.
See fig.(5.6).

a. Clearly cT ≥ 0.

b.
X

cT
= tanh

ct

2r∗

implies that −1 ≤ X/cT ≤ 1. Therefore, −cT ≤ X ≤ cT . Additionally, constant values of ct are straight
lines, and X = ±cT as ct→ ±∞ respectively.

c.
c2T 2 −X2 =

(
1− r

r∗

)
exp

( r
r∗

)
implies curves of constant r are hyperbolas.

6 The old definition for cT and X would give

ds2 =
4(r∗)3

r
exp

(−r
r∗

) [
c2dT 2 − dX2]+ r2dΩ2 .

This is not quite consistent with the expression we had before.
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d. Just as before, when r → r∗, we get that X = ±cT .

e. When r < r∗, r is bounded below and spacetime ends with the hyperbola at r = 0. This is given by
c2T 2 −X2 = 1 and cT =

√
X2 + 1.

5.5.3 Transformations for the White Hole Geometry

To extend spacetime to all 4 quadrants in the (cT,X) plane, all we need to do is the substitution cT → −cT
and X → −X.

In the White Hole region where 0 < r < r∗,

cT = −
√

1− r

r∗
exp

( r

2r∗

)
cosh

ct

2r∗

and,

X = −
√

1− r

r∗
exp

( r

2r∗

)
sinh

ct

2r∗
.

In a region describing another asymptotically flat region where r > r∗,

cT = −
√

r

r∗
− 1 exp

( r

2r∗

)
sinh

ct

2r∗

and,

X = −
√

r

r∗
− 1 exp

( r

2r∗

)
cosh

ct

2r∗
.

5.5.4 Concluding Remarks

Then in all four regions, the maximal Schwarzschild spacetime is given by the metric

ds2
MaxSch =

4(r∗)3

r
exp

(
−r
r∗

)[
−c2dT 2 + dX2

]
+ r2dΩ2 .

• Here, (cT,X) takes on all values bounded within the hyperbolas c2T 2 −X2 = 1.

• We set T µMaxSch = (1, 0, 0, 0) in the (cT,X, θ, ϕ) coordinate system as future-pointing and timelike every-
where.

• In both the black hole and white hole region r = 0 is manifestly problematic.

• As suggested by the term, in the white hole, the outgoing radial null vector is future pointing and crosses
the horizon smoothly. I.e., all matter and energy in this region will pour out to either asymptotically flat
regions or the black hole in its immediate future as shown in the diagram below.

Problem 5.28. Show that the notion of future is correctly captured by T µMaxSch = (1, 0, 0, 0) in the (cT,X, θ, ϕ)

coordinate system. I.e., show that n̄ · TMaxSch < 0 in the black hole spacetime and l̃ · TMaxSch < 0 in the white
hole spacetime.
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ct = constant

r = constant

singularity r =
0

ct = constant

r = constant

ct = 0

ct
=

0

r = r∗

ct = +∞

}

r = r∗

ct = −∞

}

{
r = r∗

ct = −∞

{
r = r∗

ct = +∞

X

cT

Fig. 5.6. The Kruskal diagram for the maximal Schwarzschild geometry (courtesy of https://tikz.net/relativity_
kruskal_diagram/).

https://tikz.net/relativity_kruskal_diagram/
https://tikz.net/relativity_kruskal_diagram/
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6

Tensor Calculus

6.1 Vector and Tensor Bases

So far, we have written vectors as Aµ. This is clearly half the story. From previous experience, we know that
vectors are written as

A = Aµeµ ,

where {Aµ} are the components and {eµ} are the bases vectors/vector fields. Now, suppose that we did insert
the basis vectors back in. For the moment, we will write the bases set in a coordinate system {xµ} for Tx(M) as
{eµ(x)} as a placeholder. In short order, we will make it more precise. Note that, in general, it is not necessary
for {eµ} to be an orthonormal set. The vector A has to be the same physical vector in any two coordinate
systems, say (x1, . . . , xn) and (y1, . . . , yn). By this, we mean that

A = Aν(x)eν(x) = Aµ(y)eµ(y) .

Then, it is easy to figure out how {eµ(x)} transforms since

Aν(x)eν(x) = Aµ(y)eµ(y) =

(
∂yµ

∂xν
Aν(x)

)
eµ(y) = Aν(x)

(
∂yµ

∂xν
eµ(y)

)
.

Thus, we require that

eν(x) =
∂yµ

∂xν
eµ(y)

or

eµ(y) =
∂xν

∂yµ
eν(x) .

From eq.(4.4), we see that there is a direct correspondence between

eµ(x) and
∂

∂xµ

in terms of their transformation properties. We formalize the above observation in the following definition.

Definition 6.1. In a coordinate system (x1, . . . , xn) containing a point p in a spacetime M, the tangent vector
space at p is given by

span

{
∂

∂xµ

∣∣∣
p

∣∣∣µ = 1, . . . , n

}
.1

Vector fields in this chart can be written as

A = Aµ(x)
∂

∂xµ
,

for any component functions Aµ(x). As a generalisation to the definition of definition 2.10, the tangent space
at p ∈M is denoted as Tp(M), while the space of all tangent vector fields is denoted as T (M):

T (M) =
⋃
p

Tp(M)

and is referred to as the tangent bundle.

1 In general relativity, we typically label coordinate indices from 0−4 (there are exceptions). Although our sole attention
will be devoted to spacetime manifolds, all of the results in the remainder of this chapter will be valid for arbitrary
manifolds.
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Notice that a tangent vector vp at p takes a function f and maps it to a real number given by

vp[f ] = vµ
∂f(x)

∂xµ

∣∣∣
p
,

while tangent vector fields map functions to functions given by

A[f ] = Aµ(x)
∂f(x)

∂xµ
.

Remark 6.1. This means that, if we know how vector fields act on functions, we can recreate the vector field. In
particular,

A[xν ] = Aµ(x)
∂xν

∂xµ
= Aν(x) .

As an example, the time orientation in the maximal geometry of the Schwarzschild spacetime given by T µMaxSch =
(1, 0, 0, 0) in the (cT,X, θ, ϕ) coordinate system can now be written as

T µMaxSch =
∂

∂cT
.2

Using the same arguments as above and eq.(4.5) show that:

Problem 6.1. Show that in a coordinate system (x1, . . . , xn) containing a point p in a spacetimeM, the space
of dual vectors at p is given by

span
{
dxµ|p

∣∣∣µ = 1, . . . , n
}
.

I.e., knowing how dxµ transforms, show that

Aµ(x(p)) dxµ = Aν(y(p)) dyν .

Here (y1, . . . , yn) is another coordinate chart.

Definition 6.2. The dual vector fields in this chart can be written as Aµ(x) dxµ . The space of dual vectors at
p ∈ M is denoted as T ∗p (M), while the space of all the dual vector fields is denoted as T ∗(M) and is referred
to as the cotangent bundle.

As we have shown, tangent vectors map functions to numbers. But, what do dual vectors do? Dual vectors act
on vectors and produce a number. You have already seen this, Suppose χp is a dual vector and Ap is a tangent
vector at the same point p then χp acting on Ap is given by

χp(Ap) = (χp)µA
µ
p .

We previously referred to this as a contraction and demonstrated that this action is coordinate-independent.

Then

χ(A) = χµA
µ = χµ(x) dxµ

(
Aν(x)

∂

∂xν

)
.

This can happen only if we define the action of the dual basis on a vector basis as follows:

dxµ
(
Aν(x)

∂

∂xν

)
= Aν(x) dxµ

(
∂

∂xν

)
, 3

and

dxµ
(

∂

∂xν

)
= δµν .

The above equation holds when dxµ acts on ∂ν at the same fixed point.
2 We have already gained quite a bit in specificity. In the past, we had to write T µMaxSch = (1, 0, 0, 0) in the (cT,X, θ, ϕ)

coordinate system. On the other hand

T µMaxSch =
∂

∂cT
need no further reference to a coordinate system.

3 This makes dxµ is function linear, meaning that its not just constants that come out of the parenthesis, but even
functions like Aν(x) do.
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Problem 6.2. Show that the above equation is true regardless of the choice of coordinates. I.e., for are any two
coordinate charts (x1, . . . , xn) and (y1, . . . , yn) show that

dxµ
(

∂

∂xν

)
= δµν

implies that

dyµ
(

∂

∂yν

)
= δµν .

Okay, so we have been able to create a basis for covariant and contravariant vector fields. But what about
tensors? Consider first the metric tensor gµν written in the form

g = gµν(x) dxµ ⊗ dxν 4 .

Notation: When the coordinate system being used is clear, say it is (x1, . . . , xn) we often write the tangent
basis vectors ∂/∂xµ as ∂µ.

The metric tensor is designed to take any two vectors and return a number. Let Ap and Bp be any two
tangent vectors at the point p ∈M. Define the action g(Ap, Bp) by

g(Ap, Bp) = gµν(x) dxµ ⊗ dxν(Ap, Bp) ≡ gµν(x) dxµ(Ap) dx
ν(Bp) = gµν(x) dxµ(Aαp ∂α) dxν(Bβp ∂β)

= gµν(x)Aαp B
β
p dxµ( ∂α) dxν( ∂β) = gµν(p)Aαp B

β
p δµα δνβ

5 = gµν(p)Aµp B
ν
p .

This is exactly what we wanted. In the event that A and B are vector fields, we would then have

g(A,B)(x) = gµν(x)Aµ(x) Bν(x) .

g belongs to the space of covariant tensors of rank 2, denoted by T2(M). Clearly,

T2(M) = span
{
dxµ ⊗ dxν

∣∣∣µ, ν = 1, . . . , n
}
.

The components of the metric tensor g are easily seen to be given by

gµν = g(∂µ, ∂ν) .

To see how the tensor transforms, consider two coordinate systems given by (x1, . . . , xn) and (y1, . . . , yn). Then

g(y) = gµν(y)dyµ ⊗ dyν = gµν(y)
∂yµ

∂xα
dxα ⊗ ∂yν

∂xβ
dxβ = gµν(y)

∂yµ

∂xα
∂yν

∂xβ
dxα ⊗ dxβ ,

which we write as
gαβ(x) dxα ⊗ dxβ .

I.e.,

gαβ(x) = gµν(y)
∂yµ

∂xα
∂yν

∂xβ
,

or equivalently

gµν(y) = gαβ(x)
∂xα

∂yµ
∂xβ

∂yν
.

This is precisely what eq.(4.6) gives. The contravariant form of the metric tensor is given by (also denoted by
g)

g = gµν
∂

∂xµ
⊗ ∂

∂xν

where gµν is the metric inverse of gµν . In this case, the components are given by

4 ⊗ is referred to as a tensor product, and dxµ ⊗ dxν is read as dxµ tensor product dxν .
5 Here we tacitly implying that

dxµ|p
(

∂

∂xν
∣∣
q

)
= δµν

if p = q, and 0 otherwise.
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gµν = g(dxµ, dxν) .

What about tensors with covariant and contravariant components? For example, a tensor T with covariant
rank 2, and contravariant rank 1 can be written as

T = Tµ νλ ∂µ ⊗ dxν ⊗ dxλ .

T would then take 1 covariant vector, say χ, and two contravariant vectors A and B, and return a scalar
(function or a number depending on whether it is a tensor field or just a tensor at a point). Here,

T (χ,A,B) = Tµ νλ ∂µ ⊗ dxν ⊗ dxλ(χ,A,B) = Tµ νλ χ(∂µ) dxν(A) dxλ(B)6

= Tµ νλ χadx
a(∂µ) dxν(Ab∂b) dx

λ(Bc∂c) = Tµ νλ χa A
b Bc δaµ δ

ν
b δ

λ
c = Tµ νλ χµ A

ν Bλ .

In this case T ∈ T 1
2 (M), and

Tµ νλ = T

(
dxµ,

∂

∂xν
,
∂

∂xλ

)
.

In a similar manner we can construct tensors fields T sr (M) as a multilinear functional on r many vectors
and s many dual vectors:

T : T (M)× · · · × T (M)× T ∗(M)× · · · × T ∗(M)× → R . (6.1)

In the above expression, there are r many T (M) and s many T ∗(M). It is important to note that the defining
property of tensors is that they are multi-function-linear objects, i.e.,

T (A,B, α C + βD, ...., E) = α T (A,B,C, ...., E) + β T (A,B,D, ...., E) . (6.2)

Here α and β are functions on the manifold and A,B,C,D,E are either tangent vector fields (contravariant
vectors) or one forms (covariant vectors) acting on a tensor field of an appropriate type. This property would
hold true at any entry of tensors of arbitrary type.The components of such a tensor in an arbitrary coordinate
basis can be obtained by the formula

Ti1i2...ir
j1j2...js = T

(
∂i1 , . . . , ∂ir , dx

j1 , . . . , dxjs
)
, (6.3)

and having obtained the components, the tensor can be written as

T = Ti1i2...ir
j1j2...js dxi1 ⊗ · · · ⊗ dxir ⊗ ∂j1 ⊗ · · · ⊗ ∂js . (6.4)

Tensor products can also be used to construct other tensors. For example, if T is a tensor field of type T sr (M)
and S is a tensor field of type Tml (M), then T ⊗ S is a tensor field of type T s+mr+l (M) whose components are
given by

(T ⊗ S)i1...ir p1...pl
j1...js q1...qm = Ti1...ir

j1...js Sp1...pl
q1...qm . (6.5)

The components of tensors transform exactly as given in eq.(4.6), all the previous properties like raising and
lowering of indices work the same way. Also, if f is a function and T is a tensor, then their tensor product
f ⊗T is simply taken to be fT . I.e, functions can be thought of as rank 0 tensors. Tensor indices can be raised,
lowered, and contracted just as before.

The following examples will help clarify the new machinery that we have developed. The Schwarzschild metric
tensor can now be written in the form

gSch = −
(

1− r∗

r

)
dct ⊗ dct+

(
1− r∗

r

)−1

dr ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θdϕ ⊗ dϕ ,

and the Schwarzschild black hole metric is given by

gBH = −
(

1− r∗

r̄

)
dct̄ ⊗ dct̄+ dct̄ ⊗ dr̄ + dr̄ ⊗ dct̄+ r̄2

(
dθ̄ ⊗ dθ̄ + sin2 θ̄ dϕ̄ ⊗ dϕ̄

)
6 Notice how ∂µ acting on χ is written as χ(∂µ).
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Example 6.1. Find the contravariant form (both indices raised) of the Schwarzschild metric.

Solution: Since the Schwarzschild metric is diagonal,

gµν =
1

gµν
.

Then

gSch = −
(

1− r∗

r

)−1
∂

∂ct
⊗ ∂

∂ct
+

(
1− r∗

r

)
∂

∂r
⊗ ∂

∂r

+
1

r2

∂

∂θ
⊗ ∂

∂θ
+

1

r2 sin2 θ

∂

∂ϕ
⊗ ∂

∂ϕ
.

�

Example 6.2. Find an orthonormal bases vectors for the Schwarzschild metric.

Solution: Since

gSch

(
∂

∂ct
,
∂

∂ct

)
= −

(
1− r∗

r

)
,

set

e0 =

(
1− r∗

r

)−1/2
∂

∂ct
.

Then

gSch(e0, e0) = gSch

((
1− r∗

r

)−1/2
∂

∂ct
,

(
1− r∗

r

)−1/2
∂

∂ct

)

=

(
1− r∗

r

)−1

gSch

(
∂

∂ct
,
∂

∂ct

)
=

(
1− r∗

r

)−1

(−1)

(
1− r∗

r

)
= −1 .

Similarly

e1 =

(
1− r∗

r

)1/2
∂

∂r

is a unit vector, i.e. g(e1, e1) = 1. Moreover g(e0, e1) = 0, i.e., e0 and e1 are orthonormal. We can now easily
complete the basis by setting

e2 =
1

r

∂

∂θ
,

and

e3 =
1

r sin θ

∂

∂ϕ
.

�

Example 6.3. Write the Schwarzschild orthonormal basis vectors in the black hole coordinate system, and show
that their properties hold.

Solution: While we can independently search for an orthonormal basis, all we have to do is transform the
Schwarzschild orthonormal basis to the black hole coordinate system. Since

∂

∂ct
=
∂ct̄

∂ct

∂

∂ct̄
,

set

e0 =

(
1− r∗

r

)−1/2
∂

∂ct̄
.

Then clearly gSch(e0, e0) = −1. On the other hand

∂

∂r
=
∂ct̄

∂r

∂

∂ct̄
+
∂r̄

∂r

∂

∂r̄
=

(
1− r∗

r

)−1
∂

∂ct̄
+

∂

∂r̄
.

Then

e1 =

(
1− r∗

r

)1/2
∂

∂r
=

(
1− r∗

r

)1/2
[(

1− r∗

r

)−1
∂

∂ct̄
+

∂

∂r̄

]
.
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Then
gBH(e1, e1) = 1 ,

and similarly
gBH(e0, e1) = 0

as required. Also, e2 and e3 do not change their form or properties in the Eddington-Finkelstein coordinate
system.
�

The orthonormal basis vectors for the black hole metric derived above is not valid across the horizon since we
simply transformed the orthonormal basis vectors of the Schwarzschild metric. We remedy this deficiency in the
following example.

Problem 6.3. Find an orthonormal bases vectors for the black hole metric that is valid across the horizon.

Problem 6.4. Find the contravariant form of the black hole metric.

Problem 6.5. Show that the contravariant form of the black hole metric in the basis e0, e1, e2, e3 (as derived
in the example above) is given by

g = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3
7 .

Hint: If you expand the above metric by putting in the explicit form of the basis vectors, you should get the
contravariant form of the Eddington-Finkelstein metric.

Problem 6.6. Find the dual frame for the orthonormal frame in the black hole metric in example 6.3. I.e.,
raise the index of all four of the vector fields, and label them (e0, e1, e2, e3) respectively.

The above result is surely expected. A spacetime metric will always have the appearance of the Minkowski
metric when written in an orthonormal basis.

Problem 6.7. Using the dual frame (e0, e1, e2, e3) found above, show that the black hole metric can be written
in the form

gEF = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 .

Example 6.4. In the Schwarzschild spacetime, let

F = −q sin θ
(
dθ ⊗ dϕ− dϕ ⊗ dθ

)
.

Here q is a constant. Raise the first index of this tensor.

Solution: The expression for F tells us that

Fθϕ = −q sin θ = −Fϕθ .

We need to first obtain Fµ ν .
Fµ ν = gµλSchFλν .

Since the Schwarzschild metric is diagonal

F θ ϕ = gθλSch Fλϕ = gθθSch Fθϕ = − 1

r2
q sin θ ,

and

Fϕ θ = gϕλSch Fλθ = gϕϕSch Fϕθ =
1

r2 sin2 θ
q sin θ =

q

r2 sin θ
.

These are all the non-trivial components. Then, when we raise the first index of F we get

F = −q sin θ

r2

∂

∂θ
⊗ dϕ+

q

r2 sin θ

∂

∂ϕ
⊗ dθ .

�
7 In an orthonormal basis, all spacetime metrics will take the form of the Minkowski metric.
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Problem 6.8. In the black hole spacetime, let

F = u(ϕ)
(
dϕ ⊗ dct̄− dct̄ ⊗ dϕ

)
.

Here u is an arbitrary function of ϕ. Write F in a completely contravariant form. Also, find the tensor

FµνFνλ
∂

∂xµ
⊗ dxλ .

6.2 Lie Brackets of Vector Fields

Definition 6.3. Following remark 6.1, the lie bracket [X,Y ] of two tangent vector fields X and Y is a vector
field determined by the expression

[X,Y ]f = X(Y f)− Y (Xf) (6.6)

for any real valued function f .

Recall that
∂

∂xµ
≡ ∂µ .

Now we further set
∂µf = f,µ , and ∂µ∂νf = f,ν,µ etc.

Theorem 6.1. In components
[X,Y ] =

(
Y i,jX

j −Xi
,jY

j
)
∂i . (6.7)

Here, X = Xi∂i and Y = Y j∂j.

Proof.
[X,Y ]f = X(Y jf,j)− Y (Xif,i)

= Xi ∂i(Y
jf,j)− Y j ∂j(Xif,i) .

Since f,i,j = f,j,i , we have, after a rearrangement of dummy labels, that

[X,Y ]f =
(
Y i,jX

j −Xi
,jY

j
)
∂if

for arbitrary f . ut

Example 6.5. In Schwarzschild coordinates, let

X = sin2 θ
∂

∂ct
− r2 cos2 θ

∂

∂θ
,

and let

Y =
1

sin θ

∂

∂θ
.

Find [X,Y ].

Solution:

[X,Y ] =

(
r2 cos3 θ

sin2 θ

)
∂

∂θ
− 2 cos θ

∂

∂ct
− 2r2 cos θ

∂

∂θ
.

�

Problem 6.9. In R2 with coordinates (x, y) define vector fields Y = 3y∂x+2x∂y and Z = x2∂y. Find L = [Y,Z].
Now consider a change of coordinates from (x, y) to (u, v) defined by u = x+ y and v = x− y. Find Y Z and
L in the (u, v) coordinate system and denote it as Ȳ , Z̄ and L̄. Find [Ȳ , Z̄]. Confirm that L̄ = [Ȳ , Z̄].

The above result is true in general. I.e., the Lie Bracket defined by eq. (6.7) is independent of the coordinate
system, as is shown below.
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Theorem 6.2. Lie brackets of two vector fields are a coordinate-independent definition, i.e.,[
X̄, Ȳ

]l
= [X,Y ]i

∂x̄l

∂xi
.

Here, {xα} and {x̄α} are two overlapping coordinate systems.

Proof. [
X̄, Ȳ

]l
= X̄j ∂Ȳ

l

∂x̄j
− Ȳ j ∂X̄

l

∂x̄j
= Xm ∂x̄j

∂xm
∂xn

∂x̄j
∂Ȳ l

∂xn
− Y m ∂x̄j

∂xm
∂xn

∂x̄j
∂X̄ l

∂xn

= Xn ∂Ȳ
l

∂xn
− Y n ∂X̄

l

∂xn
= Xn ∂

∂xn

(
Y i
∂x̄l

∂xi

)
− Y n ∂

∂xn

(
Xi ∂x̄

l

∂xi

)
=

(
Xn ∂Y

i

∂xn
− Y n ∂X

i

∂xn

)
∂x̄l

∂xi
.

ut

Clearly [X,Y ] = −[Y,X], and in any coordinate system {xi}, [∂i, ∂j ] = 0 .

6.3 The Covariant Derivative

In order to take derivatives of tensor fields that live on an arbitrary manifold in a coordinate-independent way,
we axiomatically introduce the following set of properties we take for granted in the Calculus of Rn. Derivatives
of tensors are taken with respect to a tangent vector. This derivative should not affect the tensor type, i.e., the
derivative of an T sr (M) tensor is another T sr (M) tensor. By ∇XT we mean the covariant derivative (as it is
called) with respect to the tangent vector X of the tensor field T 8. Following is a list of properties that we
would like the derivative operator to have:

1.
∇X(aT + bS) = a∇XT + b∇XS (6.8)

Here a, b ∈ R and T and S are tensors of arbitrary type. Additionally,

∇fX+gY T = f∇XT + g∇Y T (6.9)

Here f and g are functions, X and Y are any tangent vectors, and T is any tensor.

2. For scalar functions f
∇Xf = X(f) . (6.10)

3. For arbitrary tensors T and S

∇X(T ⊗ S) = (∇XT )⊗ S + T ⊗∇XS . (6.11)

This is nothing more than the usual product rule for derivatives. A scalar function f can be thought of a
tensor of type T 0

0 (M) where f ⊗ T ≡ f T .

4.
∇X CT = C ∇XT (6.12)

Here C is a contraction of any pair/pairs of covariant and contravariant indices. The need for this axiom
will be made clear in theorem 6.4.

In order to pin down the requirements of coordinate- independence, let us fix a coordinate system and set

∇∂µ∂ν ≡ Γαµν ∂α . (6.13)

The functions Γαµν ’s are called connection coefficients or Christoffel symbols. As we shall see, the Γαµν ’s do not
form the components of a tensor. Using the properties satisfied by the covariant derivative we see that

∇XY ≡ ∇X(Y ν∂ν) = (Xµ Y α,µ +Xµ Y ν Γαµν) ∂α . (6.14)

Here Y is a vector field and X is a tangent vector at the point we wish to take the derivative.

Notation
8 While in general T is a tensor field, X can simply be a tangent vector at a particular point.
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• ∇XY = ∇(Xµ∂µ)Y ≡ Xµ∇∂µY ≡ Xµ∇µY .

• Let T be an arbitrary tensor field of type T sr (M). Since

∇f XT = f Xµ ∇µT ,

for any tangent vector X and smooth function f . I.e., the covariant derivative is automatically function-linear
in its subscripted entry. We can then define an absolute covariant derivative

∇ : T sr (M)→ T sr+1(M)

defined by
∇T (Y1, · · · , Yr, X,W 1, · · · ,W s) = (Xµ∇µT )(Y1, · · · , Yr,W 1, · · · ,W s) .

Here, as usual Y1, . . . , Yr and X are vectors, and W 1, . . . ,W s are dual vectors.

Abuse of Notation
∇νY µ ≡ (∇νY )µ ,

where (∇νY )µ is the µth component of the vector ∇νY = (∇νY )µ ∂µ. Mathematicians generally avoid this
abused notation. We may not! And hence,

∇XY α = Xµ Y α,µ +Xµ Y ν Γαµν ,

or even
∇µY α = Y α,µ + Y ν Γαµν .

Theorem 6.3. Eq.( 6.14) is coordinate independent provided

Γαµν(p) =
∂xα

∂x̄β
∂2x̄β

∂xµ∂xν
+ Γ̄ βσλ(p̄)

∂x̄σ

∂xµ
∂x̄λ

∂xν
∂xα

∂x̄β
. (6.15)

Here, {xα} and {x̄α} are two overlapping coordinate systems such that the point p in the {xα} coordinate system
is mapped to the point p̄ in the {x̄α} coordinate system. Clearly, Γαµν and Γ̄αµν are the connection coefficients in
the two frames.

Proof. This is nothing more than a straightforward computation, which we include here for completeness. For
the covariant derivative to be a truly coordinate independent operation, we must have that

(∇X̄ Ȳ )β =
∂x̄β

∂xα
(∇XY )α , (6.16)

where

X̄µ = Xν ∂x̄
µ

∂xν
and Ȳ µ = Y ν

∂x̄µ

∂xν

which follows from the transformation property of tangent vectors. In component form, the R.H.S of eq.(6.16)
gives

∂x̄β

∂xα
(∇XY )α = (Y α,µ + Y νΓαµν) Xµ ∂x̄β

∂xα
.

Whereas, the L.H.S gives

(∇X̄ Ȳ )β = (Ȳ β,µ + Ȳ ν Γ̄ βµν) X̄µ = Xα ∂x̄
µ

∂xα

[
∂

∂x̄µ

(
Y θ

∂x̄β

∂xθ

)
+ Γ̄ βµν Y

θ ∂x̄
ν

∂xθ

]

= Xα Y θ,α
∂x̄β

∂xθ
+Xα Y θ

∂2x̄β

∂xα∂xθ
+ Γ̄ βµν X

α Y θ
∂x̄µ

∂xα
∂x̄ν

∂xθ
.

Setting the R.H.S and L.H.S equal to each other we get that

Γαµν Y
ν Xµ ∂x̄β

∂xα
= Xα Y θ

∂2x̄β

∂xα∂xθ
+ Γ̄ βµν X

α Y θ
∂x̄µ

∂xα
∂x̄ν

∂xθ
.

Relabeling indices so that all terms have Xµ Y ν factors, and comparing coefficients of arbitrary Xµ Y ν terms
we get the necessary result. ut
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Problem 6.10. Using the equivalence principle, we found in eq.(4.13) that, at least in GR,

Γαµλ =
1

2
gνα[∂λgµν + ∂µgνλ − ∂νgλµ] .

Show that the above expression for Γαµλ is consistent with eq.(6.15). I.e., show that

1

2
gaα[∂νgµa + ∂µgaν − ∂agνµ] =

∂xα

∂x̄β
∂2x̄β

∂xµ∂xν
+

1

2
ḡmβ [∂̄bḡam + ∂̄aḡmb − ∂̄mḡba]

∂x̄a

∂xµ
∂x̄b

∂xν
∂xα

∂x̄β
. (6.17)

Here, {xα} and {x̄α} are overlapping coordinate systems. Here, both Latin and Greek indices run through the
same set, also

∂̄b ≡
∂

∂x̄b
.

In the above problem, we have given one (very important in GR) candidate for Γαµλ. That should not be taken
to mean that, in general, the existence of a covariant derivative requires a metric, or is even dependent on it.

If it weren’t for the first term in the R.H.S of eq.(6.15), the Christoffel symbols would transform like a tensor.
Indeed, it is the existence of this term that allows for the Christoffel symbols to vanish at any given point in a
locally inertial frame, while in an arbitrary coordinate system that may not be the case (which cannot happen
if the Christoffel symbols were a true tensor), thus allowing for the equivalence principle to exist. Once we know
how to take the derivative of vector fields, property 4. fixes the covariant derivative of dual vector fields.

Theorem 6.4. The properties of the covariant derivative imply that

∇µχν = χν,µ − Γαµνχα , (6.18)

where χ is any dual vector field, and ∇µχν = (∇µχ)ν .

Proof. Let Y be any vector field. From property 2. of covariant derivatives

∇µ (χαY
α) = χα,µ Y

α + χα Y
α
,µ .

On the other hand from property 4. of covariant derivatives

∇µ (χαY
α) = (∇µ χα)Y α + χα ∇µY α

= (∇µ χα)Y α + χα
[
Y α,µ + ΓαµνY

ν
]
.

Therefore, comparing the two expressions on the right-hand side, we get that

χα,µ Y
α + χα Y

α
,µ = (∇µ χα)Y α + χα

[
Y α,µ + ΓαµνY

ν
]
,

or
(∇µ χα)Y α = χα,µ Y

α − χνΓ νµαY α .

Since this is true for any vector field Y , we get the necessary result. ut

The theorem above implies that
(∇µdxν) = −Γ νµαdxα ,

so that
∇µχ = (χν,µ − Γαµνχα)dxν .

A similar calculation as before shows that when the Christoffel symbols transforms as in eq.(6.15), the
resulting covariant derivative of 1-forms are coordinate independent. Now that we can take derivatives of tangent
vector fields and 1-forms, we can easily extend the covariant derivative to arbitrary tensors, for example,

∇µ [Sα β ∂α ⊗ dxβ ]

= (∂µS
α
β) ∂α ⊗ dxβ + Sα β (∇µ∂α)⊗ dxβ + Sα β ∂α ⊗ (∇µdxβ)
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= (∂µS
α
β) ∂α ⊗ dxβ + Sα β Γ

ν
µα ∂ν ⊗ dxβ − Sα β Γ

β
µν ∂α ⊗ dxν

=
(
∂µS

α
β + Sν β Γ

α
µν − Sα νΓ

ν
µβ

)
∂α ⊗ dxβ .

Or equivalently
∇µSα β = ∂µS

α
β + Sν β Γ

α
µν − Sα νΓ

ν
µβ .

Considering problem 6.10, let us set the Christoffel symbols to be given by eq.(4.13) in the following set of
problems. Furthermore, all tensors are given in Schwarzschild spacetime in Schwarzschild coordinates.

Problem 6.11. Let
X = 2 sin θ ∂ct − ∂θ and Y = e−(ct)2∂φ

in Schwarzschild spacetime, in Schwarzschild coordinates. Find

1. ∇XY
2. ∇YX
3. [X,Y ]
4. ∇XY −∇YX − [X,Y ].

Problem 6.12. Let χ = −dct+ 3M sin2 θ∂θ +
(

1− r∗

r

)
dr. Find ∇∂rχ.

Problem 6.13. Let
F = sin4 θ

(
l[ ⊗ dθ − dθ ⊗ l[

)
.

where

l[ = cdt+

(
1− 2M

c2r

)−1

dr .

Find

1. jν = ∇µFµν
2. g(j, j)
3. jµF

µν .

6.4 Parallel Transport and Geodesics

Definition 6.4. Let V be a vector field about a point p ∈ M. Suppose α(s) = (x1(s), . . . , xn(s)) is a curve in
M such that α(0) = p, and

α̇(s) =

(
dx1

ds
(s), . . . ,

dxn

ds
(s)

)
= V (α(s)) ,

we say that α is an integral curve of V with initial value p.

Theorem 6.5. Let V ∈ Tp(M) for some p ∈ M. Then for any vector field W , ∇VW |p depends only on V (p)
and the values of W along any curve α such that α̇(0) = V (p).

Proof. In a coordinate chart {xa}, let α(s) = (x1(s), . . . , xn(s)) be any curve such that α(0) = p and V = α̇|s=0

Then, at p,

∇VW β
∣∣∣
p

= V (W β) + Γ βµνV
µW ν

∣∣∣
p

=
dxσ

ds

∣∣∣
s=0

W β
,σ(p) + Γ βµν(p)V µ(p)W ν(p)

=
d

ds
W β(α(s))

∣∣∣
s=0

+ Γ βµν(p)V µ(p)W ν(p) .

It should also be clear that the answer does not depend on the choice of α since

dxσ

ds

∣∣∣
s=0

W β
,σ(p) = V σ(p)W β

,σ(p) .

ut
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Definition 6.5. Suppose α(s) = (x1(s), . . . , xn(s)) is a curve in M. Let V be a vector field defined along α.
I.e., V = V (α(s)) ≡ V (s). Then the covariant derivative of V along α is defined by

D

∂s
V β =

dV β

ds
+ Γ βµν

dxµ

ds
V ν (6.19)

Remark 6.2. Clearly, in the event that V is defined in a region around α, we have that

D

∂s
V = ∇α̇V .

Definition 6.6. Consider a manifold with a given covariant derivative. Let α(s) = (x1(s), ....., xn(s)) be a curve,
and let v0 be a tangent vector at some point α(s0) on the curve. The vector field v(s) along α is said to be parallel
translated along α with initial condition v0 if

vν(s) = vν0 −
∫ s

s0

Γ νρσ(s′)vσ(s′)
dxρ

ds′
ds′ , (6.20)

for all ν = 1, . . . , n.

Theorem 6.6. v(s) above is parallely translated along α if and only if D
∂sv

ν = 0 for all s.

Proof. From (6.20),

D

∂s
vν =

dvν

ds
+ Γ νµσ(s)vσ(s)

dxµ

ds
= Γ νµσ(s)vσ(s)

dxµ

ds
− Γ νµσ(s)vσ(s)

dxµ

ds
= 0 .

ut

Definition 6.7. Let α(s) = (x1(s), ....., xn(s)) be a curve with tangent u, i.e., u = α̇. Then, α is a geodesic if

D

∂s
u = 0. (6.21)

We say that u is a geodesic tangent vector field. From eq.( 6.19), in components, the geodesic equation takes the
form

ẍµ + Γµαβ ẋ
αẋβ = 0 . (6.22)

In the above equation, the dot refers to the derivative with respect to s. The parameter s is referred to as an
affine parameter.

Definition 6.8. A curve α(s) is a pre-geodesic, if α can be re-parameterized by a parameter τ such that α(τ)
is a geodesic.

Theorem 6.7. Let α(s) be an intergral curve of a vector field u, i.e., α̇(s) = u(α(s)). Then α is a pre-geodesic
(and hence u is a pre-geodesic tangent vector field), if and only if there exists a function f on α(s) such that

D

∂s
u
∣∣
s

= f(s) u(s) . (6.23)

Proof. Along α(s) = (x1(s), ..., xn(s)), we have

d2

ds2
xλ + Γλαβ

dxα

ds

dxβ

ds
= f(s)

dxλ

ds

For any re-parametrization τ of the curve, we have

d

ds
=
dτ

ds

d

dτ
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and
d2

ds2
=

d

ds

[
dτ

ds

d

dτ

]
=
d2τ

ds2

d

dτ
+

[
dτ

ds

]2
d2

dτ2
.

Then, along α(τ)

d2τ

ds2

dxλ

dτ
+

(
dτ

ds

)2 [
d2

dτ2
xλ + Γλαβ

dxα

dτ

dxβ

dτ

]
= f(s)

dτ

ds

dxλ

dτ
.

or (
dτ

ds

)2 [
d2

dτ2
xλ + Γλαβ

dxα

dτ

dxβ

dτ

]
=

(
f(s)

dτ

ds
− d2τ

ds2

)
dxλ

dτ
. (6.24)

This is an affinely parameterized geodesic equation if

f(s)
dτ

ds
=
d2τ

ds2
. (6.25)

You will show in the problems section that the unique solution to the above equation is

τ =

∫ s

ds′′

[
exp

∫ s′′

f(s′)ds′

]
. (6.26)

Incidentally, notice that
dτ

ds
= exp

∫ s

f(s′) ds′ > 0 , (6.27)

and this ensures that s and τ are invertible parameters. Therefore, the affine parameter τ(s) is well defined.
Now, α(τ) satisfies the geodesics equation. ut

Problem 6.14. Show that the unique solution to eq.(6.25) is given by eq.(6.27).

Problem 6.15. Show that if s and τ are two affine parameters for the same geodesic, then τ = as+ b . Here,
a and b are constants. Hint: In eq.(6.25), set f(s) = 0 .

Problem 6.16. Verify that in Schwarzschild coordinates (ct, r, θ, φ),

T =

(
1− r∗

r

)−1

∂ct +

√
r∗r

r
∂r

is a geodesic vector field. I.e., show that∇TT = 0 (see remark 6.2). Also find g(T, T ). These are the rain-geodesics
of the Schwarzschild geometry.

6.5 Torsion Tensor

From eq.(6.15) we see that

Γαµν − Γανµ =
[
Γ̄ βab − Γ̄

β
ba

] ∂x̄a
∂xµ

∂x̄b

∂xν
∂xα

∂x̄β
.

I.e., the quantity Γαµν − Γανµ transforms like a type T 1
2 (M) tensor. Clearly,

Γαµν − Γανµ = (∇µ∂ν −∇ν∂µ)α .

Indeed, in a coordinate chart, the components of the torsion tensor are given by

Tα µν = (∇µ∂ν −∇ν∂µ)α . (6.28)

Or, equivalently
T (χ,X, Y ) = χα X

µY ν(Γαµν − Γανµ) = χα Γ
α
µν (XµY ν − Y µXν) .

So, we may tempted to set the the action of the torsion tensor T on any X,Y ∈ T (M) and χ ∈ T ∗(M) as

T (χ,X, Y )
?
= χ(∇XY −∇YX) .
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But, it is easily verified that the above expression is not function linear in all its entries 9. This is easily remedied
by the following definition.

Definition 6.9. The torsion tensor T is of type T 1
2 (M) and is given by

T (χ,X, Y ) = χ(∇XY −∇YX − [X,Y ]) . (6.29)

Here X and Y are tangent vector fields, and χ is a dual vector field.

Note that this definition is consistent with all the requirement listed above. In particular, the Lie bracket term
does not show up in the expression for the components of the torsion tensor in a coordinate chart (eq.(6.28))
since [∂µ, ∂ν ] = 0 . T is a true tensor, i.e., its a function linear object in all its entries. For example,

T (χ, fX, Y ) = χ (∇fXY −∇Y fX − [fX, Y ] )

= χ (f∇XY − Y (f)X − f∇YX − f [X,Y ] + Y (f)X) = f T (χ,X, Y ) .

6.6 The Levi-Civita Connection

A Manifold may admit many covariant derivatives. The properties of a covariant derivative listed above do not,
by any means fix the connection coefficients. However, there is a preferred connection (in General Relativity) if
the manifold is endowed with a metric.

Theorem 6.8. Let g be a metric tensor on a manifold M. Then there exists a unique covariant derivative on
M such that

1. ∇Xg = 0 , for every X ∈ T (M) ,
2. the torsion tensor T = 0.

This is the Levi-Civita Connection.

Proof. Since T = 0, we have that 10

∇∂µ∂ν = ∇∂ν∂µ ,
or,

Γαµν = Γανµ .

This is the feature we need from our torsion-free requirement. Now, let us consider the implications of the
requirement that the covariant derivative of the metric be trivial. Using the product rule and eq.(6.18)

∇Xgµν dxµ ⊗ dxν

= X(gµν) dxµ ⊗ dxν − gµνXβΓµαβ dx
α ⊗ dxν − gµνXβΓ ναβ dx

µ ⊗ dxα = 0 . (6.30)

After changing dummy variables so that all tensor products in the above equations are of the form dxµ ⊗ dxν ,
and setting X = ∂λ we get

∂λgµν = gανΓ
α
λµ + gαµΓ

α
λν . (6.31)

Let us rewrite the above equation by permutations of subscripts:

∂µgνλ = gαλΓ
α
µν + gανΓ

α
µλ , (6.32)

and
∂νgλµ = gαµΓ

α
νλ + gαλΓ

α
νµ . (6.33)

Then eq.(6.31)+ eq.(6.32) − eq.(6.33) gives

Γαµλ =
1

2
gνα[∂λgµν + ∂µgνλ − ∂νgλµ] . (6.34)

We have already shown (problem (6.10)) that eq.(6.34) generates a well-defined connection. We have the result
we want. The connection coefficients are completely specified, and hence, it is unique. ut
9 For f, g ∈ C∞(M), if T is defined as above, then

T (χ, fX, gY ) 6= fg T (χ,X, Y ) .

10 [∂µ, ∂ν ] = 0 for coordinate vector fields.
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Theorem 6.9. Let M be a manifold with a given metric g, and let ∇ be the associated Levi-Civita connection.
Let α(τ) be a geodesic with velocity α̇ = u, then g(α̇, α̇) is a constant along α.

Proof.
d

dτ
g(α̇, α̇) =

dxi

dτ

∂

∂xi
(g(u, u)) = u(g(u, u)) .

On the other hand
u(g(u, u)) = ∇ug(u, u) = (∇ug)(u, u) + g(∇uu, u) + g(u,∇uu) .

The first equality above is true, since for a function f , ∇uf ≡ u[f ]. Also, since we are using the Levi-Civita
connection, ∇ug = 0, and since u is a geodesic tangent vector field, we have ∇uu = 0. ut

The above theorem implies that the speed of a geodesic is a constant. This is consistent with special relativity,
in which the 4-velocity U has a constant magnitude given by U2 = g(U,U) = −c2.

Problem 6.17. LetM be a manifold with a given metric g, and let ∇ be the associated Levi-Civita connection.
Let α(τ) be a geodesic with velocity α̇ = u. Let v be a vector field that is parallel translated along α, then show
that g(v, α̇) is a constant along α.

Problem 6.18. Show that the torsion tensor T is function-linear in all the entries.

In the following, let M = R3 with the Euclidean metric

g = dx⊗ dx+ dy ⊗ dy + dz ⊗ dz

in the standard cartesian coordinates (x, y, z).

Problem 6.19. Show that the Levi-Civita connection coefficients are trivial (i.e., Γµαβ = 0).

Problem 6.20. Write down the general equation for a geodesic and solve it (should be done with relative ease).
Note that in R3, geodesics are just straight lines.

The following problems refer to S2(r) ( the sphere of radius r):

Problem 6.21. In the previous chapter, we found the Euclidean metric g of R3 in the spherical coordinate
system. By setting dr = 0, write down the metric of S2(r) in the coordinate system (θ, ϕ). Clearly, here the
poles are excluded.

Problem 6.22. Find the connection coefficients Γµαβ of S2(r).

Problem 6.23. Great circles on a sphere:

1. Write down the geodesic equation on S2(r). I.e., let α(s) = (θ(s), ϕ(s)) be a curve in S2(r). Find the
equations that θ(s) and ϕ(s) must satisfy, if α(s) is to be a geodesic.

2. Show that c ≡ g(α̇(s), ∂ϕ) is a constant along α.
3. Show that c ≤ 1.
4. Using the above equations and fact that g(α̇(s), α̇(s)) = const = 1, show that along a geodesic

cos θ =

√
1− c2
c

(cosϕ sin θ cos a+ sinϕ sin θ sin a)

for some constant a.
5. Multiplying the above equation by r, the radius of the circle, argue that the geodesics on S2(r) are great

circles.
6. Show that α(s) = (π/2, s/r), 0 ≤ s ≤ 2/π is a geodesic.
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Problem 6.24. Consider the Meridians on S2(r), i.e., let α(s) = (θ0, s) for any fixed value of θ be a curve in
S2(r).

1. Show that for θ0 6= π/2, α is not a pre-geodesic (hence not a geodesic).
2. Let p = (0, 0) ∈ S2(r). Let vp ∈ Tp(S2(r)) be given by

vp = ∂θ − ∂ϕ .

Find v(s) ∈ Tα(s)(S
2(r)) such that v(s) parallely translates vp along α(s). I.e., solve

dvα

dτ
+ Γαµσ(τ)vσ(τ)

dxµ

dτ
= 0

along with the initial condition v(0) = vp.
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Gravitation and Curvature

7.1 The Riemann Curvature Tensor

Like the Torsion tensor, the Riemann Curvature Tensor will also be extracted from the transformation properties
of the Christoffel symbols (eq.(6.15)). But this time, we will have an additional derivative involved in our
calculations. The Riemann Curvature Tensor will be defined for an arbitrary covariant derivative. I.e., for the
moment, we will not insist on the Levi-Civita connection. However, the full symmetry of the curvature tensor
will only be revealed for Levi-Civita connections.

Definition 7.1. The Riemann Curvature Tensor is of type T 1
3 (M) and is defined by

R(X,Y, Z,w) = [∇X∇Y w −∇Y∇Xw −∇[X,Y ]w](Z) (7.1)

Here, X, Y and Z are tangent vector fields and w is a 1 form.

Problem 7.1. Show that eq.(7.1) defines a true tensor. I.e., it is multi-function linear at all entries. For example,
show that

R(f W + g X, Y, Z,w) = f R(W,Y,Z,w) + g R(X,Y, Z,w)

Here, W , X, Y and Z are tangent vector fields and w is a 1 form. Now show the analogous result for all entries.

Theorem 7.1. In component form, the Riemann tensor is given by

Rβαµ
ν =

[
∂αΓ

ν
βµ − ∂βΓ ναµ + Γ ναcΓ

c
βµ − Γ νβcΓ cαµ

]
. (7.2)

Proof. First note that

∇Y∇Xwθ = Y α
[
Xβ wθ,β − wν Xβ Γ νβθ

]
,α
− Y α

[
Xβ wc,β − wν Xβ Γ νβc

]
Γ cαθ .

Therefore,

∇X∇Y wθ −∇Y∇Xwθ = Y αwνX
β
[
∂αΓ

ν
βθ − ∂βΓ ναθ + Γ ναcΓ

c
βθ − Γ νβcΓ cαθ

]
+ wθ,β

[
XαY β,α − Y αXβ

,α

]
+ wνΓ

ν
βθ

[
Y αXβ

,α −XαY β,α

]
.

= Y αwνX
β
[
∂αΓ

ν
βθ − ∂βΓ ναθ + Γ ναcΓ

c
βθ − Γ νβcΓ cαθ

]
+∇[X,Y ]wθ .

Then

∇X∇Y wθ −∇Y∇Xwθ −∇[X,Y ]wθ = Y αwνX
β
[
∂αΓ

ν
βθ − ∂βΓ ναθ + Γ ναcΓ

c
βθ − Γ νβcΓ cαθ

]
,

or

Rβαµ
ν Xβ Y α Zµ wν ≡ R(X,Y, Z,w) =

[
∇X∇Y wθ −∇Y∇Xwθ −∇[X,Y ]wθ

]
Zθ

= Y αwνX
βZθ

[
∂αΓ

ν
βθ − ∂βΓ ναθ + Γ ναcΓ

c
βθ − Γ νβcΓ cαθ

]
= Y αwνX

βZµ
[
∂αΓ

ν
βµ − ∂βΓ ναµ + Γ ναcΓ

c
βµ − Γ νβcΓ cαµ

]
.

Since this is true for every Y α, wν , X
β , Zµ we have the necessary result. ut
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Theorem 7.2. In component form eq.( 7.1) becomes

∇β∇αwθ −∇α∇βwθ = Rβαθ
awa . (7.3)

Proof. From the above theorem

∇X∇Y wθ −∇Y∇Xwθ = Y αwaX
βRβαθ

a +∇[X,Y ]wθ .

When X and Y are some coordinate bases vector fields ∂β and ∂α, clearly the last Lie bracket term disappears,
and

∇β∇αwθ −∇α∇βwθ = waRβαθ
a .

Here, it’s important to remember that
∇β∇αwθ = (∇β∇αw)θ .

ut

In component form eq.(7.1) becomes

Rβαµ
ν Xβ Y α Zµ wν = XβY α[∇β∇αwν −∇α∇βwν ]Zν . (7.4)

The result follows immediately from the previous theorem. However, there is a hidden subtlety. The point here
is that

∇β∇αwν −∇α∇βwν
acts like a tensor of type T 0

3 (M). It is a linear map! Problem 7.1 conclusively proves that eq.(7.1) defines a
tensor. But if you are still not convinced by the abstract argument, the following calculation should clinch the
deal.

Theorem 7.3. The following object transforms like a T 1
3 (M) tensor:

∂

∂xν
Γσµρ −

∂

∂xµ
Γσνρ + ΓαµρΓ

σ
αν − ΓανρΓσαµ . (7.5)

Proof. I have used both Latin and Greek indices in the calculations below. All indices run through all the
coordinates of the spacetime (/manifold). Equation (6.15) can be rewritten as

∂2x̄β

∂xµ∂xρ
=
∂x̄β

∂xa
Γ aµρ − Γ̄

β
cd

∂x̄c

∂xµ
∂x̄d

∂xρ
. (7.6)

Therefore,

∂

∂xν
∂2x̄β

∂xµ∂xρ
= Γ aµρ

∂

∂xν
∂x̄β

∂xa
+
∂x̄β

∂xa
∂

∂xν
Γ aµρ −

∂x̄c

∂xµ
∂x̄d

∂xρ
∂

∂xν
Γ̄ βcd − Γ̄

β
cd

∂x̄d

∂xρ
∂

∂xν
∂x̄c

∂xµ
− Γ̄ βcd

∂x̄c

∂xµ
∂

∂xν
∂x̄d

∂xρ
.

Now for every term of type
∂

∂xν
∂x̄β

∂xa

in the above equation, we can use eq.(7.6) to compute the second derivatives. Then

0 =
∂

∂xν
∂2x̄β

∂xµ∂xρ
− ∂

∂xµ
∂2x̄β

∂xν∂xρ
=
∂x̄β

∂xa
[
∂νΓ

a
µρ − ∂µΓ aνρ

]
+
∂x̄β

∂xd
[
Γ aµρΓ

d
νa − Γ aνρΓ dµa

]
+
∂x̄m

∂xν
∂x̄n

∂xρ
∂µΓ̄

β
mn

− ∂x̄
c

∂xµ
∂x̄d

∂xρ
∂ν Γ̄

β
cd −

∂x̄m

∂xν
∂x̄θ

∂xµ
∂x̄π

∂xρ
Γ̄ βmnΓ̄

n
θπ +

∂x̄c

∂xµ
∂x̄m

∂xν
∂x̄n

∂xρ
Γ̄ βcdΓ̄

d
mn

−Γ aµρΓ̄ βmn
∂x̄m

∂xν
∂x̄n

∂xa
+ Γ lµρΓ̄

β
mn

∂x̄m

∂xν
∂x̄n

∂xl
+ Γ aνρΓ̄

β
mn

∂x̄m

∂xµ
∂x̄n

∂xa
− Γ aνρΓ̄

β
cd

∂x̄c

∂xµ
∂x̄d

∂xa
.

The last two lines in the R.H.S of the above equation cancels itself out. Finally, we get

0 =

[
∂

∂xν
Γ lµρ −

∂

∂xµ
Γ lνρ + Γ aµρΓ

l
νa − Γ aνρΓ lµa

]
− ∂xl

∂x̄β
∂x̄m

∂xν
∂x̄n

∂xρ
∂x̄c

∂xµ

[
∂

∂x̄c
Γ̄ βmn −

∂

∂x̄m
Γ̄ βcn + Γ̄ βcdΓ̄

d
mn − Γ̄ βmαΓ̄αcn

]
.

This is the desired result. ut
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Theorem 7.4.

(∇a∇b −∇b∇a)(T ⊗ S) = [(∇a∇b −∇b∇a)T ]⊗ S + T ⊗ (∇a∇b −∇b∇a)S .

Here T and S are any tensor fields.

Proof.
∇b(T ⊗ S) = (∇bT )⊗ S + T ⊗∇bS .

Therefore,
∇a∇b(T ⊗ S) = (∇a∇bT )⊗ S +∇bT ⊗∇aS +∇aT ⊗∇bS + T ⊗∇a∇bS .

Clearly, the middle two terms in the R.H.S of the above equation will not contribute in an anti-symmetric
combination. ut

Problem 7.2. For a torsion-free connection, for any smooth function f , show that

∇[a∇b]f = 0 .

Theorem 7.5. For a torsion-free connection,

(∇a∇bV −∇b∇aV )d = −Rabc d V c . (7.7)

Here, V ∈ T (M).

Proof. For a torsion-free connection, ∇[a∇b](V cwc) = 0 for any w ∈ T ∗(M). Then

0 = V c(∇a∇bwc −∇b∇awc) + wc(∇a∇bV −∇b∇aV )c = V cRabc
dwd + wc(∇a∇bV −∇b∇aV )c .

Or
V dRabd

cwc = −wc(∇a∇bV −∇b∇aV )c .

ut

Corollary 7.1. For a torsion-free connection,

(∇a∇b −∇b∇a) Tm1m2....mk
n1n2....nl = −

k∑
i=1

Rabp
mi Tm1...p....mk

n1....nl +

l∑
j=1

Rabnj
p Tm1....mk

n1...p....nl .

(7.8)
Here p would be placed in the ith and jth entry of the first and second term of the R.H.S respectively.

Proof. Theorem 7.4 along with eqs.(7.3) and (7.7) gives an immediate proof by induction. ut

7.2 Symmetries of the Riemann Tensor

Theorem 7.6. Property 1 Clearly R(X,Y, Z,w) = −R(Y,X,Z,w) .

Theorem 7.7. Property 2 For the Riemann tensor stemming from a Torsion free connection

R[abc]
d = 0 . (7.9)

Here,

R[abc]
d =

1

6

(
Rabc

d −Racb d −Rbac d +Rbca
d +Rcab

d −Rcba d
)
.
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Proof. For w ∈ T ∗(M) ,
∇a∇bwc = (wc,b − wdΓ dbc),a − (wp,b − wdΓ dbp)Γ pac .

Then
∇[a∇bwc] = w[c,b,a] − wd,[aΓ dbc] − wdΓ

d
[bc,a] − wp,[bΓ

p
ac] + wdΓ

d
p [bΓ

p
ac] .

In the last term Γ dbp has been switched with Γ dpb . Clearly, the first term on the R.H.S vanishes. The second term
cancels the forth term (note the change in the sequence of the anti-symmetrized indices). The third and fifth
terms vanishes because the Christoffel symbols are symmetric for torsion-free connections, and therefore we get
an anti-symmetrized sum of a symmetric object. Therefore, ∇[a∇bwc] = 0, and so, from eq.(7.3)

0 = ∇[a∇bwc] −∇[b∇awc] = R[abc]
dwd

for arbitrary w. ut

Note that the above symmetry of the Riemann tensor does not require the Levi-Civita connection. It is sufficient
that the torsion tensor vanishes. But, the next result requires the Levi-Civita connection.

Theorem 7.8. Property 3 The Riemann curvature tensor stemming from the Levi-Civita connection is anti-
symmetric in the last two indices. I.e.,

Rabcd = −Rabdc . (7.10)

Proof.
0 = (∇a∇b −∇b∇a)gcd = −Rabc eged −Rabd egce = −Rabcd −Rabdc . (7.11)

ut

Theorem 7.9. Property 4 For the Riemann curvature tensor stemming from the Levi-Civita connection,
properties 1, 2, and 3 imply that

Rabcd = Rcdab . (7.12)

Proof. In this proof, we constantly rely on properties 1, 2, and 3 of the Riemann curvature tensor.

R[abc]d = 0

implies
Rabcd −Racbd −Rbacd +Rbcad +Rcabd −Rcbad = 0 .

I.e.,
Rabcd = Racbd +Rcbad . (7.13)

Similarly,
R[cda]b = 0

implies
Rcdab = Rcadb +Radcb (7.14)

and
R[cbd]a = 0

implies
Rcbda = Rcdba +Rdbca . (7.15)

Finally,
R[abd]c = 0

implies
Rdabc = Rbadc +Rdbac . (7.16)

Substituting eq.(7.15) in eq.(7.13), we get

Rabcd = Racbd −Rcdba −Rdbca .

Similarly, substituting eq.(7.16) in eq.(7.14), we get

Rcdab = Rcadb +Rbadc +Rdbac .

Subtracting the last two equations, we have the necessary result. ut
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Problem 7.3. Effortlessly show that the Riemann tensor vanishes for M = R3 with the Euclidean metric

g = dx⊗ dx+ dy ⊗ dy + dz ⊗ dz .

Therefore conclude that the Riemann tensor (stemming from the Levi-Civita connection ) vanishes in the
spherical (or for that matter any) coordinate system.

Problem 7.4. In contrast to the last problem, for the Euclidean space R3, painfully show that

R123
1 = 0

in the spherical coordinate system. If you are still not convinced that the Riemann tensor (stemming from the
Levi-Civita connection ) vanishes for the Euclidean space R3 regardless of the coordinate system, you are free
to compute all its remaining components in the spherical coordinate system (to begin with).

Problem 7.5. Clearly a sphere ain’t flat: Find all the non-trivial components of the Riemann tensor for
S2(r).

7.3 Contractions of the Riemann Tensor

Theorem 7.10.
R a
a cd = 0 .

Proof. From theorem 7.6, gabRabcd = 0, since it is the symmetric sum of an anti-symmetric object. ut

In exactly the same way:

Theorem 7.11.
Rabc

c = 0 .

Not all contractions of the Riemann tensor is trivial.

Theorem 7.12.
Rabc

a = −R a
ab c = R a

ba c = −Rbac a .

Proof.
Rabc

a = gadRabcd = −gadRabdc = −R a
ab c .

The other cases are similar. ut

There is no symmetry that requires Rabc
a to be trivial. Therefore, there exists only one independent tensor

contraction of the Riemann tensor.

Definition 7.2. The Ricci tensor Rab is given by

Rab = Racb
c . (7.17)

From the theorems above, all contractions of the Riemann tensor are proportional to the Ricci tensor.

Theorem 7.13. The Ricci tensor is symmetric, i.e.,

Rab = Rba .

Proof.
Rab = gcdRacbd = gcdRbdac = Rba .

ut

Definition 7.3. The scalar curvature R is given by

R = Ra
a . (7.18)
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Bianchi Identity for the Riemann Curvature Tensor

Theorem 7.14. The Riemann curvature tensor satisfies the Bianchi identity when the torsion tensor T = 0 ,
i.e.,

∇[aRbc]d
e = 0 (7.19)

Proof. From eq.(7.8)
(∇a∇b −∇b∇a)∇cwd = Rabc

e∇ewd +Rabd
e∇cwe .

While,
∇a(∇b∇c −∇c∇b)wd = ∇a(Rbcd

ewe) = we∇aRbcd e +Rbcd
e∇awe .

If we anti-symmetrize over indices a, b and c in both the equations above, we find the L.H.S’s are equal.
Therefore, by setting the R.H.S equal to each other, we get

R[abc]
e∇ewd +R[ab|d|

e∇c]we = we∇[aRbc]d
e +R[bc|d|

e∇a]we
1 .

But, from theorem 7.7, R[abc]
e = 0 , and clearly,

R[ab|d|
e∇c]we = R[bc|d|

e∇a]we .

Therefore, we∇[aRbc]d
e = 0 for arbitrary w . ut

7.4 The Einstein Tensor

Definition 7.4. The Einstein tensor G is of type T 0
2 (M) and is defined by

Gab = Rab −
1

2
Rgab . (7.20)

Clearly, the Einstein tensor is symmetric.

Theorem 7.15. For a Levi-Civita connection, the Einstein tensor is divergence free. I.e.,

∇aGab ≡ gac∇cGab = 0 . (7.21)

Proof. This follows from contracting the Bianchi equation. Due to the symmetries of the Riemann curvature
tensor, the Bianchi identity takes the form

∇aRbcd e +∇bRcad e +∇cRabd e = 0 .

Contracting c and e we get
∇aRbd −∇bRad +∇cRabd c = 0 .

Now we further contract a and d noting that ∇cRabd c = ∇cRabdc = ∇cRbacd to obtain

∇aRba −∇bR+∇cRbc = 0 ,

i.e.,
2∇aRba −∇bR = 0 .

Therefore,

∇aGab = ∇aRab −
1

2
gab∇aR = ∇aRab −

1

2
∇bR = 0

for Levi-Civita connections. ut

Problem 7.6. Compute the Ricci tensor of S2(r).

Problem 7.7. Compute the scalar curvature of S2(r).

Problem 7.8. Compute the Einstein tensor of S2(r).
1 Here, we simply ignore the index d in the anti-symmetrization process. More precisely:

R[bc|d|
e∇a] we =

1

6
(Rbcd

e∇awe −Rbad e∇cwe +Rabd
e∇cwe

−Racd e∇bwe −Rcbd e∇awe +Rcad
e∇bwe ) .
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7.5 The Einstein Equation

So, what about gravity? We have seen that gravitation is described by the metric and the Levi-Civita connection
(the Christoffel symbols determined by the equivalence principle govern the equations of motion for a test
particle). Therefore, the field equations for gravity must be consistent with the statement that the Einstein
tensor is divergence free. We have see in special relativity that the energy-momentum tensor is divergence free
in the Minkowski coordinates, i.e.,

∂

∂xµ
Tµν = 0 .

It is then reasonable to expect that in general relativity, when gravitational effects are included, we must have
that

∇µTµν = 0 (7.22)

with respect to the Levi-Civita connection. Also, both the energy-momentum tensor of matter fields and the
Einstein tensor are symmetric. It is then reasonable to set

Gab = Rab −
1

2
Rgab = κTab

as a tentative equation for the gravitational field. Here κ is some coupling constant that is yet to be determined.
Then we would have that

∇a(Rab − 1

2
Rgab) = 0 = κ ∇aT ab

provided we use the Levi-Civita connection. This is the essential story, but we will take a slightly longer way
home! Let us however decide once and for all that as implied by the equivalence principle, all covariant derivatives
in general relativity will be taken using the Levi-Civita connection.

Heuristic “Derivation” of the Einstein Equation

In Electrostatics, Coulombs law gives us that the electric field ~E and it’s potential φ is prescribed by

~E =
1

4πε0

Q

r2
r̂ and ∇2φ = − ρ

ε0
.

Analogously, the Newtonian gravitational counterparts are given by

~g = −GM
r2

r̂ and ∇2φ = 4πGρ .

Here φ represents the gravitational potential. Also, recall for weak gravity,

g00 ≈ −
(

1 +
2φ

c2

)
and T 00 = ρc2 .

In the following calculation, since we want general relativity to be consistent with Newtonian gravity we will
make some assumptions regarding the underlying conditions for applicability:

1. Gravity is time independent. I.e., we will require that gµν,t = 0.

2. Gravity is weak. I.e., we can write the metric as a small perturbation of the Minkowski metric:

gµν = ηµν + hµν .

Since hµν is small, we ignore all second or higher order terms in hµν .

3. Tµν is of order hµν .

Claim. To first order in hµν ,

R00 ≈ −
1

2
∇2g00 ≈

1

c2
∇2φ .
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Proof. Recall that (note that we have raised and lowered indices differently here; verify this using eq.(7.2))

Rα βµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµσΓ

σ
νβ + ΓανσΓ

σ
µβ .

To first order in hµν , Christoffel symbols become

Γανβ =
1

2
ηασ{∂βgσν + ∂νgσβ − ∂σgνβ} .

I.e.,

∂µΓ
α
νβ =

1

2
ηασ{∂µ∂βgσν + ∂µ∂νgσβ − ∂µ∂σgνβ}

and

∂νΓ
α
µβ =

1

2
ηασ{∂ν∂βgσµ + ∂ν∂µgσβ − ∂ν∂σgµβ} .

Therefore, ignoring ΓΓ terms we get that

Rαβµν = ηαθR
θ
βµν =

1

2
{∂µ∂βgαν + ∂ν∂βgαµ − ∂µ∂αgνβ − ∂ν∂αgµβ} .

The expression for R00 becomes

R00 = gαβRα0β0 =
−gij

2
{∂i∂jg00 + ∂0∂0gij − ∂0∂jgi0 − ∂i∂0g0j}

Then, due to the time independence of the metric tensor

R00 ≈ −
1

2
gij∂i∂jg00 ≈

1

c2
∇2φ

as needed (note i, j = 1, 2, 3). ut

From the above claim, we see that
R00 ∝ ∇2φ ∝ ρ ∝ T00 .

Indeed, one is tempted to consider a field equation of type

Rµν ∝ Tµν .

However, unlike Tµν , Rµν is not divergence free (see eqs. (7.21) and (7.22)). Einstein easily resolved this problem
by modifying the above equation to

Rµν −
1

2
Rgµν = κTµν .

Contracting the free indices of the equation above we get that 2

R = −κ T .

Here T = Tµ µ. Thus

Rµν = κ

(
Tµν −

1

2
Tgµν

)
.

In particular

R00 = κ

(
T00 −

1

2
Tg00

)
.

As we approximate the above equation, since T is considered as a small quantity, Tg00 ≈ Tη00, and further in
the rest frame of the dust, T ≈ ηµνTµν ≈ −T 00 = −T00 (since ui = 0). Thus

4πG

c2
ρ =

1

c2
∇2φ ≈ R00 ≈ κ

(
T00 −

1

2
T00

)
=

1

2
κT00 ≈

1

2
κρc2 ,

thereby giving

κ =
8πG

c4
.

The Einstein Field equation now takes the form

2 Note gµ ν = δµ ν = 4.
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Fig. 7.1. A famous picture of Einstein displaying the vacuum equations of general relativity.

Rµν −
1

2
Rgµν =

8πG

c4
Tµν .

It is indeed possible to generalize the above equation to the form

Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν . (7.23)

Here Λ is a constant, famously known as the cosmological constant. The modification to include the cosmological
constant was possible only due to the fact that gµν is divergence free. Typically, outside of a cosmological setting,
we will choose the constant Λ to be vanishing. For vacuum spacetimes, Tµν = 0. I.e., when Λ = 0, R = −κT = 0
as well. In this case, the Einstein equation reduces to

Rµν = 0 .

For this reason, vacuum spacetimes are often referred to as Ricci flat (see figure 7.1). While energy and mo-
mentum are a source for gravitation via the energy-momentum tensor, the gravitational field tells how matter
and fields should evolve via the covariant derivative. This means that we must solve for gravitation and all
energy and matter content at the same time. This is a daunting task as the Einstein equation is not linear in
gµν . However, when gravity is very strong compared to the other fields (for example, near a black hole), we can
fix a background spacetime and study fields that evolve in it. Here the connection is already fixed since the
metric determines the Christoffel symbols. For example, we could study how electromagnetic fields evolve in
Schwarzschild spacetime (see problem 7.13). In this case, Maxwell’s equations in a fixed background continues
to be linear.

All equations of general relativity can be written in arbitrary coordinate systems. This is often referred to
as the principle of general covariance. One often refers to as equations being covariant.

In addition to the weak and dominant energy condition for the energy-momentum tensor, for completeness
we also include the following requirement that can be useful for certain applications.

Definition 7.5. The energy-momentum tensor satisfies the strong energy condition if for any future pointing
timelike vector field X, we have that (

Tµν −
1

2
Tgµν

)
XµXν ≥ 0 .

Here T = gµν Tµν .

Problem 7.9. Show that the Schwarzschild metric satisfies the Einstein vacuum equation.
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7.6 Fields in Curved Spacetime

Dust

Consider a non-interacting dust evolving in a purely gravitational field with the usual energy-momentum tensor

Tµν = ρ0u
µuν .

Then
∇µTµν = ∇µ(ρ0u

µ)uν + ρ0u
µ∇µuν = (c∇µJµ)uν + ρ0∇uuν .

The first term in the right hand side above vanishes due to the continuity equation (3.23), and the second term
vanishes due to the geodesic equation of motion. Once again we have that the energy-momentum tensor of dust
is divergence free.

Perfect Fluid

In the case of a perfect fluid, as a natural generalization of eq.(3.24), we set

Tµν =

(
ρ0 +

P

c2

)
uµuν + P gµν .

The equations of motion for a perfect fluid can be obtained by setting ∇µTµν = 0.

Electromagnetism

The following equations of electrodynamics will clearly reduce to the special relativistic case if we set

∇νFµν = µ0J
µ , ∇[µFνλ] = 0 ,

where the Lorentz force on a charged particle is given by

Kµ = qFµνUν ,

along with the modified Newton’s formula for force

Kµ = maµ ≡ m∇UUµ .3

The energy-momentum tensor for the electromagnetic field in a spacetime is then given by

TµνEM =
1

µ0

[
gαβF

µαF νβ − 1

4
gµνFαβF

αβ

]
.

Problem 7.10. When Jµ = 0, show that ∇µTµνEM = 0.

Problem 7.11. Show that
∂[µFνλ] = 0

is a covariant equation.

Problem 7.12. Show that
∇[µFνλ] = 0 ⇐⇒ ∂[µFνλ] = 0 .

Problem 7.13. Let
F = q sin θ(dθ ⊗ dϕ− dϕ⊗ dθ) .

3 In special relativity

aµ =
d

dτ
Uµ =

∂xν

dτ
∂νU

µ = Uν∂νU
µ

This naturally generalizes to
aµ = Uν∇νUµ = ∇UUµ .
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1. Show that Fµν is a solution to Maxwell’s equation in the Schwarzschild spacetime.

2. Find the current density vector Jµ described by the field.

3. Just for fun, find two linearly independent vector fields X and Y such that

FµνX
µ = 0 = FµνY

µ .

Don’t over complicate this problem, a mere inspection will do the trick.
4. Calculate

lim
r→∞

∫
r=const

B · dA .

5. What are your thoughts regarding the answer to the previous question?





8

Cosmology

We begin by attempting to write a metric for the entire Universe, or even possibly a set of reasonable choices for
a spacetime metric. This is not an easy task, and we will need simplifying assumptions. Ultimately, the validity
of the expression will rely on the strength of our assumptions. The study of Cosmology then begins with the
description of the very large-scale structure of the universe. At this scale, the universe appears to homogeneous,
which is to say that space looks similar at any location, and isotropic, which is to say that it is spherically
symmetric at any location 1. This is the cosmological principle we will rely on. Images from the Sloan Digital
Sky Survey (SDSS) shows that the distribution of galaxies and the voids in between forms a pattern that is
consistent with our principle (see figure 8.1). Then, at this very large scale a single spatial coordinate will locate
a cluster of galaxies and a void in a coordinate cube of volume dxdydx at some location (see figure 8.2). For
example, you and I, and the Milky Way galaxy in the larger Virgo super cluster of galaxies will be denoted by
a single coordinate value.

Homogeneity and isotropy is implied only at any fixed value of cosmic time. We certainly do not expect the
universe to have the same temperature and matter content a few billion years ago or even in the distant future.
The notion of a cosmic time, at least theoretically, implies that there are potential cosmic observers at every
spatial location with synchronized clocks. The set of all points with a fixed value of cosmic time t will generate
all of cosmic space at time t. Further these cosmic observers will not have a spatial velocity in any direction, for
then there will surely be a preferred direction at that location violating the notion of isotropy. Then the clock
used by the cosmic observers will generate a timelike vector that is orthogonal to cosmic space that is generated
by a fixed value of cosmic time. Thus the cosmological principle implies that the spacetime metric takes the
form

g = −f(t)c2 dt⊗ dt+R2(t)
(
hij dx

i ⊗ dxj
)
.2

Here, i, j = 1, 2, 3, and hij = hij(x
1, x2, x3) for some yet to be determined functions f(t), and R(t). The quantity

h(t) = R2(t)
(
hij dx

i ⊗ dxj
)

is the spatial metric at cosmic time t. Before we further analyze the spatial metric, it is easy to see that by a
simple re-scaling of the time coordinate given by∫ t√

f(t′) dt′ → t 3

The spacetime metric now appears as

g = −c2dt⊗ dt+R2(t)
(
hij dx

i ⊗ dxj
)
. (8.1)

1 Clearly then, for example, Schwarzschild spacetime is not isotropic.
2 Since the cosmic observer is not moving with respect to cosmic space, her/his 4-velocity is of the form u = (ṫ, 0, 0, 0).

Here · represents the derivative with respect to proper time. Since this velocity is orthogonal to cosmic space, we have
the g0i = 0 for i = 1, 2, 3.

3 For then √
f(t) dt→ dt ,

or
f(t) dt⊗ dt→ dt⊗ dt .
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Fig. 8.1. The SDSS map of the Universe. Each dot is a galaxy; the color bar shows the local density.

Fig. 8.2. This simulated view of the large-scale structure of the universe shows the vast cosmic web of galaxies, as well
as the dark, empty expanses of the cosmic voids in between. A typical coordinate value encompasses a structure as large
as the rectangle shown in the figure. Credit: Nico Hamaus, Universitäts-Sternwarte München, courtesy of The Ohio State
University

R2(t) will differ in form in the re-scaled version. It is then the spatial metric h(t) that is expected to be
homogeneous and isotropic. Naturally, we will assign the global timelike vector ∂t as future pointing.

8.1 Maximally Symmetric Space

The factor of R2(t) does not play an active role in the notion of homogeneity and isotropy. So for now, will
ignore its role. Homogeneous and isotropic spaces posses a high degree of symmetry. In fact they are considered
to be maximally symmetric. We do not delve into a study of maximally symmetric space. Suffice it to say that
in general, for maximally symmetric spaces, the Riemann curvature tensor takes the form given by

Rµναβ = k(gανgµβ − gβνgµα) . (8.2)

Here k is a constant, and with a suitable choice of coordinates, can be restricted to take on values 0,−1, and
1. Moreover for each value of k, there is a unique spatial metric associated to it. It then remains to find a(/the
only) choice for the three cases.

Problem 8.1. Show that the Riemann curvature tensor given in eq.(8.2) satisfies the properties given in theo-
rems 7.6 through 7.9.
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8.1.1 Flat Space

To understand homogeneity and isotropy of space (not spacetime), consider the simplest case of the Euclidean
space R3 with coordinates (x, y, z) and metric

h = dx⊗ dx+ dy ⊗ dy + dz ⊗ dz .

Under a global coordinate transformation of type x′ = x + a, for any constant 3-vector a, the spatial metric
takes the form

h = dx′ ⊗ dx′ + dy′ ⊗ dy′ + dz′ ⊗ dz′ .

The above two expressions for h has the same form; this is what we mean by homogeneity. In spherical coordi-
nates (r, θ, ϕ), h is given by

h = dr ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θdϕ⊗ dϕ .

The isotropy of the metric is then revealed since in the translated spherical coordinates (r′, θ′, ϕ′)

h = dr′ ⊗ dr′ + r′2dθ′ ⊗ dθ′ + r′2 sin2 θ′dϕ′ ⊗ dϕ′ ,

where
x′ = r′ sin θ′ cosϕ′, y′ = r′ sin θ′ sinϕ′ , and z′ = r′ cos θ′ .

So while R3 possesses a translational symmetry, it is also spherically symmetric about any translated point.
This is isotropy. The simplest choice for space in cosmology is a flat Euclidean space. For R3, the curvature
tensor vanishes and so k = 0 in eq.(8.2).

8.1.2 Hyperbolic Space

Consider the 3-dimensional space given by the set of points (X,Y, Z,W ) satisfying the equation for a hyperbolic
space

X2 + Y 2 + Z2 −W 2 = −R2 .

Here R is any fixed non-zero constant. This space can be parameterized by 3 coordinates (θ, χ, ϕ) by the
equations 4

X = R cos θ sinhχ (8.3a)

Y = R sin θ sinhχ cosϕ (8.3b)

Z = R sin θ sinhχ sinϕ (8.3c)

W = R coshχ . (8.3d)

Here, 0 < χ < ∞ 5. Now X,Y and Z have to be independently determined. Therefore we set 0 ≤ ϕ < 2π,
while 0 ≤ θ < π. On the hyperbolic space we impose the metric

dX ⊗ dX + dY ⊗ dY + dZ ⊗ dZ − dW ⊗ dW

subject to the constraints in eq.(8.3). The resulting metric is denoted as hH3 .

Problem 8.2. Show that hH3 in the (χ, θ, ϕ) coordinate system is given by

hH3 = R2
[
dχ⊗ dχ+ sinh2 χ

(
dθ ⊗ dθ + sin2 θdϕ⊗ dϕ

) ]
. (8.4)

We will now show that the hyperbolic space is homogeneous. What we are looking for is an invertible
transformation that will take the point (0, 0, 0,±R) to any point of the type R(a1, a2, a3,±

√
1 + a2). Here

a = (a1, a2, a3), and a2 = a · a. Moreover, under this transformation, as we shall show, the form of the metric
will be preserved. Let X = (X,Y, Z). Then consider the transformation given by

X = X + b(a ·X)a +Wa (8.5a)

W = (a ·X) +
√

1 + a2 W . (8.5b)

4 In this chart W ≥ R. Therefore, we must construct a similar chart to describe the space when W ≤ R. However, these
two space are disconnected, and so we generally ignore this case.

5 Clearly, the transformation is singular when χ = 0 (look at the form of the metric). It can be shown that this is
just a coordinate singularity by a simple translation of coordinates. Such translations are possible since the space is
homogeneous and is explicitly constructed shortly.



116 8 Cosmology

All dot products above are Euclidean, and b = (
√

1 + a2 − 1)/a2. Then

X
2

+ Y
2

+ Z
2 −W 2

= X ·X + b2a2(X · a)2 + a2W 2 + 2b(X · a)2+

2(a · x)W + 2bW (X · a)a2 − (a ·X)2 − (1 + a2)W 2 − 2(a ·X)
√

1 + a2W

= −R2 + (X · a)2[b2a2 + 2b− 1] + 2(a ·X)W [1 + ba2 −
√

1 + a2] = −R2 .6

Therefore, the transformation maps the hyperbolic space into itself, and further,

dX̄ = dX + b(a · dX) a + a dW, and dW̄ = (a · dX) +
√

1 + a2dW

in exactly the same way as before implies that

dX2 + dY 2 + dZ2 − dW 2 = dX̄2 + dȲ 2 + dZ̄2 − dW̄ 2 .

Now define

X = R sinhχ cos θ (8.6a)

Y = R sinhχ sin θ cosϕ (8.6b)

Z = R sinhχ sin θ sinϕ (8.6c)

W = R coshχ . (8.6d)

Clearly in the (χ, θ, ϕ) coordinate system, hH3 is given by

hH3 = R2
[
dχ⊗ dχ+ sinh2 χ

(
dθ ⊗ dθ + sin2 θ dϕ⊗ dϕ

) ]
,

which is exactly in the form given in eq.(8.4). The transformations in eqs.(8.5) do not change the form of the
metric, and can be applied successively so that any point is mapped to any other point in hH3 , showing that it
is a homogeneous space. Also, the presence of

dθ ⊗ dθ + sin2 θdϕ⊗ dϕ and dθ ⊗ dθ + sin2 θ dϕ⊗ dϕ

in hH3 shows that isotropy is preserved as well.

8.1.3 The HyperSphere

Just as we proceeded in the case of the hyperbolic space, consider the 3-dimensional space given by the set of
points (X,Y, Z,W ) satisfying the equation for a hypersphere S3

X2 + Y 2 + Z2 +W 2 = R2 .

Here R is any fixed non-zero constant. This space can be parameterized by 3 coordinates (θ, χ, ϕ) by the
equations

X = R cos θ sinχ (8.7a)

Y = R sin θ sinχ cosϕ (8.7b)

Z = R sin θ sinχ sinϕ (8.7c)

W = R cosχ . (8.7d)

Here, 0 ≤ χ ≤ π, 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π characterizes the whole space. On the hyper-sphere we impose the
metric

hS3 = dX ⊗ dX + dY ⊗ dY + dZ ⊗ dZ + dW ⊗ dW

subject to the constraints in eq.(8.7).

Problem 8.3. Show that in the (χ, θ, ϕ) coordinate system, h as given above, subject to the constraints in
eq.(8.7) becomes

hS3 = R2
[
dχ⊗ dχ+ sin2 χ

(
dθ ⊗ dθ + sin2 θdϕ⊗ dϕ

) ]
.

6 Note
b2a2 + 2b− 1 = 0 = 1 + ba2 −

√
1 + a2 .
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Problem 8.4. Exactly as in the hyperbolic space case, using the transformations

X = X− b(a ·X)a +Wa (8.8a)

W = −(a ·X) +
√

1− a2 W . (8.8b)

show that S3 is homogeneous and isotropic.

Problem 8.5. Show that R3 with the Euclidean metric, hH3 and hS3 satisfies eq.(8.2).

8.2 Co-moving Coordinates

A metric of the form given in eq.(8.1) is said to be in comoving coordinates, and we will find it particularly
useful in cosmology. A spatial coordinate label of fixed xi, i = 1, 2, 3 locates a galaxy (or cluster of galaxies as
in figure 8.2) for all time t. Then, distances between galaxies may change in time due to the presence of R(t),
while the coordinates themselves are fixed. Hence, the coordinates are comoving along with the galaxies, and
the worldlines of galaxies are given by the curve xµ = (ct, 0, 0, 0).

8.2.1 FLRW Spacetime

Problem 8.6. Show that the metric for the hyperbolic space, R3 and S3 can be written as

g = R2

[
dχ⊗ dχ+

sin2(
√
kχ)

k
(dθ ⊗ dθ + sin2 θdϕ⊗ dϕ)

]
,

where in the case of

• R3, the limit k → 0 is implied.
• S3, k = 1.

and
• the hyperbolic space, k = −1.

Problem 8.7. Show that the metric for the hyperbolic space, R3 and S3 can be written as

g = R2

[
1

1− kξ2
dξ ⊗ dξ + ξ2(dθ ⊗ dθ + sin2 θdϕ⊗ dϕ)

]
,

where in the case of

• R3, k = 0, and ξ = χ.
• S3, k = 1, and ξ = sinχ.

and
• the hyperbolic space, k = −1, and ξ = sinhχ.

Problem 8.8. Show that the value of k in the previous two problems are consistent with the value of k in
eq.(8.2).

The present cosmological epoch will be denoted as t0, and all quantities with a subscript of 0 will indicate
their value at the present epoch. For example, R0 = R(t = t0). Define a dimensionless scale factor a(t) by

a(t) =
R(t)

R0
.

Clearly, a0 = 1.

The Friedmann Lemâıtre Robertson Walker (FLRW) metric for a homogeneous and isotropic spacetime then
takes the form given by



118 8 Cosmology

g = −c2dt⊗ dt+ a2(t)R2
0

[
dχ⊗ dχ+

sin2(
√
kχ)

k
(dθ ⊗ dθ + sin2 θdϕ⊗ dϕ)

]
,

in the (ct, χ, θ, ϕ) coordinate system or

g = −c2dt⊗ dt+ a2(t)R2
0

[
1

1− kξ2
dξ ⊗ dξ + ξ2(dθ ⊗ dθ + sin2 θdϕ⊗ dϕ)

]
, (8.9)

in the (ct, ξ, θ, ϕ) coordinate system for k = 0, 1,−1.

Claim. For a metric of the form given in eq.(8.1), the curve xµ = (ct, 0, 0, 0) is an affinely parametrized future
pointing timelike geodesic.

Proof. For i = 1, 2, 3,
d2xi

dτ2
= 0, and Γ i00 = 0 .

Therefore, the geodesic equations of motion for the spatial coordinates are satisfied. Since Γ 0
00 = 0, the only

remaining requirement is given by
d2x0

dτ2
= 0 .

Therefore,

cṫ ≡ c dt
dτ

= constant .

But the 4-velocity u = (cṫ, 0, 0, 0) is such that u2 = −c2, i.e., −c2ṫ2 = −c2. Therefore, dt = dτ as needed. Also,
u = (c, 0, 0, 0) is clearly future pointing. ut

The previous claim tells us that cosmic space uses t as a propertime function, and that there is a notion of
proper galactic distances that is reminiscent of special relativity.

8.2.2 Proper Distance in the Galactic Spatial Grid

One advantage of homogeneity is that we can chose a preferred special location without any loss of generality.
Henceforth, we locate ourselves at ξ = 0. Then the proper distance 7 at any time t to another location ξ is
clearly given by

dp(ξ, t) = a(t)R0

∫ ξ

0

dξ
′√

1− kξ′2
.

Then
dp(ξ, t) = a(t) dp(ξ, t0) ,

where

dp(ξ, t0) = R0

∫ ξ

0

dξ
′√

1− kξ′2
=
R0√
k

sin−1(
√
kξ) .

8.2.3 Hubble’s Law

In 1929, Edwin Hubble noticed that there was a linear relationship between the redshift factor z and the distance
d to several galaxies. This observation can be expressed in the form z = (H0/c)d. Here, H0 is a constant of
proportionality conveniently scaled by a factor of c. Using the non-relativistic limit of Doppler’s formula, z ≈ β,
he then concluded that all galaxies are receding away from us at a rate given by

v = H0d .

The quantity H0 came to be known as Hubble’s constant. Modern estimates, using measurements of the cosmic
microwave background radiation left over from the Big Bang, place the value of the Hubble constant at

H0 ≈ 70
Km/s

Mpc
.

To understand the above result within the context of FLRW cosmology, note that the proper velocity of a galaxy
is given by

7 Obtained by measuring length in cosmic space given by constant slices of t.



8.2 Co-moving Coordinates 119

Fig. 8.3. As Robert P. Kirshner explains in [9], the graph shows the velocity–distance relation among extragalactic
nebulae. “Radial velocities corrected for solar motion (but labeled in the wrong units) are plotted against distances
estimated from involved stars and mean luminosities of nebulae in a cluster. The black discs and full line represent the
solution for solar motion by using the nebulae individually; the circles and broken line represent the solution combining
the nebulae into groups; the cross represents the mean velocity corresponding to the mean distance of 22 nebulae whose
distances could not be estimated individually.” (Copyright 1929, The Huntington Library, Art Collections and Botanical
Gardens)

Vp(t) =
d

dt
dp(ξ, t) = ȧ(t) dp(ξ, t0) =

ȧ

a
dp(ξ, t) .

Define the Hubble function by

H =
ȧ

a
.

Then
Vp(t) = H(t) dp(ξ, t) .

Hubble discerned this fact empirically as a result of his meticulous measurement of distance and velocities. Of
course, Hubble was not aware of any time dependence in Hubble’s Law, instead, he merely observed that

Vp(t0) = H0 dp(ξ, t0) .

Since space is homogeneous, we can just as easily conclude that Hubble’s Law is valid at any spatial location
in the universe, and since H0 > 0 we have that the universe is currently expanding.

8.2.4 Light Rays in FLRW Spacetime

Consider a ray of light (null geodesic) emitted at time tem at some ξem along constant values of θ and ϕ that
reaches us at the present epoch. Since along this path

−c2dt2 + a2(t)R2
0

dξ2

1− kξ2
= 0 ,

we get that ∫ t0

tem

cdt

a(t)
= −R0

∫ 0

ξem

dξ√
1− kξ2

= R0

∫ ξem

0

dξ√
1− kξ2

= dp(ξem, t0) .

The minus was inserted after the first equality above to make all quantities positive. Since

c
dt

a(t)
= c

dt

da

da

a(t)
= c

da

a(t)ȧ(t)

we get that

dp(ξem, t0) = c

∫ a0=1

aem

da

a2H(a)
.

The equation above relates distance to the scale factor at emission.
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Galaxy A

Galaxy B

Fig. 8.4. A photon emitted from a distant galaxy becomes redshifted in an expanding universe as it reaches us at the
present epoch.

Problem 8.9. Let α(s) =
(
ct(s), ξ(s), θ(s), ϕ(s)

)
be a null geodesic in FLRW spacetime. Then show that

d

ds

(
a
dt

ds

)
= 0 .

Hint: Use the Euler-Lagrange equations of motion for a null geodesic.

A photon traversing the FLRW spacetime will experience a change in wavelength, λ, that depends directly only
on the scale factor. For a null geodesic as above, the energy of the corresponding photon is given by

E

c
= c

dt

ds
.

Since E = hc/λ, the above equation along with the previous claim implies that a/λ is a constant along the
geodesic. I.e., in an expanding universe, the photon would appear to lose energy and vice versa! In general rela-
tivity, when the metric does not have a time translational symmetry, one must not expect energy conservation.
Since λ is directly proportional to a, we have that the redshift factor

z =
λrec
λem

− 1 =
a0

a(tem)
− 1 =

1

a(tem)
− 1 .

Therefore, since

dz =
−1

a2
da ,

from above, we get that

dp(ξem, t0) = c

∫ 1

aem

da

a2H(a)
= −c

∫ 0

z

dz

H(z)
= c

∫ z

0

dz

H(z)
.

8.2.5 Luminosity distance

Let L be the intrinsic luminosity (total power radiated) of an object. Since the frequencies of the emitted and
received photons are related by

ωem
ωrec

=
λrec
λem

= 1 + z ,

the received energy of the photon is diminished from the transmitted energy by a factor given by

ωrec =
ωem
1 + z

.

In a similar way, since frequency is inversely proportional to time, the lapse of time at emission and reception
are related by

∆trec
∆tem

= 1 + z .
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As we observe an object, the perceived luminosity L0 appears as

L0 ∝
ωrec
∆trec

=
1

(1 + z)2

ωem
∆tem

=
1

(1 + z)2
L .

Then the flux of energy F received is given by

F =
(L/(1 + z)2)

4π dp(ξem, t0)2
.

Here, flux is the received energy per unit area per unit time. The luminosity distance to an object is defined by

dL = (1 + z)dp(ξem, t0)

so that

F =
L

4π d2
L

.

8.3 Dynamical Equations for FLRW Cosmology

As it stands, we have a general idea about the spacetime metric and even about the matter content which is
given by a perfect fluid energy momentum tensor, at least under the assumption of homogeneity and isotropy.
The Einstein equation will play a major role in determining the governing equations for the scale factor a(t),
the density ρ(t), and pressure P (t) of the fluid. On the way, we hope to define experimental parameters that
will help discern the value of k, which in turn will pin down the precise geometry of spacetime.

8.3.1 Friedmann Equations

Problem 8.10. For the form of the metric in eq.(8.9), show that

G00 =
3
(
kc2 +R0

2ȧ2
)

R0
2a2c2

, and Gξξ =
−1

1− kξ2

(
kc2 + 2R0

2äa+R0
2ȧ2
)

c2
.

Here Gµν are components of the Einstein tensor defined by eq.(7.20).

In our comoving coordinates, the proper velocity of the fluid is given by

uµ =
(
c,~0
)
, and uµ =

(
−c,~0

)
.

Problem 8.11. Show that for a perfect fluid with u as given above

T00 =

(
ρ+

P

c2

)
c2 − P = ρc2

and

Tξξ = Pgξξ =
PR0

2a2

1− kξ2
.

The 00 component of the Einstein equation then implies that

3
(
kc2 +R0

2ȧ2
)

R0
2a2c2

=
8πG

c4
ρc2

or equivalently
kc2

R0
2a2

+
ȧ2

a2
=

8πG

3
ρ , (8.10)

and the ξξ component gives

−1

1− kξ2

(
kc2 + 2R0

2äa+R0
2ȧ2
)

c2
=

8πG

c4
PR0

2a2

1− kξ2

or equivalently
ä

a
= −4πG

c2

[
1

3
ρc2 + P

]
. (8.11)

Equations (8.10) and (8.11) will be referred to as the first and second Friedmann equations, respectively.
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Problem 8.12. Show that the Friedmann equations imply that

d

dt

(
ρc2a3

)
= −P d

dt
a3 .

The remaining non-trivial components of the Einstein equation give no further information. In fact they are
identical to eq.(8.11). So we face the conundrum of having three variables, namely a, ρ, and P , and having only
two equations. The only way to determine a unique time evolution require a third equation. In this case, this is
the equation of state.

8.3.2 The Equation of State

The first law of thermodynamics tells us that ∆E = ∆q+∆w. In this context, ∆q = 0 since no one is extracting
heat from the universe, and so dE = −PdV . I.e.,

P ∝ dE

dV
= ρc2.

With this is mind, we will consider an equation of state of the type

P = wρc2 , (8.12)

where w is constant. In a matter-dominated universe, P = 0, or equivalently, w = 0. However, this is not the
case when the universe is dominated by radiation. Consider a box of photons bouncing off the walls. For now,
assume the photons to be monochromatic. Let n be the number of photons, ε the energy of photons, and A the
area of each face of the box. The x-displacement ∆x traversed by a photon on a given time interval ∆t is given
by

∆x = c cos θ∆t .

Here θ is the angle the momentum vector makes with the x-axis as shown in the figure below.

pi

pf

θ

∆x

The x-momentum imparted when the photon reflects off the wall is

2px = 2p cos θ .

Here p is the momentum of the photon so that ε = pc. Therefore, the force imparted by a single photon is given
by

F =
2p cos θ

∆t
,

and hence the pressure P exerted by the single photon is given by P = F/A. Of course, the photons are free
to move in any direction inside the box, so only half will be moving to the right. Therefore, the total average
pressure exerted on the wall is found by integrating across all directions, and is given by

P =
1

2

1∫
sin θ dθdφ

∫
(2p cos θ)

A∆t
(nA∆x) sin θ dθdφ

=
1

8π

∫
(2p cos θ)

∆t
(nc cos θ∆t) sin θ dθdφ
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=
1

2
pnc

∫
cos2 θ sin θdθ =

1

2
pnc

cos3 θ

3

∣∣∣∣∣
π

0

=
1

3
(pc)n =

1

3
εn .

Thus, with the understanding that energy density εn can be written as ρc2, we get that the equation of state
for radiation is given by

P =
1

3
ρc2 . (8.13)

Now if there are photons of different wavelength and frequency, we include their individual energy and wind up
with the same expression for pressure. Clearly, for radiation, w = 1/3.

Claim. When eq.(8.12) is satisfied, the mass density is given by

ρ = ρ0 [a(t)]
−3(1+w)

. (8.14)

Proof. From problem 8.12, we get that

ρ̇c2 = − 1

a3

da3

dt

(
ρc2 + P

)
= −3ȧ

a
(1 + w) ρc2 .

I.e.,
ρ̇

ρ
= −3ȧ

a
(1 + w) .

Therefore,
dρ

ρ
= −3 (1 + w)

da

a
,

or
ρ = ρ0 [a(t)]

−3(1+w)
.

ut

For a matter dominated universe, by definition P = 0 and so w = 0, hence

ρM (t) = ρM,0 [a(t)]
−3

.

For radiation dominated universe w = 1/3, and hence

ρR(t) = ρR,0 [a(t)]
−4

.

Finally, consider a negative pressure equation of state given by the choice w = −1. Here

P = −ρc2 ,

and the energy density is a constant in time, even in an expanding universe. I.e.,

ρ(t) = ρ (t0) .

As we shall see, this has useful interpretations in the case of dark energy.

8.3.3 Heuristic Explanation of Friedmann Equations

It is a remarkable fact that the Friedmann equations can be understood in simple Newtonian terms. Consider
a universe filled with galaxies in a spherically symmetric pattern about our location here on Earth. Further, in
comoving coordinates, let the coordinates of a particular galaxy, denoted by A, have fixed spatial coordinates
~xA. We will place ourselves at ~x = ~0. Since the coordinates are fixed for all time, the distance D between us
and galaxy A is given by

D(t) = a(t)∆x

where a(t) is a time dependent scale factor as before, and ∆x = |~xA|. The velocity and acceleration of A are
given by

V (t) = ȧ(t)∆x ,

and
A(t) = ä(t)∆x .
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If the total mass of all galaxies contained in a sphere of radius D is M, then by Gauss’ Law for Newtonian
gravity, we have that the force equation gives

mA = −GmM
D2

,

where m is the mass of galaxy A. If ρ is the universal mass density, we have that

M =
4

3
π(a3∆x3)ρ .

Therefore,

mä(t)∆x =
−Gmρ 4

3πa
3∆x3

a2∆x2
,

or equivalently
ä

a
= −4πGρ

3
.

This is precisely the second Friedmann Equation (eq.(8.11)) for a matter-dominated universe when P = 0. As
expected, due to the presence of ä, eq.(8.11) has the interpretation of a simple force equation. Meanwhile, the
conservation of energy of m is given by

1

2
mV 2 − Gm

D
M = E ,

where E is the total energy of the galaxy A. I.e.,

1

2
mȧ2∆x2 − Gm

a∆x
ρ

4

3
πa3∆x3 = E

or equivalently, (
ȧ

a

)2

− 8πG

3
ρ =

2E

∆x2ma2
.

This is the first Friedmann Equation (eq.(8.10)) if we set

2E

∆x2m
= −kc2 .

To understand the qualitative features of FLRW cosmology, note that the Friedmann equation above can be
written as

ȧ2 − 8πG

3
a2ρ = −kc2 .

Drawing an analogy from classical mechanics, regardless of whether the universe is matter or radiation domi-
nated, the potential energy term is of the form

U = −8πG

3

ρ0

a
, or − 8πG

3

ρ0

a2
.

In either case, from the behavior of the potential, we can conclude that

• When k ≤ 0, and a is unbounded.
and

• When k = +1, i.e., the spatial geometry is that of the hypersphere, and a is bounded. I.e, the universe does
not expand forever.

8.3.4 Critical Density and Spatial Geometry

Eq.(8.10) can be rewritten in the form

−k =
R 2

0

c2
ȧ2

[
1− 8πG

3H2
ρ

]
.

Define critical density ρc(t) by

ρc(t) =
3H2(t)

8πG
. (8.15)

Then

− k =

(
R0ȧ

c

)2 [
1− ρ

ρc

]
. (8.16)

Therefore, if
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• ρ(t) < ρc(t), we have a hyperbolic universe (k = −1).

• ρ(t) = ρc(t), then we have a flat universe (k = 0).
and

• ρ(t) > ρc(t), then k = +1, i.e., the spatial geometry is that of the hypersphere.

A simple comparison of ρc, which is easily obtained from the Hubble constant H0, with our observed ρ determines
the value of k. The current estimation of energy density is given by

ρ = ρc(1± 0.01) .

Sadly, this is exactly where we do not want to be, and the value of k is yet unfixed.

8.4 Dark Energy

The Einstein Equation with a cosmological constant given by eq.(7.23) when rewritten as

Rµν −
1

2
Rgµν =

8πG

c4
Tµν − Λgµν

has a simple interpretation of an additional source of energy and momentum represented by the term involving
the cosmological constant. In the literature, this term often appears as a leading candidate for the postulated
dark energy. A deeper dive into the need for dark energy, and other various models for it are beyond the scope
of our discussion 8. The Friedmann equations are modified by the presence of the cosmological constant, and
are given by

kc2

R2
oa

2
+

(
ȧ

a

)2

=
8πG

3
ρ+

1

3
Λc2 ,

and
ä

a
= −4πG

c2

[
1

3
ρc2 + P

]
+

1

3
Λc2 .

Problem 8.13. Show that the presence of the cosmological constant in the Einstein equation leads to the
modified Friedmann equations given above.

The Equation of State for Dark Energy

Let ρother and Pother denote energy and pressure density due to everything in the universe excluding dark energy.
Then

kc2

R2
oa

2
+

(
ȧ

a

)2

=
8πG

3
[ρother + ρΛ] =

8πG

3
ρTotal ,

where ρΛ = Λc2/8πG, and ρtot = ρother + ρΛ. The second Friedmann equation can be written as

ä

a
= −4πG

c2

[
1

3
ρotherc

2 + Pother

]
+

1

3
Λc2

= −4πG

c2

[
1

3
ρtotc

2 + Ptot

]
,

where Ptot = Pother + PΛ and PΛ = −Λc4/8πG. Therefore, we can interpret

PΛ = −ρΛc2 ,

as the pressure due to dark energy, and so, here w = −1.

8 The interested is referred to [10]. Another leading candidate for dark energy is Quintessence which is described by a
scalar field. Here is a readable article describing Quintessence.

https://physics.princeton.edu//~steinh/steinhardt.pdf
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8.5 Exact Solutions is FLRW Cosmology

8.5.1 The Radiation Filled Universe

For a radiation-dominated universe, when there is no “matter”,

ȧ2

a2
+

kc2

R 2
0 a

2
=

8πG

3

ρR,0
a4

.

In this case, set

A =

√
8πG

3
ρR,0 .

Then

ȧ2 =
A2

a2
− kc2

R 2
0

.

It is then easily shown that

a(t) =
√
t

√
2A− kc2

R 2
0

t . (8.17)

The above expression gives the evolution equation for a(t) in a radiation filled universe regardless of the value
of k.

Problem 8.14. Verify that eq.(8.17) is the solution in a radiation-dominated universe.

8.5.2 The Flat Universe

When k = 0, from eqs.(8.10) and (8.14) we get that

ȧ2

a2
=

8πG

3
ρ0a
−3(1+w) .

Using the ansatz

a(t) =

(
t

t0

)s
, (8.18)

and noting that ȧ/a = s/t, we get that

(s
t

)2

=
8πG

3
ρ

(
t

t0

)−3s(1+w)

.

When

s =
2

3(1 + w)
,

the powers of t match to obtain (s
t

)2

=
8πG

3
ρ0
t20
t2
.

In this case

s =

√
8πG

3
ρ0 t0 .

Defining a Hubble time tH by

tH =

√
3

8πGρ0
,

we get that the present epoch is given by
t0 = stH .

Since

H0 =

(
ȧ

a

)
t=0

=
s

t0
,

the Hubble time is simply the inverse of the Hubble constant, i.e., tH = H−1
0 . For matter dominated universe,

w = 0, and therefore s = 2
3 and
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a(t) =

(
t

t0

)2/3

and

t0 =
2

3
tH .

where t0 represents the age of the universe. At t = 0, a(0) = 0 making the metric singular. All spatial distances,
in this limit, becomes 0. This is the Big Bang singularity in FLRW cosmology when k = 0. 9 For a radiation
dominated universe, w = 1

3 , and therefore we get s = 1
2 which gives that

a(t) =

(
t

t0

)1/2

and

t0 =
1

2
tH =

1

2H0
.

Regardless of the details of the equation of state, i.e., the value for w, from the ansatz for a, we see that the
metric exhibits a big bang singularity at t = 0.

Problem 8.15. Show that the above expression for a(t) in a radiation-dominated universe agrees with eq.(8.17).

Horizons in FLRW Cosmology

For simplicity, we consider the k = 0 case. For a null geodesic along constant values of θ and ϕ, we have that

−c2dt2 + a2R 2
0 dξ

2 = 0 .

where

a =

(
t

t0

)s
.

This in turn implies that ∫ ξ

ξ0

dξ = ± c

R0
t s0

∫ t

t0

t−sdt ,

or

ξ = ξ0 ±
c

R0

ts0
1− s

(
t1−s − t 1−s

0

)
.

Going backwards in time, as t→ 0,

ξ → ξ0 ∓
c

R0

t0
1− s

≡ ξ∓ .

I.e., an observer located at ξ0 at the present epoch will not have any communication from values of ξ in the
complement of the set (ξ−, ξ+). Thus ξ∓ locates the causal horizon for the present observer (see below).

ξ

t

present observer

ξ+ξ−

9 Recall that H0 ≈ 70 Km/s/Mpc, and
1 Mpc = 3.0857× 1019 km .

Therefore,
1

H0
=

3.0857× 1019 km

70 km/s
= 4.4081× 1017 s = 1.397× 1010 yr = 13.97 billion yrs.
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For our physical universe, the proper distance to the horizon is given by

dp(ξem, t0) =

∫ t0

tem=0

cdt

a(t)
∼ 40 billion light years .

We can see much further back than thirteen billion light-years, as we might otherwise expect, since the universe
has been expanding.

8.5.3 The Matter Dominated Non-Flat Universe

In preparation for solving for a(t) when k = ±1 in a matter-dominated universe, it is advantageous to define a
deceleration parameter q(t) by

q(t) = −a ä
ȧ2

.

Note that if ä > 0 we have q < 0. I.e., q is proportional to “negative acceleration”. Evaluating eq.(8.11) at the
present epoch gives

−q0H
2

0 = −4πG

c2

[
P0 +

1

3
ρ0c

2

]
or,

P0 = −1

3
ρ0c

2 +
c2

4πG
q0H

2
0 .

Evaluating eq.(8.10) at the present epoch gives

H 2
0 +

kc2

R 2
0

=
8πG

3
ρ0 .

The above two equations can be used to solve for P0.

P0 = −1

3
c2

3

8πG

[
H 2

0 +
kc2

R 2
0

]
+

c2

4πG
q0H

2
0

= − c2

8πG

[
kc2

R 2
0

+H2
0 − 2q0H

2
0

]
.

I.e.,

P0 = − c2

8πG

[
kc2

R 2
0

+ (1− 2q0)H 2
0

]
.

For a matter-dominated universe,

P0 = 0 =⇒ kc2

R 2
0

= H 2
0 (2q0 − 1) . (8.19)

Therefore,

ρ0 =
3

8πG

[
H 2

0 +H 2
0 (2q0 − 1)

]
=

3

8πG
2q0H

2
0 .

The k = +1 Matter Dominated Universe

Here
ȧ2

a2
=

8πG

3

ρ0

a3
− c2

R 2
0 a

2
,

i.e.,

ȧ2 =
2q0H

2
0

a
− c2

R 2
0

=
c2

R 2
0

[
2q0H

2
0 R

2
0

c2a
− 1

]
.

When k + 1, eq.(8.19) gives that
c2

R 2
0

= H 2
0 (2q0 − 1) .

Therefore

ȧ2 =
c2

R 2
0

[
2q0

(2q0 − 1)

1

a
− 1

]
.

Let
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α =
2q0

(2q0 − 1)
.

I.e.,

ȧ2 =
c2

R 2
0

[α
a
− 1
]
,

or,

c

∫
dt = R0

∫ √
a√

α− a
da .

To perform a trigonometric substitution, note that

ȧ ≥ 0 → α

a
≥ 1 → α ≥ a ≥ 0 .

Now, let

a = α sin2 Θ

2
,

for a coordinate range for Θ that is yet to be determined. The integral now becomes

c

∫
dt = αR0

∫
sin2 Θ

2
dΘ .

or,

ct− cti =
αR0

2
(Θ − sinΘ) ,

for some integration constant cti. Clearly, when t = ti, Θ = 0. Now pick ti to be 0, and set the range for Θ to
be 0 ≤ Θ ≤ 2π. Setting a(t0) = 1, we have that

1 = α sin2 Θ0

2
=
α

2
[1− cosΘ0] =

q0

2q0 − 1
[1− cosΘ0]

implying that

cosΘ0 =
1− q0

q0
.

Thus

sinΘ0 =

√
2q0 − 1

q0
.

Therefore,

t0 =
αR0

2c
(Θ0 − sinΘ0) .

Using eq.(8.19), when k + 1, the present epoch is given by

t0 =
q0

(2q0 − 1)3/2

1

H0

[
cos−1 (1− q0)

q0
− (2q0 − 1)1/2

q0

]
.

The lifetime of the universe (when Θ = 2π)

tL =
αR2

0

2c
2π =

2πq0

(2q0 − 1)3/2H0
.

8.5.4 Familiarity with Dark Energy

In this subsection, we will set ρ = 0 = P . Only contribution to dynamics will be k and ρΛ, and consequently
PΛ. In this case, the first and second Friedmann equations will take the form

kc2

R0
2a2

+
ȧ2

a2
= (HΛ)2

and
ä

a
= (HΛ)2

respectively, where

HΛ =

√
1

3
Λc2
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is the Hubble constant of the De-Sitter geometry (as we shall see). Consider first the case when Λ > 0. Then
the second Friedmann equation is satisfied by the general solution

a = C1e
HΛt + C2e

−HΛt .

The first equation then imposes the condition

4C1C2R0
2(HΛ)2 = kc2 .

• When k = 1, Λ > 0 and dark energy is the only source, then we set

C1 = C2 =
c

2R0HΛ
,

and then
a =

c

R0HΛ
coshHΛt . (8.20)

I.e., a contracting universe reaches a minimum, and then expands again forever. The resulting spacetime is
referred to as de Sitter geometry.

• When k = 0, Λ > 0, and dark energy is the only source. Then set C2 = 0 for an expanding universe (i.e.,
ȧ > 0) and

a = e−HΛt0 eHΛt .

where e−HΛt0 is the integration constant C1 so that a(t0) = 1. This is clearly an expanding universe. If
instead we wanted a contracting universe, we could have just as easily set C1 = 0.

• When k = −1, Λ > 0 and dark energy is the only source, then we set

C1 = −C2 =
c

2R0HΛ
,

and then
a =

c

R0HΛ
sinhHΛt . (8.21)

It can be shown that in the case where Λ > 0, and k = ±1, the FLRW spacetime is a portion of the maximal
de Sitter spacetime of the k = 0 case. Consequently, the regions described in the k = ±1 g are geodesically
incomplete, meaning that causal geodesics run out of spacetime in a finite amount of affine parameter. This is
certainly artificial. For a readable account of the various submanifolds in these cases see the book by [11]. 10

For a full four-dimensional account of coordinate transformations, also see [12].

8.5.5 Asymptotic Behavior

Early Universe

In the early universe, ρ can fall off as a−3 or a−4 for a matter or radiation dominated universe, respectively.
This implies that (

ȧ

a

)2

≈ 8πG

3
ρ ,

in the early universe since from the first Friedmann equation

ȧ2

a2
=

8πG

3
ρ− kc2

R0
2a2

,

and a is very small. The term with k only has a−2 dependence as opposed to ρ. Therefore, the early universe
agrees in all three cases regardless of the value of k.
10 There are a few eccentricities in Moukhanov’s book. In our notation, equations (1.90) and (1.91) of Moukhanov’s

should read as
−T 2 +X2 + Y 2 = (HΛ)−2

and
ds2 = −dT 2 + dX2 + dY 2

respectively. Here T is a timelike coordinate, and X and Y are two spacelike coordinates. Mukhanov suppresses two
spatial coordinates. This makes the diagrams easier to draw. Please note that, as a result, 0 ≤ χ ≤ 2π, unlike the
full four dimensional spacetime geometry when k = 1 we have that 0 ≤ χ ≤ π. The basic reason is that a circle has
2π radians, while the polar angle θ in S2, for example, has domain [0, π]. Nonetheless, barring details, the basic ideas
remain the same.
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The Late Flat Universe

When k = 0 in a matter-dominated universe,

a(t) =

(
t

t0

)2/3

implies

ȧ =
2

3

(
1

t0

)2/3(
1

t

)1/3

.

Therefore,
ȧ→ 0 as t→∞ .

For a radiation-dominated universe, when k = 0,

a(t) =

(
t

t0

)1/2

.

I.e.,

ȧ =

(
1

2
√
t0

)
1√
t
.

Again, we get that
ȧ→ 0 as t→∞ .

I.e., the rate of expansion in a flat universe slows down to a halt at the very end.

The Late Hyperbolic Universe

When k = −1, (
ȧ

a

)2

=
8πG

3
ρ− kc2

R 2
0 a

2
.

and regardless of whether it is a matter-dominated universe where ρ = ρ0 a
−3, or a radiation dominated universe

where ρ = ρ0 a
−4, for late times, (

ȧ

a

)2

≈ c2

R 2
0 a

2
.

Therefore,

ȧ ≈ c

R0
→ a(t) ≈ c

R0
t .

I.e., at late times, when k = −1, the expansion rate reaches a non-zero constant value, unlike the k = 0 case.

The Late Universe in the case of a Hypersphere

Here k = 1. Since (
ȧ

a

)2

=
8πG

3
ρ− c2

R 2
0 a

2
,

somewhere along the way, regardless of whether its a matter dominated universe where ρ = ρ0 a
−3, or a radiation

dominated universe where ρ = ρ0 a
−4, the expression on the right hand side will eventually become 0, implying

that ȧ→ 0. Further,
ä

a
=
−4πG

c2

[
1

3
ρc2 + P

]
.

The above expression is always negative, and therefore a(t) starts decreasing again and could (as we shall see)
go to zero again. This will be the case for a big crunch.
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8.5.6 The general expression for a pure epoch

By definition, a pure epoch is an idealized era where there is only one type of source of gravity and the equation
of state takes the form P = wρc2 for a particular constant w. In this case, when w 6= −1/3, it is easy to obtain
a closed for expression for a as a function of conformal time η defined by

η =
c

R0

∫
a(t)dt .

In conformal time coordinates, the FLRW metric takes the form

g = a2(t)R2
0

[
−c2dη ⊗ dη +

(
dχ⊗ dχ+

sin2(
√
kχ)

k
dΩ2

)]
.

Then set

α =
2

1 + 3w

and define A by

A1+3w =
8πGρ0

3
.

Finally define b by
a = Abα .

Then

H =
1

a

da

dη

dη

dt
=

c

R0a2

da

dη
=
α

A

c

R0

b′

b1+α
,

where b′ = db/dη . Simple algebra reduces the first Friedmann equation to the form

1 =
c2

R2
0

(
αb′2 + kb2

)
.

The general solution to the above equation is given by

b(η) =
R2

0

c2
[
Sk(η/α)

]α
.

where

Sk(χ) =
sin(
√
kχ)

k
.

The expression for a(η) is now easily obtained from the definition of b.

8.6 A Brief Introduction to the Physical Universe

Ordinary matter radiates when particles collide with it, and so we tend to refer to such objects as luminous
matter. Astronomers observed that, away from the centers of galaxies, stars were orbiting much faster than they
should if the galaxy only had the luminous matter distributed within it. For simplicity, consider a spherically
symmetric distribution of stars about a galactic center. LetM(r) denote the visible mass of all the stars contained
in a spherical volume of radius r about the center. Then, classically, Gauss’s law gives that the velocity of a
star of mass m in a circular orbit at radius r is given by

mGM(r)

r2
=
mv2

r
,

or

v ∼
√
M(r)

r
.

However, the observed data suggested that v was a constant at large r, giving a mass distribution that behaved
like M(r) ∼ r. Such a distribution of matter was contrary to observation, and this led to postulating the
existence of dark matter. There are several other reasons that strongly suggests the existence of dark matter.
But, we will not enter into such a discussion here. Suffice it to say that just like ordinary matter, w for dark
matter is taken to be 0.
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In order to categorize the separate ingredients of the energy and momentum content of the universe, for
matter and radiation define

Ω =
ρ0

ρc,0
, where ρc,0 =

3H2
0

8πG
.

Also, define

Ωk =
−kc2

R2
0H

2
0

, and ΩΛ =
1

3

Λc2

H2
0

.

Then,

H2 =

(
ȧ

a

)2

=
8πG

3
ρ− kc2

R2
0a

2
+

1

3
Λc2

and

H2 = H2
0

[
ΩM +ΩDM

a3
+
ΩR
a4

+
Ωk
a2

+ΩΛ

]
.

In the above equation, the subscripts M , DM , R, k, and Λ denotes ordinary matter mostly made up of
baryons, dark matter, radiation, curvature constant, and cosmological constant, respectively. Evaluation the
above equation at t = t0, we get that

ΩM +ΩDM +ΩR +Ωk +ΩΛ = 1 .

Current estimates give that ΩDM ≈ 0.27, and ΩM ≈ 0.05. The dark energy contribution is given by ΩΛ ≈ 0.68,
and the remaining error belongs to the curvature contribution such that |Ωk| ≤ 0.01. The current matter energy
density is roughly 10 hydrogen atoms per meter cubed.

Looking at the inverse powers of a, we can conclude that, the early universe, as a → 0, was radiation
dominated. As the universe expands, it becomes more matter-dominated, and as the universe expands even
further, in an ever-expanding model, dark energy or the cosmological constant term dominates. The cosmic
inventory for the different epochs then reads as given in the following table.

Matter

Radiation

Cosmological

Curvature

Constant

Galaxies, Dust,

Photons, Gravitons,
massless Neutrinos

Λ

k

w = 0

w = 1
3

w = −1

w = − 1
3

ρ ∝ a−3

ρ ∝ a−4

ρ = Λc2

8πG

ρ ∝ a−2

Dark Matter

8.6.1 The Early Universe

The energy density of radiation is given by

u = ρRc
2 =

ρ0,Rc
2

a4
.

Assuming that this radiation has a blackbody spectrum, from Stefan-Boltzmann’s law, we get that

u = σT 4 .

Here σ is the Stefan-Boltzmann constant given by

σ =
2π5k4

15c2h3
,

and k is the Boltzmann’s constant. Finally, recall that, for radiation

a =

√
t

t0
,

where
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t0 =
tH
2

=

√
3

32πGρ0,R
.

Combining all these equations above, we get that,

ρ0,Rc
2

t2
t20 = σT 4 .

Then

T =

(
3c2

32πGσ

) 1
4

t−1/2 .

I.e., in a radiation-dominated universe

T ∝ 1

a
,

and
TKelvin = 1.52× 1010t−1/2 .

8.6.2 The Cosmic Microwave Background

When photons, electrons, and protons interacted with each other they were in thermal equilibrium. But as the
universe expanded, the energy of the photons redshifted sufficiently so that they could no longer ionize the
molecules. As a result, stable atoms were formed, and the photons freely propagated through space. The cosmic
microwave background (CMB) that we see today is a relic of this event.

The ratio of the number of photons to protons in the universe is roughly

Nγ
NP
∼ 108 − 1010 .

Photon decoupling would happen when there is no longer one photon per proton with the ionization energy of
13.6 eV (the ionization energy of the Hydrogen atom). The probability that a given photon has energy E at
temperature T is given by e−E/kT . A crude estimate gives that the number of photons per proton with energy
greater than or equal to 13.6eV is

108e
−13.6
kT .

When this quantity is less than 1, the photons would be set free. This happens when T ∼ 8000K. A more
careful analysis shows that the photon decoupling temperature is ∼ 3000K. The observed temperature of CMB
today determined from Wein’s displacement law is ∼ 2.7K or equivalently 10−4 eV. The cosmological redshift
of this decoupling event is then given by

z + 1 =
λrec
λem

=
1

a(tem)
=
Tdecoupling
Ttoday

=
3000

2.7
,

I.e., z ∼ 1100 and a ∼ 10−3. The universe was 1000 times smaller during the decoupling epoch.

8.6.3 Matter Domination

Since the energy of a proton is ∼ 109 eV, the ratio of the density of matter to the density of radiation at the
present epoch is given by

ρM,0

ρR,0
=

109 × 10

108 × 10−4
≈ 106 .

The additional factor of 10 in the numerator accounts for the fact that dark matter is responsible for nearly
90% of the matter content. Clearly, we live in a matter-dominated universe. Then, as a function of the scale
factor, the ratio of the density of matter to the density of radiation at any epoch is given by

ρM
ρR

=
ρM0

a3

a4

ρR0

≈ 106a .

In the past when a ∼ 10−6, we had that ρM = ρR. Even further past, the universe, as expected was radiation-
dominant.
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8.7 Inflation

From eq.(8.11), we see that a FLRW spacetime is decelerating if(
1

3
+ w

)
ρc2 > 0 ,

or equivalently,
w > −1/3 .

Conversely, when w < −1/3, we have an accelerating universe.

Definition 8.1. An FLRW epoch is said to be inflationary if ä > 0, or equivalently when w < −1/3.

Further, eq.(8.16) can be rewritten as

[
Ω(t)− 1

]
≡
[
ρ

ρc
− 1

]
= k

(
c

R0ȧ

)2

.

Current estimates suggest that, Ω(t0)− 1 ∼ 0, or that we live in a flat k = 0 universe. Naturally, the question
arises as to how the energy density could have been fine-tuned in this way. To consider a possible explanation,
imagine a universe where k 6= 0, such that Ω(t0)− 1 is small but not vanishing. The argument that follows will
not depend on whether k = ±1. If such a universe is decelerating, ȧ must have been much greater in the past
11. Which mean that if Ω(t0) − 1 is small, Ω(t) − 1 must have been much smaller (∼ 0) in the past, and we
run into the same problem of fine-tuning. In conclusion the condition that Ω(t)− 1 is small is not a very stable
condition in a decelerating universe when k 6= 0.

One mechanism to finely tune Ω(t0)−1 to almost 0 is an inflationary epoch where ȧ increases rapidly to make
the right-hand side of the equation above vanishingly small. An early inflationary period was thus postulated to
explain the so-called “flatness” problem. From an analysis of CMB, it is estimated that the ratios of the scale
factor before and after inflation are given by

a(tafter)

a(tbefore)
=
a(10−32s)

a(10−43s)
∼ 1060 .

One imagines that after the very brief inflationary period, after which Ω(t)−1 became 0, the universe underwent
a phase transition to a k = 0 state, resulting in our very special universe.

In some models, the inflation is caused by a scalar field φ subject to a potential of the form V (φ). Here

w =
P

ρc2
=

1
2 φ̇

2 + V (φ)
1
2 φ̇

2 − V (φ)
.

Figure 8.5 shows a possible plot for the potential energy function. In the very early universe V (φ) was very
large and fluctuations in φ was rather minimal, resulting in

w =
1
2 φ̇

2 + V (φ)
1
2 φ̇

2 − V (φ)
≈ −1 .

Since w is less than −1/3, this would certainly result in an inflationary epoch.

In addition to solving the flatness problem, inflation also addresses several other problem in cosmology in a
natural way. The existence of horizons for an observer in big bang cosmology suggests that the homogeneity of
CMB radiation in all directions can be particularly puzzling, considering that patches of the universe affecting
us at the current time where not in causal contact! Inflation fixes the horizon problem by causally connecting
all relevant space at 10−36s, allowing for radiation to reach a uniform temperature.

Alan Guth and Andrei Linde originally postulated inflation to explain why we don’t find magnetic monopoles
and other exotic particles suggested by grand unified theories in nature. Such particles created during the pre-
inflationary epoch is thought to have been scattered over an inflated space with infinitesimally small densities,
and as such, we are not able to detect them. Inflation thus find a cure for the magnetic monopole problem.

11 For example, this can be seen by considering a radiation-dominated early universe where a ∼
√
t, wherein ȧ ∼ t−1/2.
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Fig. 8.5. A possible plot of V (φ) versus φ. [13]

The inflationary epoch can also explain the tiny anisotropies in the CMB spectrum and even the creation of
all matter. Quantum fluctuations of the φ can result in the anisotropies. Further, as the large potential energy
function V (φ) decays, the resulting universe is populated by particles to conserve energy.

Cosmological Horizons in an Inflationary Universe

Consider a k = 0 universe like ours. One could ask if there is a cosmological horizon in this case, meaning, are
there regions of space that an immortal observer cannot observe? The answer, as we shall see, depends on the
late time behaviour of the scale factor. The proper distance to the horizon, dH is given by

dH =

∫ ∞
0

cdt

a(t)
,

where

s =
2

3(1 + w)
.

Now, through different epochs, the values of w maybe different. But for a cosmological horizon to exists, all we
need is that ∫ ∞

t′

cdt

a(t)
<∞ ,

for some fixed late time t′. Equivalently, we need that∫ ∞
t′

t−sdt <∞ .

This happens if and only if s > 1, or equivalently w < −1/3. Thus, we see that if the late flat universe is
inflationary (like we think it is due to dark energy), then the universe comes with cosmological horizons.

Problem 8.16. Show that in an FLRW spacetime, an inflationary epoch has an energy-momentum tensor that
does not satisfy the strong energy condition.
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Odds And Ends

9.1 Relativistic Doppler Effect for Light

Suppose we have a distant star emitting light while moving towards the Earth with speed v. Let T0 be the time
in the frame of the star such that n complete waves are emitted. i.e.

ν0 =
n

T0
.

Due to time dilation, an observer on Earth measures a time T = γT0 for the same event. If we so choose, we
can think of the star as being at rest and the earth as moving a distance vT in time T . Then the frequency
measured by the observer (ν) on Earth is given by

ν =
n+ (vT/λ)

T
.

Since c = νλ,

ν =
n

T
+
v

c
ν

or
(1− β)ν =

u

γT0
=
ν0

γ
,

and so

ν =

√
1− β2

1− β
ν0 .

This finally gives us the expression we need.

ν =

√
1 + β√
1− β

ν0 . (9.1)

Example 9.1. A red bumper sticker on a car reads, “If this bumper sticker looks green, you are driving too fast”.
How fast do you have to drive so that it appears green to you?

Solution For red light, λ = 450 Hz, and for green light, λ = 530 Hz. Eq. 9.1 then gives

530

450
=

√
1− β√
1− β

=⇒ β = 0.16 .

�
Doppler Redshift occurs when the source of light is receding. In this case, we set β → −β and obtain

ν

ν0
=

√
1− β√
1 + β

or
λ

λ0
=

√
1 + β√
1− β

.

Define the redshift factor z by

z =
λ− λ0

λ0
=

λ

λ0
− 1 =

√
1 + β√
1− β

− 1 . (9.2)

Problem 9.1. In the non-relativistic limit, show that

z ≈ β .
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Fig. 9.1. The red and green balls eventually collides and scatters back as shown.

9.2 Motivating Relativistic Momentum

This problem is directly taken from [14], and it provides physical insight into why momentum should contain
the γ factor.

Frank and Mary are in the voids of space, i.e., far away from any gravitational influence, and Mary is
traveling at speed v with respect to Frank along their mutual x direction. Frank throws a mass m in the +y
with speed U0. Mary throws a similar mass m in the −y direction at speed U0. The arrangement is such that the
two masses collide elastically and return back at the same speed (from our experience in classical mechanics).
See fig. (9.1).

In Frank’s frame, say S, before bollision

UFx = 0 , and UFy = U0 ,

and after collision
UFx = 0 , and UFy = −U0 .

In Mary’s frame, say S̄: before collision

ŪMx = 0 , and ŪMy = −U0 ,

and after collision
ŪMx = 0 , and ŪMy = U0 .

Now let’s transform Mary’s quantities into Frank’s frame in order to compare and check for the expected law
of conservation of momentum. Using the inverse transform as per problem 3.1, we get that in

S before collision

UMx = v, and UMy = −U0

γ
= −U0

√
1− β2

and after collision

UMx = v, and UMy =
U0

γ
= U0

√
1− β2 .

Here β = v/c as usual. If we assume the usual expression for momentum, namely

p = mu ,

then
∆pF = 0 ex +−2mU0 ey ,

and
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∆pM = 0 ex + 2mU0

√
1− β2 ey .

Therefore, the change in total momentum

∆pTotal = ∆pF +∆pM =
(
2mU0

√
1− β2 − 2mU0

)
ey 6= 0 .

This means that we have to either give up the law of conservation of momentum or modify the expression
for momentum for the case of relativistic particles. Consequently, and with hindsight, define the relativistic
3-momentum of a particle with mass m to be

p =
mu√
1− u2

c2

,

where u2 ≡ u · u. For ease of notation, define γ in this context 1 to be

γ =
1√

1− u2

c2

,

and so the relativistic 3-momentum of a particle with mass m is given by

p = mγu . (9.3)

Using the new expression for momentum, for Frank we get that

∆pF =
−2mU0√

1− U2
0

c2

ey .

For Mary, noting that

u = v ex ± U0

√
1− β2 ey ,

the momentum before collision is given by

mv√
1− v2+U0(1−β2)

c2

ex −
mU0

√
1− β2√

1− v2+U0(1−β2)
c2

ey ,

and after collision the momentum becomes

mv√
1− v2+U0(1−β2)

c2

ex +
mU0

√
1− β2√

1− v2+U0(1−β2)
c2

ey .

Therefore,

∆pM =
2mU0

√
1− β2√

1− v2+U0(1−β2)
c2

ey =
2mU0√

1
1−β2 − v2

(1−β2)c2 −
U2

0

c2

ey =
2mU0√
1− U2

0

c2

ey .

Finally, as required, we have that
∆pF +∆pM = 0 ,

and so the law of conservation of momentum is restored in this case all is well with the universe once again! It
is important to note that one example may not give a unique correct expression for momentum. It only paves
the way for a good guess which must be justified later by more sophisticated means.

9.3 The Geodesic Equation

In the case of a Riemannian metric, where the metric is positive definite, the length of a curve xµ(s) for
si ≤ s ≤ sf is defined by ∫ sf

si

√
gµν

dxµ

ds′
dxν

ds′
ds′ .

1 Despite appearances, γ as used here and as a factor in Lorentz transformations have completely different meaning.
Here u is the speed of the particle under consideration, while in the case of a Lorentz transformation, the v contained
in the expression for γ is the relative speed of the observers in the two inertial frames S and S̄.
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A curve minimizes length when the integral above is minimized. This is equivalent to minimizing∫ sf

si

gµν
dxµ

ds′
dxν

ds′
ds′ .

The standard technique from classical mechanics sets the Lagrangian as

L = gµν(x(s))
dxµ

ds

dxν

ds
≡ gµν ẋµẋν .

The Euler-Lagrange equations are given by

d

ds

(
∂L

∂ẋλ

)
− ∂L

∂xλ
= 0 . (9.4)

Then, since
∂L

∂xλ
=

∂

∂xλ
(gµν ẋ

µẋν) = gµν,λ ẋ
µẋν ,

and
∂L

∂ẋλ
= 2gµν

∂ẋµ

∂ẋλ
ẋν = 2gλν ẋ

ν ,

we get that
d

ds
(gλν ẋ

ν)− 1

2
gµν,λẋ

µẋν = 0 .

This gives

gλν ẍ
ν + gλν,µẋ

µẋν − 1

2
gµν,λẋ

µẋν = 0 ,

or

ẍσ +
gσλ

2
[gλν,µ + gλµ,ν − gµν,λ] ẋµẋν = 0 .

This above equation is called the geodesic equation, since it minimizes length in the variational sense.
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