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ON VON NEUMANN’S PARAMETER OF EXTREMAL SHRODINGER OPERATOR
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In this paper we study connections between extremal accretive quasi-self-adjoint dissipative extensions of a
non-negative symmetric Shrodinger operator with deficiency indices (1, 1) on Ls[¢, +00) and the moduli of their
von Neumann’s parameters. It is shown that the modulus of the corresponding von Neumann’s parameter belongs
to the interval [ko, 1), where for kg > 0 is obtained a new formula in terms of the values of the Weyl-Titchmarsh
function M, (—0) and m (7). An example that illustrates the obtained results is presented.
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Introduction. In the current paper we set focus on non-self-adjoint Shrodinger operators

on Ls[l,4+00) of the form
{ Thy = —y" + q(x)y ©.1)
hy(€) = y'(£) '

where Im A > 0. We study a connection between the modulus of the von Neumann parameter of
the extremal accretive operator 7}, and its boundary value h. It is established that the modulus
of the corresponding von Neumann’s parameter belongs to the interval [xo, 1), where for rg is
obtained an exact new formula in terms of the values of the Weyl-Titchmarsh function m.,(—0),
Moo (7).
This paper is dedicated to the centenary of Georgiy Dmitrievich Suvorov, a Correspondent
Member of the Ukrainian Academy of Sciences, a remarkable Human Being, mathematician,
philosopher, educator, and enlightener. Despite of many singularities of life at that time, he
was not among those who, using words of the famous poet Baaoumup Masxoeckuii, “...euos
6e300pasue obeumu 2aazamu, nuwem o npeaecmsax aupuueckux ymex’. His apostolic service,
support and help for students, post graduate students and colleagues especially to those who are
in a big trouble was enormous. Once the great poet Anexcanop Hywxun wrote: “H doneo oyoy
mem nobesen s Hapoody, Mo uyecmea 0oopvle si AUPOIl NPOOYINICOAN, UMO 8 MOIL JCECMOKUL
6€K 80CCAABUN 5L CBODOY U MULOCMb K naduum npussbiean’. These words completely relate to
a wonderful life of G.D. and his many good deeds that will not be forgotten.

Preliminaries. Let A be a closed, densely defined, symmetric operator in a Hilbert space
H with inner product (f, g), f,g € H. Suppose also that A has the deficiency indices (1, 1).
Any non-symmetric operator 7" in ‘H such that

AcTc A

is called (see [1]) a quasi-self-adjoint extension of A. .
Assume now that 7" # T™ is a maximal dissipative extension of A,

Im(Tf,f) >0, f&Dom(T).

Since A is symmetric with the deficiency indices (1, 1), its dissipative extension 7"is automatically
quasi-self-adjoint [3], that is, A C T" C A*, and hence, (see [8])

g+ — kg— € Dom(T) for some |r| < 1, 9.2)
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where g+ € Ker (A* F¢1) are normalized deficiency vectors of A. Throughout this paper « will
be referred to as the von Neumann parameter of operator T'.

Recall that a quasi-self-adjoint extension extension 7" of A in a Hilbert space # is called
accretive [17]1if Re (T'f, f) > Oforall f € Dom(7"). An operator 1" is called a-sectorial [16,17]
if there exists a value of « € (0, 7/2) such that

(cot )| Im (T'f, f)| < Re(Tf, f), f € Dom(T). (9.3)

An accretive operator 7 is called extremal if it is not a-sectorial for any o € (0, 7/2).

Quasi-self-adjoint extension of symmetric Schriodinger operator. Let H = Ls[¢, +00)
and I(y) = —y" + q(x)y, where ¢q(z) is a real locally summable function. Suppose that the
symmetric operator .

Ay = —y" +q(x)y
Lt =0 2 oD
has deficiency indices (1,1) and is defined on the set D* of functions locally absolutely continuous
together with their first derivatives such that [(y) € Ls[¢, +00) and the boundary conditions as
in (9.4). Consider quasi-self-adjoint extensions of A defined on functions y(x) € D* with the
corresponding boundary conditions

{ Thy = U(y) = —y" + q(x)y { Ty =1y) =
hy(0) = y'(() T k() =)

Let A be a symmetric operator of the form (9.4) , generated by the differential operation
l(ly) = —y" + q(2)y. Let also pr(x,\), (k = 1,2) be the solutions of the following Cauchy
problems:

—y" +a(x)y ©.5)

(1) = A1 l(p2) = A2
991(67 /\) =0 ) @2(& >‘) - =
KN =1 5L, N) =0
It is well known [ 18] that there exists a function m,(\) for which

)
P2, A) = a(2, A) + moo(A)pr (2, A)

belongs to L5 [¢. +00). This function m., () is called the Weyl-Titchmarsh function. In [3,5] the
following function is associated to a dissipative operator T, (Im h > 0)

u—h_moo(z)—i-ﬁ

We(z) = L1 ,
o(?) w—nh m(z)+h

(9.6)

where 11 € RU {o0}. Also, it was established in [8] that if Wg(2) of the form (9.6) is associated
with T}, and & is the von Neumann parameter of 7}, then

9.7)

k] =

1 |p—nh moo(i)—kh‘_ mx(i)—kh‘
(We, (Dl Tr=h me(@) + | |mac(i) +R|
It is known [18] that —m..(z) is a Herglotz-Nevanlinna function. Hence, taking into account

that Im » > 0 and Im m.(7) < 0 one can easily directly verify that indeed |x| < 1 in (9.7).

The modulus of von Neumann’s parameter in extremal case. Suppose that the symmetric
operator A of the form (9.4) with deficiency indices (1,1) is non-negative, i.e., (A f,f) >0 for
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all / € Dom(A). For the remainder of this paper we assume that m.,(—0) < co. Then according
to [21,22] we have the existence of the operator T},, (Im h > 0) that is accretive and/or sectorial.

Now suppose 7}, is a Schrodinger operator defined by (9.5). The following theorems are
the main results of this paper.

Theorem 9.1. Let A be a nonnegative symmetric Schrodinger operator of the form (9.4)
with deficiency indices (1,1) in H = L*[(,0). If a dissipative Schrodinger operator Ty,
(/1 c 1T, C A* ), of the form (9.5) with the modulus k of its von Neumann’s parameter is
extremal, then kg < k < 1, where kg > 0 is given by

VMoo (8) 2 = 2moo(—0)Re mo (i) + m2 (—0) + Imme (i)

Ko = ) (9.8)
OV Imo()2 — 2ma(—0)Re 1 (1) + m2(—0) — Imma(i)
Proof. To simplify further calculations we set
Moo(i) = a —ib, b > 0, Muo(—0) =m, c = (a —m)?, d=c+b* > 0. 9.9)
Then (9.7) yields
_|mx(@)+h|  |a—ib+Reh+ilmh| |(a+ Reh)+i(Imh —b)
"~ mac(i)+Rh| |a—ib+Reh—dimh| |(a+Reh) —i(Imh+b)
_ [(a+Reh)?+ (Imh — b)?
~ \ (a+Reh)2+ (Imh +b)?’
or
»  (a+Reh)*+ (Imh —b)* ©.10)

"~ (a+Reh)?+ (Imh + )2

Suppose that 7 is an extremal operator. Therefore (see [4, 19, 20])
Reh = —moo(—0) = —m. Applying this to (9.10) and using (9.9) notations gives

(a—m)*+ (Imh—b)> c+ (Imh)*—2bImh +b*
(a—m)2+ (Imh+b)2 ¢+ (Imh)2+2bImh + b2
(Imh)? —2bIm h +d
(Imh)?2 +2bImh+d

Let us consider ~? as a function f of x = Im h, that is

o —2bx+d

Taking the derivative of f(z) in (9.11) and simplifying yields

4b(z* — d)

I0= v o

Setting f’(x) = 0 and keeping in mind that = Im & > 0 and d > 0 we obtain a critical number
x=d,
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0f vd- x=Im A

Fig. 9.1: Extremal 7},

that can be checked to be a point of minimum of f(z) for all x > 0. Also, direct substitution

e FVA) = (V- b/ (Va+b).

Consequently,

(Vd—b)/(Vd+b) < k* <1,

and hence

VVa—b))(Va=b) <<,

or, after backward substitution and simplification,

VMoo (9)]2 = 2mee (—0)Re moo (i) + m2 (—0) + Imm () <
VMoo (i) 2 = 2mac (—0)Re mo (i) + m2,(—0) — Immy (i) —

k<1 (9.12)

Thus, if T}, is an extremal operator, then (9.12) holds, that is, the modulus x of von Neumann’s

parameter of T}, is such that kg < k < 1, where g is given by (9.8). A sample graph of « as a

function of Im £ is shown in Figure 9.1. (]
Now we will state and prove an inverse version of Theorem 9.1.

Theorem 9.2. Let A be the same as in the statement of Theorem 9.1. If kg < k < 1,
where ko > 0 is given by (9.8), then there exists an extremal dissipative Schrédinger operator
Ty, ( AcT, c A ), of the form (9.5) with the modulus of its von Neumann’s parameter equal
10 K.

Proof. Let T}, be a Schrodinger operator of the form (9.5) with the same potential as A in
(9.4). All we need is to show that there exists a value of / that makes 7}, an extremal dissipative
quasi-self-adjoint extension of A whose modulus of von Neumann’s parameter is equal to the
given K € [ko, 1). Note that equation (9.10) holds for any 7}, with von Neumann’s parameter x.
Setting
Reh = —muy(—0) = —m

in (9.10) will guarantee (see [4, 19,20]) that T}, is extremal and yield (9.11), that is

2
5 7 —=2bx+d
_r—2rtd 9.13
A R S ©-13)
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where © = Im h. Moditying (9.13) leads to the quadratic equation

1 2
x2—2b< +“>x+d:0. (9.14)

1 — K2

We are going to show that equation (9.14) has at least one real positive solution. For the sake of
simplicity we set
§=(1+r")/(1-r?)

and note that when x € [kq, 1) we have £ € [y, +00), where

Vd—b Vd-b\ Vd
0= (”m>/<1‘m> =%

Consider the discriminant of the quadratic equation (9.14) as a function of §
D(&) = 4b*€* — 4d.

Then its derivative D’(£) = 8b%¢ is always positive on £ € [y, +00) indicating that D(€) is an
increasing function of £ € [£y, +00). Moreover, the direct check reveals that

D(&) = 40%€2 — 4d = 0,

and hence D(§) takes positive values on & € (&, +00). Applying the quadratic formula to
equation (9.14) and taking into account that b > 0 and £ > 0, we obtain that

L e «/42b2£2 —4d ©.15)

yields at least one positive real solution which we can use. Therefore, the value of h such that

Reh = —my(—0) and Im h equal to the positive value of x from (9.15) is the one that makes

T}, an extremal dissipative quasi-self-adjoint extension of A. (]
The following example will provide an illustration to Theorems 9.1 and 9.2.

Example. Consider a minimal symmetric operator A of the form

Ay = —y"
{ y(1) = /(1) = 0 ©.16)

in the Hilbert space H = L?[1,00). It is known [18] that A has deficiency indices (1,1) and is
nonnegative. Consider also an operator

Thy=—y"
1
{ y'(1) = hy(1). G17)

It has been shown in [5] that in this case

1 1
Meo(2) = —i/2z and my (i) = — — —1.
() = —ivz =757
Consequently, m,(—0) = 0 and |m..(i)| = 1, and hence (9.8) yields
V2 -1
Ko = . 9.18
TV VeE O-19
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On the other hand, according to (9.7) we have the following formula representing the modulus
of von Neumann’s parameter of 7}, in (9.17) for any h

L mm(i)+§‘: Vi~ vilth|_|1—i+ V2Reh+ v2Imhi
Moo(i) +h| | 5= i +h| |1—i+V2Reh—V2Imhi
|1+ V2Reh)? + (V2Imh — 1)?
(1++v2Reh)2 + (vV2Imh + 1)
If we want our operator 7}, to be extremal, we set Re h = —m(—0) = 0 (see [4,19,20]) in the

above formula. Then we get

14+ (vV2Imh —1)2 14 (Imh)?2 —+2Imh
Rext = = >
V1 (V2Imh + 1) 1+ (Imh)? + v2Imh

where K., is the modulus of von Neumann’s parameter of any extremal operator 7}, of the form
(9.17). Also, according to Theorem 9.1 ., satisfies ko < k.., < 1, where x is given by (9.18).
We can also directly describe the extremal operator 7}, whose von Neumann’s parameter is xg
in (9.18). As we have shown this in the proof of Theorem 9.1, x( corresponds to the critical
value Im h = \/El, where d is defined in (9.9). Thus,

ho = —Mise(=0) + iVd = 0 + i/ (Re miac (1) — moo(—0))2 + (Im misg ()2 = i|mac (i)] = i.

Thus, the extremal accretive operator

Tiy — _y//
{ y'(1) = dy(1), (9.19)

has modulus of its von Neumann’s parameter equal to g of the form (9.18).

Concluding remarks. Formula (9.8) describing ~ plays an important role in the theory
of conservative linear systems with Schrodinger operator. This topic is going to be discussed
further in an upcoming paper (in preparation).
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O IIAPAMETPE ®OH HEIMAHA 3KCTPEMAJIBHOI'O OIIEPATOPA IIIPEIMHI'EPA

C. B. Beawtii, 9. P. I[lekanosckuil

B HacTosmieit paboTe MBI I3y4aeM CBA3M MEX /1y SKCTPEMAaIbHBIMI aK PETHBHBIMH KBa3MCAMOCONPKEHHBIME JAFCCH-
IIATUBHBIMH PACIIUPEHUAMU HEOTPULIATENILHOIO cUMMMeTpHrdeckoro oneparopa Ilpéunrepa ¢ unaexcamu aedexra
(1,1) B Ly[¢, +00) u ux napamerpamu pon Heiimana. Hamu nokasaHo, 4To MOAY/Ib COOTBETCTBYIOIIETO TAKOMY
pacimpenuio napamerpa don Helimana npuHaasie:kut uirepsaiy [ko, 1), rae ais ko > 0 nomydena nosast popmy-
J1a B TepMUHAX 3HaYeHMi (pyHKiwK Beist-Turamapiia mo, (—0) 1 Mmoo (7). TIpuBeeH npuMep WintioCcTpUpY IOt
[OJIyYEHHbIE PE3Y/IbTAThL.

Karouesvie caoea: Oneparop lIpénunrepa, napamerp ¢on Heiimana, cekTopualibHii onepaTop, SKCTpeMaslbHblii
onepatop, pyakmwmst Beiis-Turamapima.
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