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Abstract. Using methods developed in [5]—[8] we define classes of J-
contractive in the half-plane operator-valued functions. A member of
each class is shown to be realizable as a transfer mappings of systems 6
with, generally speaking, unbounded main operator. A problem when
the product of J-contractive operator-valued functions from selected
class belongs to the same (or another) class is investigated.

1 Introduction

In this paper we continue the investigation of various problems that arise in
the study of linear stationary conservative dynamic systems (operator colligations).
Relying on the results and technique developed in [6],[7] we keep dealing with linear
stationary conservative dynamic systems (l.s.c.d.s) 6 of the form

{ (h=zl) =Ko (Im A = KJK*)

pr =@ —2iK*x
or

o A K J
S \9LCHCH- E/"

In the system 6 above A is a bounded linear operator acting from $, into $H_,
where $ C $ C H_ is a rigged Hilbert space, A DT DA, A*DT* D A, Aisa
Hermitian operator in $, T' is a non-Hermitian operator in $), K is a linear bounded
operator from E into $§_, J = J* = J ! is acting in E, o+ € E, ¢_ is an input
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vector, w4 is an output vector, and z € $, is a vector of the inner state of the
system 6. The operator-valued function

Wo(2) =1 —2iK*(A—20)"'KJ (o3 = Wy(2)p_),

is the transfer operator-valued function of the system 6.

We consider class 2 of J-contractive in the lower half-plane operator-valued
functions that can be realized directly as transfer fucntions of some systems 6 de-
scribed above (see also [1],[35]). A class 2 is partitioned into subclasses depending
on the properties of operators in corresponding realizing systems. Three subclasses
are described:

(1) a subclass for which ®(A4) = 9, D(T) £ D(T™)

(2) a subclass for which ©(A) # 9, D(T) =D(T*)

(3) a subclass for which ©(A) # 9, D(T) # D(T*)

A problem when the product of two operator-valued functions from selected
subclass belongs to the same (or another) subclass is investigated. To prove the
multiplication theorems in each subclass we generalize the concept of a product
of two systems which generally speaking is an unbounded version of the Brodskii-
Livsic operator colligations product described in [11] (see also [2]). This approach
allows us to constructively derive the realization of the product of two transfer
operator-valued functions from the classes considered.

Theorem 5.3 is a version of the well-known Potapov-Ginzburg transformation.
It establishes the relationship between contractive and J-contractive in the lower
half-plane operator-valued functions from above mentioned subclasses.

Note that theorems 6.3 — 6.9 offer a further development and complement of
the results by D.R. Arov, M.A. Nudelman [4], M.S. Brodskii [11], A.V. Kuzhel
[21], M.S. Livsic [22],[23], V.P. Potapov [24], A.V. Shtraus [26],[27], H. Bart,
I. Gohberg, M. Kaashoek [9] (see also the survey [13]).

2 Preliminary Results

Let $) denote a Hilbert space with inner product (x,y) and let A be a closed
linear Hermitian operator, i.e. (Az,y) = (z, Ay) (Vz,y € D(A)), acting on a Hilbert
space $) with generally speaking, non-dense domain ®(A). Let $p = D(A) and A*
be the adjoint to the operator A (we consider A as acting from o into 9).

We denote 1 = D(A*) (D(A*) = $H) with inner product

(f,9)+ =(f9)+ (A f, A%)  (f.9€9H4) (2.1)
and then construct the rigged Hilbert space 1 C $ C $H_ [10], [8]. Here H_ is the
space of all linear functionals over $, that are continuous with respect to || - ||+.

The norms of these spaces are connected by the relations ||z|| < ||z||+ (z € H4),
lz]|l= < ||lz|| (z € $). The Riesz-Berezanskii operator (see [8]) R maps $_ onto
H+ such that

('Tvy)— = (x7Ry) = (Rx7y) = (RI7Ry)+ (mvy € 57)—)

2.2

(w)s = R0 = (R ww) = (R RYy). (wveny) OO

In what follows we use symbols (+), (+), and (—) to indicate the norms || - ||+, || - ||,
and || -]|— by which geometrical and topological concepts are defined in $, $, and

H_, respectively.
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In the above settings D(A) C D(A*)(= H4) and A*y = PAy (Vy € D(A)),
where P is an orthogonal projection of $ onto ). Let

£:=H09) M :=(A-XDDA) M, := (M5)". (2.3)

The subspace M, is called a defect subspace of A for the point A. The cardinal
number dim9Ty remains constant when A is in the upper half-plane. Similarly, the
number dim91, remains constant when A is in the lower half-plane. The numbers
dim91y and dim91; (ImA < 0) are called the defect numbers or deficiency indices
of operator A [1]. The subspace 91 which lies in $ is the set of solutions of the
equation A*g = APg.

Let now P, be the orthogonal projection onto 91, set

B = P&, L =M e By (2.4)

It is easy to see that 9\ = 91y N Hy and M) is the set of solutions of the equation
A*g = Mg (see [36]).

The subspace M) is the defect subspace of the densely defined Hermitian op-
erator PA on $)o (see [33]). The numbers dim9) and dim9 (ImA < 0) are called
semi-defect numbers or the semi-deficiency indices of the operator A [22]. The von
Neumann formula

Hy =D(A) =D(A) + My + My, (ImA £0), (2.5)

holds, but this decomposition is not direct for a non-densely defined operator A.
There exists a generalization of von Neumann’s formula [1],[35] to the case of a non-
densely defined Hermitian operator (direct decomposition). We call an operator A
reqular, if PA is a closed operator in ). For a regular operator A we have

N4 =D(A) + 9 + N5 + N, (ImA # 0) (2.6)

where 91 := RE, R is the Riesz-Berezanskii operator. This is a generalization of
von Neumann’s formula. For A = 4 we obtain the (+)-orthogonal decomposition

Hy=DA) oM, oN_,oN (2.7)

Let A be a closed Hermitian extension of the operator A. Then D(A) C $, and

PAz = A*z (Vx € D(A)). According to [36] a closed Hermitian extension A is said
to be regular if PA is closed. This implies that CD(A) is (4)-closed. According to
the theory of extensions of closed Hermitian operators A with non-dense domain
[20], an operator U (D(U) C M;, R(U) C N_;) is called an admissible operator
it (U—-Df; € D(A) (fi € D(U)) only for f; = 0. Then (see [3]) any symmetric
extension A of the non-densely defined closed Hermitian operator A, is defined by
an isometric admissible operator U, D(U) C N;, R(U) C N_; by the formula

Afgi=Afa+ (=ifi —iUf), fa € D(A) (2.8)

where D(A) = D(A) 4+ (U — I)D(U). The operator A is self-adjoint if and only if
D(U) =M, and R(U) = MN_,.

A regular operator A is called O-operator if its semidefect numbers (defect
numbers of an operator PA) are equal to zero.

Denote by [$1, 92] the set of all linear bounded operators acting from Hilbert
space $)1 into a Hilbert space $s.

Definition 2.1 An operator A € [, 9_] is a bi-extension of A if both A D A
and A* D A hold.
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If A = A*, then A is called self-adjoint bi-extension of the operator A. We write
S(A) for the class of bi-extensions of A. This class is closed in the weak topology
and is invariant under taking adjoints (see [5], [36]).

Let A be a bi-extension of Hermitian operator A. The operator Af = Af,
D(A) = {f € 9,Af € 9} is called the quasikernel of A. If A = A* and Ais a quasi-
kernel of A such that A # A, A* = A then A is said to be a strong self-adjoint
bi-extension of A.

Definition 2.2 We say that a closed densely defined linear operator T" acting
on a Hilbert space $ belongs to the class €4 if:

(1) T D> A, T* O A where A is a closed Hermitian operator;
(2) (—i) is a regular point of T. !

It was mentioned in [5] that lineals ©(T) and ©(T*) are (+)-closed, the oper-
ators T and T* are (+, -)-bounded.

Definition 2.3 An operator A in [, $_] is called a (x)-extension of an op-
erator T of the class Q4 if both A D T and A* D T*.

This (x)-extension is called correct, if an operator Ap = %(A + A*) is a strong
self-adjoint bi-extension of an operator A. It is easy to show that if A is a (x)-
extension of T, the T" and T™* are quasi-kernels of A and A*, respectively.

Definition 2.4 We say the operator T of the class 24 belongs to the class A4
if
(1) T admits a correct (x)-extension;
(2) A is a maximal common Hermitian part of T and T*.

It is known [3],[36] that if an operator T belongs to the class 4 and operator
A is a maximal common Hermitian part of T and 7™ that has finite and equal
defect indices then T belongs to the class A 4.

The following theorem is referred to [1].

Theorem 2.5 Let A be a self-adjoint bi-extension of Hermitian operator A.
The necessary and sufficient condition for operator (A — XI)~! to be (—, —)-conti-
nuous is to be (—,-)-continuous.

Corollary 2.6 Let A be self-adjoint bi-extension of Hermitian operator A with
finite and equal semi-deficiency indices. If for some X operator (A —\I)~1is (—, —)-
continuous then A is a strong bi-extension of operator A.

3 Linear Stationary Conservative Dynamic Systems

In this section we consider linear stationary conservative dynamic systems (l.
s. ¢. d. s.) 0 of the form

(A—zI)=KJp_
(Im A=KJK"). (3.1)
oy =p_ —2iK*x

In a system 6 of the form (3.1) A, K and J are bounded linear operators in Hilbert
spaces, @_ is an input vector, ¢4 is an output vector, z is an inner state vector of
the system 6. For our purposes we need the following more precise definition:

IThe condition, that (—i) is a regular point in the definition of the class 24 is not essential.
It is sufficient to require the existence of some regular point for 7'
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Definition 3.1 The array

A K J
b= (m cHcH E) (3.2)

is called a linear stationary conservative dynamic system (l.s.c.d.s.) or Brodskii-
Livsic rigged operator colligation if

(1) A is a correct (x)-extension of an operator T of the class A 4.
(2) J=J*=J1€[E,E], dmE <
(3) A—A* = 2%iKJK*, where K € [E,9_]  (K* € [94,E))

In this case, the operator K is called a channel operator and J is called a direc-
tion operator [11], [23]. A system 6 of the form (3.2) is called a scattering system
(dissipative operator colligation) if J = I. It can be shown [11] that if operator A of
the system (3.2) has finite and equal deficiency indices then for any bi-extension A
the direction operator K of the system 6 can be chosen invertible. Therefore with-
out loss of generality we will consider systems with invertible direction operators
only.

We associate with the system 6 an operator-valued function

Wo(z) =T — 2iK*(A — 2I) ' KJ (3.3)

which is called a transfer operator-valued function of the system 6 or a characteristic
operator-valued function of Brodskii-Livsic rigged operator colligations. It may be
shown [11], that the transfer operator-function of the system 6 of the form (3.2)
has the following properties:

Wy (2)JWy(z) —=J >0 (Im z >0,z € p(T))

Wy (2)JWe(z) —J =0 (Imz=0,z¢€ p(T)) (3.4)

Wy (2)JWy(z) —J <0 (Im 2z <0,z € p(T))
where p(T) is the set of regular points of an operator T'. Similar relations take place
if we change Wy(z) to Wy (2) in (3.4). Thus, a transfer operator-valued function of
the system 6 of the form (3.2) is J-contractive in the lower half-plane on the set of
regular points of an operator T" and J-unitary on real regular points of an operator

T.
Let 6 be a l.s.c.d.s. of the form (3.2). We consider an operator-valued function

Vo(z) = K*(Ar — 2I) K. (3.5)

The transfer operator-function Wy(z) of the system # and an operator-function
Vy(z) of the form (3.5) are connected by the relation

Va(2) = ilWy(2) + 1] [Wo(2) — 1]J (3.6)

4 Classes of Realizable Operator-Valued R-functions

As it is known [29] an operator-function V(z) € [E, E] is called an operator-
valued R-function if it is holomorphic in the upper half-plane and Im V(z) > 0
when Im z > 0.

An operator-valued R-function, acting in Hilbert space E(dim F < o) has, as
it is known [19],[29], integral representation

V(z)=Q+F~z+/+OO<1 ! )dG(t) (4.1)

o \t—2z 1+4¢2
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where Q@ = Q*, F' > 0 in the Hilbert space F, G(t) is non-decreasing operator-
function on (—oo, +00) for which

/+°° (dG(t)e, e)m

112 < 00.

—00

Definition 4.1 We call an operator-valued R-function acting in Hilbert space
E (dim E < o) realizable if in some neighborhood of point (—i) V(z) can be
represented in the form

V(z) = i[Wey(2) + 1] {Wy(z) — I)J (4.2)

where Wy(z) is a transfer operator-function of some l.s.c.d.s. 6 with the direction
operator J (J = J* = J~! € [E, E]).

Definition 4.2 An operator-valued R-function V(z) € [E, E] (dimFE < o)
will be said to be a member of the class N(R) if in the representation 4.1 we have

i)y F=0,

y et
1) Qe:/_OO de(t)e

for all e € F such that
+oo
/ (dG(t)e, €)m < oo

The following result is found in [7]. Its proof is based on the relations (2.6)—
(2.8).

Theorem 4.3 Let 6 be a lLs.c.d.s. of the form (3.2), dimE < oo. Then
operator-function Vy(z) of the form 3.5, 3.6 belongs to the class N(R).

Conversely, suppose that the operator-valued function V(2) is acting on a finite-
dimensional Hilbert space E and belong to the class N(R). Then V(z) admits a
realization by the system 0 of the form (3.2) with a preassigned direction operator

J for which I 4+ iV (—i)J is invertible.

Remark 4.4 It was mentioned in [7] that when J = I the invertibility condi-
tion for I 4+ ¢V (\)J is satisfied automatically.

Now we are going to introduce three distinct subclasses of the class of realizable
operator-valued functions N(R).

Definition 4.5 An operator-valued R-function V(z) € [E, E] (dimFE < o)
of the class N(R) is said to be a member of the subclass Ny(R) if in the represen-
tation (4.1)

+oo
[ (dG(t)e,e)p = o0, (e € E,e #0).

Consequently, the operator-function V(z) of the class No(R) has a representation

ve=a+ [ +°°( Lo)acn,. @=a) )

oo \t—2z  141¢2

Note, that the operator @ can be an arbitrary self-adjoint operator on the Hilbert
space FE.
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Definition 4.6 An operator-valued R-function V(z) € [E,E] (dimFE < o0)
of the class N(R) is said to be a member of the subclass Ny (R) if in the represen-
tation (4.1)

/+Oo(dG(t)e,e)E <00, (c€B) (4.4)

—0o0

It is easy to see that operator-function V' (z) of the class Ni(R) has a represen-
tation

too 1

V(z) = / dG(2). (4.5)
o t—2

Definition 4.7 An operator-valued R-function V(z) € [E, E], (dim E <

00) of the class N(R) is said to be a member of the subclass Nyp (R) if the subspace

Eo = {e cE: /ﬂo (dG(t)e,e) p < oo}

— 00
possesses a property: Eo, # 0, E. # E.

One may notice that N(R) is a union of three distinct subclasses No(R), N1(R)
and No1(R). The following theorem is an analogue of the Theorem 4.3 for the class
No(R).

Theorem 4.8 Let 0 be al. s. c. d. s. of the form (3.2), dim E < oo where A
is a linear closed Hermitian operator with dense domain and D(T) # D(T*). Then
operator-valued function Vy(z) of the form (3.5), (3.6) belongs to the class No(R).

Conwersely, let an operator-valued function V(z) acting on a finite-dimensional
Hilbert space E belong to the class No(R). Then it admits a realization by the system
0 of the form (3.2) with a preassigned directional operator J for which I +iV (—i)J
is invertible, densely defined closed Hermitian operator A, and ©(T') # D(T™).

Analogous result for the class Ni(R) is the contents of the following theorem
8]

Theorem 4.9 Let 0 be a l.s.c.d. s. of the form (3.2), dim F < oo where A
is a linear closed Hermitian O-operator and D (T) = D(T*). Then operator-valued
function Vy(X) of the form (3.5), (3.6) belongs to the class Ni(R).

Conversely, suppose that an operator-valued function V(2) is acting on a finite-
dimensional Hilbert space E and belongs to the class Ni(R). Then it admits a
realization by the system 0 of the form (3.2) with a preassigned directional operator
J for which I +iV (—i)J is invertible, a linear closed regular Hermitian O-operator
A with a non-dense domain, and D(T) = D(T™).

The following theorem [8] completes the section by establishing direct and
inverse realization results for the remaining subclass of realizable operator-valued
R-functions Ny (R).

Theorem 4.10 Let 6 be al. s. c. d. s. of the form (3.2), dim E < co where A
is a linear closed Hermitian operator with non-dense domain and D(T) # D(T*).
Then operator-valued function Vy(z) of the form (3.5), (3.6) belongs to the class
No1(R).

Conversely, suppose that an operator-valued function V(2) is acting on a finite-
dimensional Hilbert space E and belongs to the class Noi1(R). Then it admits a
realization by the system 0 of the form (3.2) with a preassigned directional operator
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J for which I +iV (—i)J is invertible, a linear closed regular Hermitian operator A
with a non-dense domain, and D(T) # D(T*).
5 Classes Q(R,J). Potapov-Ginzburg Transformation

In this section we introduce a class of J-contractive in a half-plane operator-
valued functions Q(R, J).

Definition 5.1 An operator-valued function W (z) acting in finite-dimensional
Hilbert space E is said to be a member of the class Q(R,J) (J = J* = J71) if

there exists a l.s.c.d.s.
9— A K J
\H+CHCH- E

W(z)=Wy(z) =1 —2iK*(A —2I)"'KJ

in some neighborhood of (—1).

such that

The relations
W*(2)JW(z)—=J >0 (Imz>0,z¢€ p(T))
W*(2)JW(z) —J =0 (Imz=0,z¢€ p(T))
W*(z2)JW(z)—J <0 (Imz<0,z¢€p(T))
therefore hold true for all the functions of Q(R, J) class. Thus, Q(R, J) consists of
J-contractive in a lower half-plane functions. The definition also implies that W (z)

belongs to Q(R,J) if and only if it is holomorphic in some neighborhood of (—3)
and operator-valued function

V(z) =i[W(2) + 1] [W(2) — I]J (5.1)

belongs to the class N(R) defined in the previous section. Taking this into account
we introduce the following definition.

Definition 5.2 An operator-valued function W (z) of the class Q(R, J) belongs
to the class Qo(R,J) (resp. Qi (R,J), Qo1(R,J)) if it is holomorphic in some
neighborhood of (—i) and operator-valued function V(%) defined by (5.1) belongs
to the class No(R) (resp. N1(R,J), No1(R,J)).

The theorem below is a version of Potapov-Ginzburg transformation. To-
gether with the corollary 5.4 it establishes the relation between contractive and
J-contractive in the half-plane operator-valued functions from the classes Q(R, J),
Qo(R, J), Ql(R, J), and QOl(R, J)

Theorem 5.3 Let operator-valued function W (z) belong to the class Q(R, J).
Let also PT and P~ be a pair of orthoprojections of the form

1 1

Then there exists an operator-function X(z) of Q(R,I) class such that
W(z) = (PTS(z) — P7)(PT — P~ X(2))" .

Proof Let
V(2) =i[W(2) + 1] HW(z) — I]J.
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Since W(z) belongs to Q(R, J) we have that V(z) belongs to the class N(R) and
by the Theorem 4.3 can be realized by the scattering system

b A/ K I
9. cHcH E)"

V(z)

Latter implies that
Vo (2) = K" (A — 21) 'K’
i[Wor (2) + I (Wi (2) — T
in some neighborhood of the point (—%) where
Wy (2) =1 — 2K (A — 2I) ' K'.
It is clear that Wy (z) belongs to the Q(R, I) class. Therefore
iW(2) + 1171 W (2) = 1) = i[We (2) + 1] [Wer (2) — 1

where W(z) € Q(R, J) and Wy (z) € Q(R,I). The above statement takes place in
some neighborhood of (—3).
Now let 3(z) = Wy (2). Then

(W(2) + )TN (W (2) = 1)J = [E(2) + 1] [2(2) — 1]
=[2(z) — 1|[2(2) + 1171,
Multiplication by [W(2) + I] from the left and by [£(z) + I}~ produces
(W(z) = IJJ[X(2) + 1] = W (2) + 1][%(2) — 1.
Taking into account that P* — P~ = J and P™ + P~ = I we obtain
(W () = I|(P* = P7)[S(2) + 1] = [W(z) + I]J[%(2) — 1],

. W (2)PTE(2) = W(2)P~2(2) — PTX(2) + P~ X(2)

+W ()Pt —W(z)P~ — PT + P~
=W(2)2(z) — W(z) + X(2) — I,

W (2)[PTS(2) — P~S(2) + 2P+ — £(2)] = [PTS(2) — P~%(2) + 2(2) — 2P,

or
W(2)[2PT — 2P~ %(2)] = [2PT%(2) — 2P7].
Cancelling yields

W(2)[PT — P~%(2)] = [PT2(2) — P7]. (5.2)
Let us show that operator [PT — P~3(z)] is invertible. We choose z € F such that
[Pt — P™%(2)]z = 0. (5.3)

Then (5.2) implies
[PTY(2) — P |z = 0. (5.4)

We apply P+ to both sides of (5.3) and obtain
PT[PT — P~%(2)]z =0,

or Ptz = (. Similarly, we apply P~ to both sides of (5.4) and get that P~z = 0.
Thus x = 0 and operator [PT — P~%(z)] is invertible. Using this we obtain

W(z) = [PTS(z) — PT|[PT — P~ X(2)] 7}, (5.5)
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that proves the theorem. O

Corollary 5.4 Let operator valued function W (z) belong to the class Qo(R, J)
(resp. Q1(R,J), Qo1(R,J)), PT =1/2(I+J), P~ =1/2(I —J). Then there exists
an operator-valued function 3(z) from Qo (R, J) (resp. Qi (R, J), Qo1(R, J)) class
such that

W(z) = [PTS(z) — PT][PT — P™X(2)] .

The Corollary 5.4 is proved in exactly the same way the Theorem 5.3 is.

6 Multiplication Theorems for Q(R, J) classes

In this section we state and prove multiplication theorems for the operator-
valued functions of Q(R, J) class.

Definition 6.1 Two systems
0, — Ay Ky N and 0o — A, Ky Jo
! HCTH CTH Ey 2 Hi2 CTHCH_2 Ey
are equal if and only if 11 = H12, H1 = N2, H1 = H 2, Ay = Ay, Kj = Ko,
Let 6; and 63 be two systems defined as above. Let
Dt =H41DP N2, H=H1DH2, H-=9H_1DH_o,
and Py : $ — 9, P,j 194+ — N4k, and P H_ — H_ (k= 1,2) denote the set
of orthoprojections.
In the space $ we introduce an operator
A=A @ A, (6.1)

where A1 C T7 C Ay, Ay C T5 C Ay are correspondent elements of #; and 65,
respectively. Moreover, 11 = D(A}) and H,2 = D(A3). Consequently,

A* = At @ A3, (6.2)
and $; = D(A*) =D(A}) @D(43). i
The formulas below define operators A : . — H_ and A* : H, — H_ as

A= AP+ APy + 2K, JK3 Py,

A* = ATP + APy + 2iK JK Py (63)
Let also
@(T):{x6.6+: {Meﬁ}, (6.4)
DT = {x €HL: Az 65’)}.
We define operators T and T* on these sets:
Tz =Az, zeD(T),
(6.5)

Tz = Az, zeD(T),
Operators K : £ — §_ and K* : $H+ — E are defined in the following way
K = K, + K, (6.6)
K*=K;P + K;Py. (6.7)
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We can show now that 7 > A and T* > A. Indeed, let * = x1 + x5 is an

element of D(A) = D(A;) ® D(A2). Then
ACL‘ = Alxl + AQZL‘Q + 2ZK1JK;$2 == Ala?]_ + AQLI’,‘Q.

Right hand side of the latter expression belongs to the space § since K1 JK5x2 =0
due to the invertability of Ky and the fact that

KQJK;.TQ = IIIIAQ’JJQ = 0, x € @(AQ)
Hence, T D A. Similarly, one can show that 7% D A.
Let us set
DA ={zxens: Te=T"z}
and define an operator A on D(A)
Azx = Az, ze€D(A). (6.8)
We show that A O A. Let us pick an element 24 from D(A) such that x; = Pl"’xA
and xo = P2+ 4. Then the following holds
Az + Asxs + QiKleS = AI.’IIl + A§x2 — QiKQJKf.Z‘l € 9.

Taking into account $ = H1 H Ho we make a projection of the last equality onto
91 and $Ho we obtain

A1I1+2iK1JK;iL’Q :A?Tl 657)1, (69)
and

Asxo :A;’L‘Q —QZ'KQJKfﬁl € 9. (610)
This immediately implies that z; € D(T}) and a2 € D(T3). Moreover, first equa-

tion yields
Aixq + QiKlJK§x2 = AI$1,

All'l - Afxl = —QiKleéka,

1
7(A1 — A*{)xl = —Kle;IQ,

Y K\JK{z, = —K 1 JK] 2o,
K1 JK{x1 + K1JK;xe =0,
K J(K{z1 + Kjx3) = 0.
Since operator K is invertible
Kizy + K;x0 =0, (6.11)
or
Kz, = —Kjxs.
Let us show now that if 1 € D(T}), z2 € ®(Tz) and Kfx1 + Kjza = 0 then
x = 21 + 25 belongs to D(A).
Az = Ayzq + Aso + 201K JKS 2o
= Az + Towe — 20K, J KT a4
= A1z 4+ Tome — Ay + ATy
=Thre +T "z, € 9.
Therefore, Az = A*z belongs to § or
Te =T"z,
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that implies that z € ®(A). It is easy to see now that
DA ={z€Hy: c=x1+z2,21 €D(TY), 220 € D(T) and Kix1 + Kz = 0}.

The inclusion ®(A) C D(A) takes place. Indeed, if z € D(A) then 21 € D(Ay),
T € @(AQ) and Kfl‘l = O, K;gfg = (. Since @(Al) C @(Tl*), @(AQ) C @(Tg) and
Kiz1 4+ K322 = 0 we have D(A4) C D(A). )
From above we can conclude that A C A C T and A C A C T*. Moreover,
A is a maximal Hermitian part of 7" and 7™ operators. Let A* be an adjoint to A
operator. Then ©(A*) C D(A*) = H. Let
and construct new rigged space
H C$HCH.. (6.12)
It is easy to see that the following inclusions take place
H —9,CHCH_— H_
N (6.13)
H_
Let us denote by v an embedding operator acting from H, into $:
v: Hf — 9y, yrx=x, VoxeH,. (6.14)

Let us define an adjoint operator v* as v* : $_ < H_ and operator A € [H;, H_]
as

A=Al . (6.15)
Hy
Obviously, A D T and A* D T* where A* € [H,,H_],
A* = y*A* 6.16
YA (6.16)

is adjoint to A operator. The last statement holds since for all z,y € Hy
(Az,y) = (v"Az,y) = (Az,7y)
= (Az,y) = (z,A%y) = (z,7*A%y)
= (z,A"y).
Indeed, let 2 € D(T). Then A belongs to the £ space and
Az =" Az =~+"Tz =Tz € $.

Thus, A D T. Similarly, A* D T*. Here we explore the fact that v*¢g = ¢ for all
g€ 9. Indeed, forallz e Hy, g€ H

(z,9) = (va,9) = (z,7"9).
Let us show now that operator A defined by (6.14) can be included in l.s.c.d.s. 6.

1 1 . -
2Z.( ) %(v YAY)
1 - - -~
=5V (A— A7) =y KJK

= KJK*,
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where K = K| + Ko, K* = K} + K3 and

K =+"K, K*=K* . (6.17)
Hy
For all e € E and = € H; we have
(Ke,z) = (y*Ke,z) = (Ke,yz) = (Ke, x)

= (e,z%) = (e, K*x).

and so K* = K*

Hy
Thus, ADT D A, A* DT* D A, ImA = KJK*, where K is defined by (6.17)
and we can include operator A in a system

9:(H+Cch_ K é) (6.18)
Let now
We, (2) =T — 2K (A — 2I) " K, J,
W, (2) =T — 2iK3(Ay — 2I) "' Ko J, (6.19)

be transfer operator-valued functions of the systems #; and 6, respectively.
We introduce a new auxiliary system

5 A K J
6= (m CHCH E) (6.20)

where all its components are described above. Let us note that 8 does not exactly
satisfy the definition 3.1 of Ls.c.d.s. because operator A is not the maximal Her-
mitian part of 7' and T* and thus 7' ¢ Aj;. System 6 will, however, suffice our
purposes.

Let

Wj(z) =T —2iK*(A — 21) 'K J, (6.21)
be the transfer operator-valued function of the system 6. According to the first
equality (6.3) we have

A—2I= (A —2)P + (Ay — 2I) Py + 2iK, JK; Py
Direct check shows that
(A =27  =(Ay — 2I)7'P] + (Ay — 21) 1Py 6.22)
—2i(Ay — 2I) T K JKo(Ag — 2I) 1Py
This implies
Wy(2) =1 — 2iK*(A — 2I)7'KJ
=1 —2iK*P] (Ay — 2I) ' Pl KJ — 2iK*Py (Ay — 21) "' Py KJ
+ (20)2K*P; (A — 21) 'Ky JKG (Ag — 21) 7 Py KT
=1+ 2iK} (A — 21) 'K J — 21K (Ay — 2I) Ko J
+ (20)2K; (A — 21) 'K JKG (Ag — 21) 7 Ko J
=(I — 2K} (A — 2I) 'K ) (I — 20K (Ag — 2I) 1Ko J)
=Wpy, (2) - Wy, (2).
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In other words we have just shown that
Ws(z) = Wo, (2) - Wa,(2). (6.23)
Let now
Wo(2) =1 —2iK*(A—21) 'K J, (6.24)

be a transfer operator-valued function of the system 6 defined by (6.18). We will
show now that

Wo(z) = Wy(2) = Wa, (2) - Wy, (2). (6.25)
It is enough to show that
K*(A—2I)7'K = K*(A — 2I) 'K, (6.26)
and the rest will follow from above. Consider the difference
K*(A—2I)7'K — K*(A — 2I)7'K
= K*(y*A — 2I) "'y K — K*(A — 2I) 'K
= K*[(v*A — 2I) "'y — (A — 2I) 7Y K.
Let e € E. We choose a sequence of elements g,, from § such that g, — Ke. Then
R A= 2D) "y = (B = 21) g = 0,

since v*g, = gn and T is a common quasi-kernel of operators A and A. Now let
gn — Ke as n — oo we have as a limit case

IN(*(('y*A—zI)_l'y* - (A—z[)_l)Re:O. (6.27)
Since $) is dense in $_ we can repeat that procedure for any e € E. Hence
K*(A—z2)"'K = K*(A-2I)"'K
and (6.25) yields
Wo(z) = Wo, (2) - Wa, (2).
Let us show now that A is a correct (x)-extension of operator T. In order to
prove we show that real part of A has a self-adjoint quasi-kernel. Let

Ay + AF Ay + A3
A= 0 Agg = %
be the real parts of operators A; and A, respectively. From (6.3) we obtain
Ap = A\pP; + AopPy + 2K, JK; Py (6.28)

Since both Ajr and Asgi are strong self-adjoint bi-extensions of operator A; and
Ag then (Ajg—2I)~! and (Aggr —2I)~! are (—, ) and hence (—, —)-continuous (see
Theorem 2.5). We note that operator A= A; ® A, has finite and equal deficiency
indices. If we use (6.28) and write formula (6.22) for the operator Ar we get

(Ap —2I)7' =(Arg — 2I) 7' Py + (Aog — 2I) 7' Py
—2i(A1p — 2I) 'K JKo(Agr — 2I) Py .
Next according to the Corollary 2.6 we conclude that Agisa strong self-adjoint bi-

extension of the operator A. Therefore, Ap has a self-adjoint quasi-kernel B = B*
and the following inclusion takes place

Ar D B=B">A.



Multiplication Theorems 15

Our objective is to show that

AR>B=DB">A. (6.29)

Let us note that ®(A*) = Hy C 91 = D(A*). Hence to prove (6.29) it is sufficient
to show that } }
AR D>DB=B*"D>ADA.
First we show that ©(B) D ©(A). Let assume that
D(B)ND(4) £ D(A),
which means that there exists an element zy € ®(A) such that z¢ ¢ ©(B). Suppose
F = {\zo, A€ C),
and ®(B) = D(B) + F. We define new operator B on ©(B) by the formula
Bz = Bxp + Azxp,

where z € Q(B), x=2xp+zp, tp € D(B), xr € F. Then the form (Bm,x) =
(Agz, ) is real for all 2 € D(B). This means that self-adjoint operator B admits
a symmetric extension B which is impossible. Hence, we get a contradiction and
D(B) D ©(A). This would imply ®(B) = ©(B*) C D(A*) = H;y or B C Ap.
Putting all this together we conclude that formula (6.29) holds and Ag is indeed
a strong self-adjoint bi-extension of the operator A. We can conclude now that
system 6 defined by (6.18) is Ls.c.d.s.

Definition 6.2 The system

A K J
0= (H+ cHCH E) (6.30)

is called a product of two systems

Al K1 Jl A2 K2 J2
0, = d 6, =
! <f)+1 CHI CH E1) and (55+2 CH2CH-2 E2>
(6.31)

if operators A, K and rigged space Hy C $ C H_ are defined by the formulas
(6.15), (6.17) and (6.12), respectively.

Theorem 6.3 Let system 0 be the product of two systems 01 and 05. Then if
A is a reqular point for operators A1 and Ao then

Wo(A) = W, (A) - W, (N).
The proof of the Theorem 6.3 was constructively obtained above.

Theorem 6.4 Let operator-valued functions W1(z) and Wa(z) belong to the
class Q(R,J). Then operator-valued function

W(z) = Wi(z) - Wa(z)
also belongs to the class Q(R, J).

Proof Since operator-valued functions Wi(z) and Ws(z) belong to the class
Q(R,J) then there exist two ls.c.d.s. 6 and 60y of the form (6.27) such that
Wi(z) = Wy, (2) and Wa(z) = Wy, (2) in some neighborhood of the point (—4). Let
L.s.c.d.s. 6 be the product of ; and 3. Then according to the Theorem 6.3

Wo(2) = Wo, (2) - W, (2) = Wi(2) - Wa(z) = W (2).
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This means that for the functions W (z) there exists a system 6 such that W(z) =
Wpy(z) in some neighborhood of (—i). Therefore, W(z) = W1 (z) - Wa(z) belongs to
QR,J). O

The next theorem establishes similar result for the class Qg (R, J).

Theorem 6.5 Let operator-valued functions Wi(z) and Wa(z) belong to the
class Qo(R, J). Then operator-valued function
W(z) = Wi(z) - Wa(z)
is also a member of the class Qo(R,J). 2

Proof According to the Theorem 6.4 we have W (z) belongs to Q(R, J). There-
fore, there exists a system

A K J
0= (H+ cHCH E) (6.32)

such that W(z) = Wy(z) in some neighborhood of (—i). So, it would be enough
to show that if A DT D A, A* D T* O A are correspondent elements of 6 then
D(A) =9 and D(T) # D(T™).

Since W1 (z) and Wa(z) both belong to the class Qy(R,J) then correspondent
systems 01 and 05 have a property that D(A;) = 91 and ’D(Ag) $2. Let operator
A be defined by (4.3) and

D(A) =D(A)) ®D(As). (6.33)

Considering the closure of the equality (6.33) yields D(4) = 1) = =9. As it

@
was shown above A C A or D(A) € D(A) C H. Hence, D(A) = .

It was shown in the proof of Theorem 4.8 (see [8]) that ®(A) = $ already
implies that ©(T) # ©(T*). Thus, Wy(z) = W, (2) - Wy, (2) belongs to the class

Q()(R,J) O

Theorem 6.6 Let operator-valued functions W1(z) and Wa(z) belong to the
class Q1 (R, J). Then their product

W(z) = Wi(z) - Wa(z)
also belongs to the class Q1 (R, J).

Proof Using the same argument as in the theorem above we conclude that
W(z) is a member of Q(R, J) class and is realizable by the system 6 of the type
(6.32) such that W(z) = Wy(z) in a neighborhood of the point (—i). What remain
is to show that system 6 has a property ©(A) # 9 and D(T) = D(T™*).

Since both Wi(z) and Ws(z) belong to the class €4 (R, J) then correspondent
systems 6y and 6, posses properties D(A;) # 9, D(T1) = D(T7) and D(Az) # 9,
D(T>) = D(T5). Due to the Theorem 6.4 6 = 6; - f2. In the proof of the Theorem
4.9 (see [8]) we have shown that systems with above condition have reduced form.
Namely,

0, — Tl Kl Jl and 0, — T2 K2 J2
! H+1 CHCH_ Eq 2 H+2CH2CH72 FEs

2Based on a theorem by Yu.M. Arlinskii and one of the autors (see [2]), it can be shown that
under the conditions of the theorem 6.5 not only Wi (z)Wa2(z) but also UW1(z)Wa2(2)V belongs
to the class Qo(R, J). Here U and V are arbitrary J-unitary operators acting on E.
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where
T, —T*
1

Consequently, the main operator of system 6 = 6; - 05 is determined by formulas
T=T1P+ T3P, + 21K, JK} P,
T* =T} P + T} Py + 2K, JK} Py,
and K = K; + K,. Using the fact that ©(T1) = D(17) and D(Tz) = D(T3) we

conclude that ©(T) = D(T*). This implies (see [8]) that D(A) # $H. Therefore,
W (z) belongs to the class Q4 (R, J). O

The following correspondent result for the class Q01 (R, J) is not that straightfor-
ward and additional condition is required.

Theorem 6.7 Let operator-valued functions W1(z) and Wa(z) belong to the
class Qo1 (R, J). Then their product

W(z) = Wi(z) - Wa(z)
belongs to the class Qo1 (R, J) if and only if the set

D= {1‘ =1 +x2 € .61 @f)g’ xr1 € @(Tf),l‘g S @(TQ),KT.Tl —|—K;l‘2 = O},
(6.34)

is not dense in H = H1 ® Ha. Here Ty, To, K1, Ko, H1 and $Ho are correspondent
elements of the systems 01 and 02 related to the functions Wi (z) and Wa(z).

Proof Since Q(R,J) is a union of three distinct classes Qg(R,J), Q1 (R, J)
and Qo1 (R, J), Theorem 6.4 guarantees that W(z) belongs to one of the indicated
subclasses. The set ® defined by (6.34) actually coincides with the domain of
operator A defined in (6.8). Therefore, since © is not dense in ) = H; ® Ha then
D(A) # 9 and W (z) is certainly not in the Qy(R, J) class.

Let us assume that W(z) belongs to Q4 (R, J). Then the system 6 = 6, - 62 has
a property 91 = D(T) = D(T*). The operator T here is actually a quasi-kernel of
the main operator A of the system 6. That means that for all x € ., z = x1 + x4,
T1 € H41, T2 € N2

Alxl +A2.’L‘2 — 22K1JK5$C2 € fL

6.35
A;x2+A;x2_2'LK2JKT.T2 €9, ( )

where $ = 91 ® H- and all operators belong to the correspondent systems #; and
f3. Since x5 is an arbitrary element of £, then we can choose it equal to 0. Then
first relation yields x; € ©(Ty) for all 1 € $41. Because x; is arbitrary we have
that

D(Th) = H11 =2(4]).
Considering the fact that Wi (z) is a member of Qg (R, J) class we get a contradic-

tion. Hence, the product of Wi(z) and Wa(z) under the assumption of the theorem
belongs to the class Qo1 (R, J). O

Remark 6.8 It is not hard to show that if the set © in the statement of the
Theorem 6.7 is dense in $; & H2 then W(z) = Wi(z) - Wa(z) belongs to the class
Q() (R7 J)

The theorem below describes properties of the mixed products of two operator-
valued functions of Q(R, J) class.
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Theorem 6.9 Let operator-valued functions Wi(z) and Wa(z) belong to the
classes Qo(R, J) and Q1(R, J), respectively. Then their product

W(z) = Wi(z) - Wa(z)
belongs to the class Qo1 (R, J) if and only if the set © of the form (6.34) is not dense
n H=H1 D H.

‘We omit the proof of this theorem because it is similar to the one of the Theorem
6.7. As before we should note that if the set ® in the statement of the Theorem 6.9
is not dense in $; @ H2 then W(z) = Wi(z) - Wa(z) belongs to the class Qg(R, J).
Furthermore, Theorem 6.9 holds even if we consider product W (z) = Wa(z)-W1(z).

Theorem 6.10 Let operator-valued functions W1(z) and Wa(z) belong to the
classes Qo(R, J) and Q1 (R, J), respectively. Let also

Wi(z) - Wa(z) = Wa(z) - Wi(z) = W(z). (6.36)

Then operator-valued function W (z) belongs to the class Qo1 (R, J).
Proof Condition (6.36) implies that
A= AP+ APy + 2K JK3 Py = Ao Py + AP + 2i Ko JK Py
Canceling yields
K\ JK; P = Ko JK P}

Left and right hand sides of this equality belong to H_; and H_s, respectively.
Hence the equality may hold only if

K\JK} Py = Ky JKT P = 0.
Thus,
A= AP+ AP, (6.37)
and we are actually dealing with operator A of block-diagonal structure.
Now let xp = x1 4+ 22 be an element of ©(T'), then
Ter = Avy = Ajzy + Asas € 9,
but Aszy € 9, and therefore, Ayx1 € $, or
Txr =Tz + Thwo, (6.38)
Similarly,

T xps = Tix1 + Ty xa, (6.39)
where zp+ = x1+x2 is an element of D (7). In other words we have just shown that
xp € D(T) implies 1 € D(T1) and zo € D(T»), where 7 = x1 + x2. Conversely,
if 29 € ©(T1) and 3 € D(T), then xp = 1 + 22 € D(T), i.e.

D(T) =2(T1) ®D(Ts). (6.40)
Similarly shown,

DT =2(1T7) ®D(T3). (6.41)
But since ©(T1) # D(T7) and D(Ts) = D(Ty) then D(T) # D(T™*).
It is also not hard to see that under this circumstances
D(A) =D(A;) ®D(Az). (6.42)

Hence, if D(A3) # 9o then D(A) # 9. It follows then that W (z) belongs to the
class Qo1(R, J). O
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7 Example

In this section we present an example of two l.s.c.d. systems with the transfer
functions that fall into classes ©; (R, J) and Qo(R,J). Then we will show that the
product of these two transfer functions belongs to the class Qg (R, J).

Let us consider an operator

Ty=—y", (7.1)
defined on the set
D(T) = {y(t) € Lipy : y"(t) € L . y(0) = ' (0) = 0}
It is easy to show that its adjoint operator
Ty =—y", (7.2)
is defined on the set
D(T*) = {y(t) € Liyy = v (t) € Ly y(l) = y' (1) = 0}.

Solution of the initial value problem provides us with the inverse operator

i = [ a)fwd, fe Ly (7.3)
0
Let &(z) = ||¢o1(x) @2(z)|| be a row vector whose entries are
v1(z) = % and  @o(x) = %, (7.4)

and let

Obviously, J = J* = J~1. Then (7.3) can be re-written (see [12]) as

x

T =2 / FE®R) dtIE (). (7.5)

Similarly,

Now we can find

l
-1 _ —1\*
il Clo Mo g / FOER) dIE @) = 3 (f, pa)iassla).
0

21 ofmt

Here jog is an element of J and ¢;(z), i = 1,2 are defined above.
According to [11] 77! can be included into the system

T-1 K, J )
0, = , 7.6
1 (L[Qo,z] c* (70

where K is a channel operator that is going to be described below. First, we find
an operator K7 for the system ;. Let us remind that

T-1 —(T-1)* 2 , )
= S (o padiasos = KT, (7.7)
a,B=1
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Using this relation we can see that

(f7 @1)
Kif= , (7.8)
(f7 902)
where
1 1
(Fo0) = 7 / fdt and - (fog0) = / o (7.9)
The operator K; : C? — L[207l] then
C1
K = c1p1() + capp2(). (7.10)
C2

Let Wy, (A) be a characteristic operator-valued function of the system ;. Then
[12] it is represented by the formula

Wo, (N) =1 = 2i|(T~ = XI) " oa, plld, a,B=1,2, (7.11)

l
We, (\) =1 — 22'/ (T = M) 7' (2)] &(z) dad. (7.12)

Hence, in order to write down Wy, () we have to find the resolvent (7! — \I)~!
values on ¢;, (i = 1,2). Using (7.4) we are solving

1
Tt = —, 7.13
( )" f(=) 7 (7.13)
and
T AL f(z) = 7.14
( )" (@) 7 (7.14)
for f(x). In this case (7.13) yields
1 i 1 i
T - AI)~? — e AT,
and (7.14) yields
1 i i
(T = A pal) = = e =

Niz’ﬁe 2v/2iv A ‘

After the routine calculations we end up with the matrix

LT()) (ﬁ - 1) ()
(T~ = M) ™ pa, sl = ; (7.15)
T()) (z - z’ﬁ) T(\)

where

r(\)=———". (7.16)
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Then
I —2i|[(T7 = M) ou, 05T
1- (1 - k) L) =725
(I — iV A)T(N) 1-T(N)
= W91 ()‘)7
and
X 1—(1—ilvVN (L) —ivAT (1)
wa (5) - e y o0
(-#TG) 1-T()

Thus, we just have found a characteristic operator-valued function of the system
61. Let us note that D(T~1) = D((T~1)*) and therefore W, (\) can be related to
the class Q1 (R, J).

According to [31] there exists a bi-extension A of the operator T and the system

b2 = (56+ C L[%l] cH- " (é]2> ’ (7.18)
such that
W, (A) = We, (i) :
Here A = —y” with

D(4z) = {ye Ldy: " € L pu(0) =y() =y () =y ) =0} (7.19)

Then Ay CT C A, Ay CT* C A*, D(Ag) = L[20,1]7 D(T) # D(T™*). Furthermore,
the transfer operator-valued function

Wo,(A) = W, (/1\> ; (7.20)

belongs to the class Qo(R, J).

We use similar approach on the system 6. In order to find generalized vectors
$i € H_ (i = 1,2) we explore [31],[32] the relations (Ajy,¢1) = (y,$1) and
(ASy, 2) = (y,92), y € H4. It turns out that

b1 = ¥ =D =¥ (a)
and )
b2 = 508w~ 1) = 3o —1) = 6(a)],
where §(z) is the delta-function. Then
A— A* R
% = Z ('a‘ﬁa)]aﬁ‘pﬁ' (7'21)
a,f=1

This implies

- ((9, @1)) 1 ( g'(0) —g'(1) ) -
29 = = — . .
(0:¢2)) V2 \g(0) - 9(0) — 1g')
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Now let W(A) = Wy, (A) - Wp,(N\). We will show that W (A) belongs to Qo(R, J). In
order to do that according to the Theorem 6.7 we must show that

D = {561 € @((Tﬁl)*)’xQ = @(T),Kikxl + K;:EQ = O},

is dense in L[QO,I] ® L[20’l].
Kf.’lﬁl + Kgl'g =0,
implies that

/ (bt + 24(0) — (1) =
0 (7.23)

/l tzy(t)dt + z2(1) — 22(0) — lah(l) = 0.
0

Taking into account the fact that z;(t) € D((T~1)*) and z2(t) € D(T) we simplify
(7.23) and get

l
/ 21(t)dt — (1) = 0,
0 (7.24)

/ o (0 (1) — 12y(1) = 0.

We shall show that the set of vector-functions (z1(t) 2(t)) with condition (7.24)
is dense in L[20_’l] ® L[20,l]' Let (y1(t) w2(t)) be an arbitrary vector-function from
Ly ® Lf, - 1t is known [25] that the set of differential functions with fixed value
of function and its derivative at the point is dense in L[20 - Then there exists a

sequence xgn)(t) € L[20 ] such that

l
20 = [ wa, e,
0

l
12/57(1) — 2{ (1) = / tyy(t)dt, Vn €N,
0

and ||y2(t) — xé”)(t)H — 0 when n — oo. Thus an arbitrary vector-function

(y1 (t) yg(t)) was approximated by the sequence of elements form ©. Hence ®
is dense in Ly ® Lf ;; and operator-valued function W(X) = We, (A) - Wo,(})
belongs to the class Qo(R, J).
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