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REALIZATION THEOREMS FOR
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In this paper we consider realization problems for operator-valued R-functions
acting on a Hilbert space E (dim FE < co) as linear-fractional transformations of
the transfer operator-valued functions (characteristic functions) of linear sta-
tionary conservative dynamic systems (BrodskiT—Livéic rigged operator colli-
gations). We give complete proofs of both the direct and inverse realization
theorems announced in [6], [7].

1. INTRODUCTION

Realization theory of different classes of operator-valued (matrix-valued) functions as
transfer operator-functions of linear systems plays an important role in modern operator
and systems theory. Almost all realizations in the modern theory of non-selfadjoint op-
erators and its applications deal with systems (operator colligations) in which the main
operators are bounded linear operators [8], [10-14], [17], [21]. The realization with an
unbounded operator as a main operator in a corresponding system has not been investi-
gated thoroughly because of a number of essential difficulties usually related to unbounded
non-selfadjoint operators.

We consider realization problems for operator-valued R-functions acting on a finite
dimensional Hilbert space E as linear-fractional transformations of the transfer operator-
functions of linear stationary conservative dynamic systems (l.s.c.d.s.) € of the form

(A—zDx=KJp_
(Im A = KJK™),

pr=p_ —2iK*x
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or
9_( A K J)
S\ HrCHCH- E )"

In the system 6 above A is a bounded linear operator, acting from $, into $_, where
Hy CHC H_ is arigged Hilbert space, ADT DA, A*DT* D A, Aisa Hermitian
operator in §, T is a non-Hermitian operator in §, K is a linear bounded operator from
Einto $_, J = J* = J 1, oy € E, p_ is an input vector, ¢ is an output vector, and
x € H4 is a vector of the inner state of the system 6. The operator-valued function

Wo(z) =1 —2iK*(A—2D)"'KJ  (pr = Wy(2)p_),

is the transfer operator-function of the system 6.
We establish criteria for a given operator-valued R-function V' (z) to be realized in the

form

V(2) = i[Wo(z) 4+ I] 7 [Wy(2) — I)J.

It is shown that an operator-valued R-function

+oo
V(z):Q-l—F-z-l—/_ (tiz— 1+tt2) dG(t),

acting on a Hilbert space F (dim E < oo) with some invertibility condition can be realized
if and only if

+oo
t
F=0 and Qe= / e dG(t)e,

for all e € E such that
+oo
/ (dG(t)e,e)p < 0.
— 0o

Moreover, if two realizable operator-valued R-functions are different only by a constant
term then they can be realized by two systems 67 and 6 with corresponding non-selfadjoint
operators that have the same Hermitian part A.

The rigged operator colligation # mentioned above is exactly an unbounded version of
the well known Brodskii-Livsic bounded operator colligation a of the form [11]

T K J %
0‘:(57) E) (Im T=KJK"),

with a bounded linear operator T in $) (and without rigged Hilbert spaces).
To prove the direct and inverse realization theorems for operator-valued R-functions

we build a functional model which generally speaking is an unbounded version of the
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Brodskii-Livsic model with diagonal real part. This model for bounded linear operators
was constructed in [11].

When this paper was submitted for publication, an article by D. Arov and M. Nudelman
[5] appeared considering realization problem for another class of operator-valued functions
(contractive) but not in terms of rigged operator colligations. At the end of this paper
there is an example showing how a given R-function can be realized by a rigged operator
colligation.

Acknowledgement. The authors express their gratitude to the referees and to
G. Androlakis, P. Casazza, M. Lammers, and V. Peller for their valuable suggestions that
helped to improve the presentation of this paper.

2. PRELIMINARIES

In this section we recall some basic definitions and results that will be used in the proof
of the realization theorem.

The Rigged Hilbert Spaces. Let §) denote a Hilbert space with inner product (z,y) and
let A be a closed linear Hermitian operator, i.e. (Az,y) = (x, Ay) (Vz,y € D(A)), acting
in the Hilbert space $ with generally speaking, non-dense domain D (A). Let H, = D(A)
and A* be the adjoint to the operator A (we consider A acting from ) into ).

Now we are going to equip $) with spaces $ and $H_ called, respectively, spaces with

positive and negative norms [9]. We denote 1 = D(A*) ((D(A*) = $H) with inner product

(1) (f,9)+=(f,9) +(A"f,A%g)  (f.g€94),
and then construct the rigged Hilbert space H1 C H C H_. Here $H_ is the space of all
linear functionals over $) that are continuous with respect to || - ||+. The norms of these

spaces are connected by the relations ||z|| < ||z||+ (z € $4), and ||z < ||z]| (x € ). It
is well known that there exists an isometric operator R which maps $_ onto $4 such that

(z,y)- = (z,Ry) = (Rx,y) = (R2, Ry)+  (z,y € H-),

2) (u,v) 4 = (u, R"'0) = (R u,v) = (R, R™1w)_ (u,v € H4).

The operator R will be called the Riesz-Berezanskii operator. In what follows we use
symbols (+), (+), and (=) to indicate the norms ||- ||+, || ||, and || -||= by which geometrical
and topological concepts are defined in $, 9, and $H_.

Analogues of von Neumann’s formulae. It is easy to see that for a Hermitian operator
A in the above settings ©(A) C D(A*)(= $H4) and A*y = PAy (Vy € D(A)), where P is
an orthogonal projection of $ onto $Hy. We put

(3) L:=H0Hy M :=A-I)DA) Ny = (M5)*
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The subspace Ny is called a defect subspace of A for the point A\. The cardinal number
dim9, remains constant when A is in the upper half-plane. Similarly, the number dim91),
remains constant when A is in the lower half-plane. The numbers dim9t, and dim91y
(ImA < 0) are called the defect numbers or deficiency indices of operator A [1]. The
subspace 91, which lies in $); is the set of solutions of the equation A*g = APg.

Let now P, be the orthogonal projection onto 91y, set

(4) Byr=PL, L =M\ OB,

It is easy to see that M) = Ny NH and 9T is the set of solutions of the equation A*g = g
(see [25]), when A* : § — 9o is the adjoint operator to A.

The subspace 9, is the defect subspace of the densely defined Hermitian operator PA
on £y ([22]). The numbers dimy and dimN; (ImA < 0) are called semi-defect numbers
or the semi-deficiency indices of the operator A [16]. The von Neumann formula

(5) 9y = D(AY) =D(A) + My + 9, (ImA £0),

holds, but this decomposition is not direct for a non-densely defined operator A. There
exists a generalization of von Neumann’s formula [3], [24] to the case of a non-densely
defined Hermitian operator (direct decomposition).

We call an operator A reqular, if PA is a closed operator in $y. For a regular operator
A we have

(6) Hy =D(A) + M +9% + 9N, (ImA #£0)

where 91 := R L. This is a generalization of von Neumann’s formula. For A = +7 we obtain
the (+)-orthogonal decomposition

(7) 9, =DA)eN,oN_,oN

Let A be a closed Hermitian extension of the operator A. Then ®(A) C $, and

PAz = A*z (Vx € D(A)). According to [25] a closed Hermitian extension A is said
to be regular if CD(A) is (+)-closed. According to the theory of extensions of closed Her-
mitian operators A with non-dense domain [16], an operator U (D (U) C N;, R(U) C N_,)
is called an admissible operatorif (U —1)f; € D(A) (f; € D(U)) only for f; = 0. Then (see
[4]) any symmetric extension A of the non-densely defined closed Hermitian operator A, is

defined by an isometric admissible operator U, ®(U) C 9;, R(U) C N_; by the formula

(8) Afz=Afa+ (=ifi —iUf;), fa€D(A)
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where D(A) = D(A)H(U—-I)D(U). The operator A is self-adjoint if and only if D(U) = N;
and R(U) =N_,.

Let us denote now by P,;t' the orthogonal projection operator in $, onto 9. We intro-
duce a new inner product (-,-); defined by

(9) (f,g)1=(f,g)++(P§;f,P§;g)+

for all f,g € H. The obvious inequality

LA < 11T < 20115

shows that the norms || - ||+ and || - ||y are topologically equivalent. It is easy to see that
the spaces ©(A4), N, N'_,, M are (1)-orthogonal. We write 9, for the Hilbert space
M =N &N, N with inner product (f,g);. We denote by $41 the space $H with
norm || - |1, and by R4 the corresponding Riesz-Berezanskii operator related to the rigged
Hilbert space 11 C H C $H_1. The following theorem gives a characterization of the
regular extensions for a regular closed Hermitian operator A (see [4]).

Theorem 1. I. For each closed Hermitian extension A of a reqular operator A there

exists a (1)-isometric operator V.= V(A) on My with the properties: a) D(V) is (+)-
closed and belongs to MO N, R(V) CNSN_,; b) Vi = h only for h =0, and D(A) =
DA eI +V)D(V).

Conversely, for each (1)-isometric operator V' with the properties a) and b) there exists
a closed Hermitian extension A in the sense indicated.

II. The extension A is reqular if and only if the manifold R(I + V) is (1)-closed.

III. The operator A is self-adjoint if and only if D(V) = N® N, R(V) =NeN_,.
The following theorem can be found in [16].

Theorem 2. Let A be a reqular self-adjoint extension of a reqular Hermitian operator A,
that is determined by an admissible operator U and let

(10) Ny = {fi €M, (U —1)f; € Ho}.
Then
(11) 9y =D(A) + (U + DN

Bi-extensions. Denote by [$)1, $2] the set of all linear bounded operators acting from

the Hilbert space $; into the Hilbert space .
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Definition. An operator A € [9,,9_] is a bi-extension of A if both A D A and A* D A.

If A = A*, then A is called a self-adjoint bi-extension of the operator A. We write
GS(A) for the class of bi-extensions of A. This class is closed in the weak topology and is
invariant under taking adjoints. The following theorem from [4], [25] gives a description

of G(A).
Theorem 3. Fvery bi-extension A of a reqular Hermitian operator A has the form:

( l

(12) A= AP, + A" +RT(Q ZP;,L_ + §p;Li)]p9;
. P 0
(13) A" = APJ 4 + A"+ RTHQ" §P,;{§ + 51%;,%)]135z

where Q is an arbitrary operator in [, M| and Q* is its adjoint with respect to the (1)-
metric.

Corollary 1. FEvery self-adjoint bi-extension A of the reqular Hermitian operator A is of
the form:

. i i
(14) A= APg )+ A"+ RIS = 5 Py + 5 Py )Py

where S is an arbitrary (1)-self-adjoint operator in [N, M.

Let A be a bi-extension of a Hermitian operator A. The operator Af = Af, @(A) =
{f € 9,Af € H} is called the quasi-kernel of A. If A = A* and A is a quasi-kernel of A
such that A # A, A* = A then A is said to be a strong self-adjoint bi-extension of A.

Classes (24 and A 4. (x)-extensions. Let A be a closed Hermitian operator.

Definition. We say that a closed densely defined linear operator T" acting on the Hilbert
space §) belongs to the class 24 if:

(1) T>Aand T* D A;

(2) (—i) is a regular point of 7.1

It was mentioned in [4] that sets ©(T) and ©(T*) are (+)-closed, the operators T
and T* are (+,+)-bounded. The following theorem [25] is an analogue of von Neumann’s
formulae for the class 4.

!The condition, that (—i) is a regular point in the definition of the class Q4 is not essential. It is
sufficient to require the existence of some regular point for T'.
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Theorem 4. I. To each operator of the class 24 there corresponds an operator M on the
space My with the following properties:

(1) D(M) =N, &N, and R(M) =N"_, &N;
(2) Mz +x = 0 only for x = 0, and M*x + x = 0 only for x = 0. Moreover, the
following hold:

(15) D(T)=D(A)d (M + 1N, &M),

(16) DIT)=DA) & (M +I)N_, aN).

II. Conversely, for each pair of (1)-adjoint operators M and M* in [9y,9M;] satisfying
(1) and (2) above, formulas (15) and (16) give a corresponding operator T in the class
Qa. Moreover, if f =g+ (M + I)p, g € D(A), and p € N, BN then

(17) Tf=Ag+ A*(I+ M) +iR{'Ph(I— M)y (f €D(T)).
Similarly, if f =g+ (M*+ 1), g€ D(A), and p € N_, &N, then

(18) T*f=Ag+ A*(I + M*)p +iR{ ' Pyt (M* — )Y (f € D(T)),

Definition. An operator A in [$,,$_] is called a (x)-extension of an operator T' from
the class Q4 if both A D T and A* D T™.

This (x)-extension is called correct, if an operator Ag = (A + A*) is a strong self-
adjoint bi-extension of an operator A. It is easy to show that if A is a (x)-extension of T,
then T" and T™ are quasi-kernels of A and A*, respectively.

Definition. We say that the operator T" of the class (24 belongs to the class A 4 if

(1) T admits a correct (x*)-extension;
(2) A is the maximal common Hermitian part of 7" and 7.

Theorem 5. Let an operator T belong to Q4 and let M be an operator in 9N, IM] that
is related to T by Theorem 4. Then T belongs to A4 if and only if there exists either

(1)-isometric operator or a (-)-isometric operator U in [, MN"_,] such that

(19) { (U + D, + (M + 1) (N, & N) = M,
(U + D, + (M + I)(N, & N) = 9.
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Corollary 2. If a closed Hermitian operator A has finite and equal defect indices, then
the class Q04 coincides with the A 4.

Extended Resolvents and Extended Spectral Functions of a Hermitian Oper-
ator. Let A be a closed Hermitian operator on $) and h be a Hilbert space such that $
is a subspace of h. Let A be a self-adjoint extension of A on b, and E(t) be the spectral
function of A. An operator function Ry = Pg(A—\)~!4 is called a generalized resolvent

of A, and E(t) = Py E(t)|s is the corresponding generalized spectral function. Here

(20) Ry = / CZE?(? (Im # 0).

— 00

If h = 9 then Ry and E(t) are called canonical resolvent and canonical spectral function,

respectively. According to [19] we denote by Ry the (—,-)-continuous operator from $_
into $ which is adjoint to Rjy:

(21) (Rxf.9) = (f.Rx,) (f€b_,geN).

It follows that ]%Af = Ry f for f € h, so that ZA%,\ is an extension of Ry from $ to H_ with
respect to (—, -)-continuity. The function Ry of the parameter A, (ImA # 0) is called the
extended generalized (canonical) resolvent of the operator A. We write R for the family of
all finite intervals on the real axis. It is known [19] that if A € X then E(A)$ C $H4 and
the operator E(A) is (-, +)-continuous. We denote by E(A) the (—, -)-continuous operator
from $_ to $ that is adjoint to E(A) € [$, H4]. Similarly,

(22) (E(A)f,9) = (f.E(Q)9) (f€H-,g€9),

One can easily see that E(A)f = E(A)f, Vf € $, so that E(A) is the extension of E(A)
by continuity. We say that E(A), as a function of A € N, is the extended generalized
(canonical) spectral function of A corresponding to the self-adjoint extension A (or to
the original spectral function E(A)). It is known [19] that E(A) € [$H_,H,], VA €
X, and (E(A)f,f) > 0 for all f € $_. It is also known [19] that the complex scalar
measure (E(A)f, g) is a complex function of bounded variation on the real axis. However,
(E(A)f, g) may be unbounded for f,g € $_.

Now let Ry be an extended generalized (canonical) resolvent of a closed Hermitian
operator A and let F(A) be the corresponding extended generalized (canonical) spectral

function. It was shown in [19] that for any f,g € $H_,

+oo A
23) /wa?fggn<m7
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and the following integral representation holds

~ A +oo
N R,+R_; _ 1 t A
(24) By————= / <t_A 1+t2)dE(t).

— 00

Lemma 6. Let A= A*+R1(S— %P‘R + %P‘)J?F_i)P;th be a strong self-adjoint bi-extension
of a regular Hermitian operator A with the quasi-kernel A and let E(A) be the extended
canonical spectral function of A. Then for every f € H & L, f # 0, and for every g € H_
there is an integral representation

+oo
@) (wdo= [ (25 s MEOLe ¢ (R R)E)

Here F =$, ©D(A), L=R (S — $P5, + 5P )F, Rx=(A—XI)~!

Theorem 7. Let A = A*+R‘1(S—%P§i —|—%P§{ii)P;ﬁ be a strong self-adjoint bi-extension
of a reqular Hermitian operator A with the quasi-kernel A and let E’(A) be the extended
canonical spectral function of A. Also, let F = $, © D(A) and L = R™(S — %P‘R +
%P,JJ{_Z_)F. Then for every f € L+ £ with f #0 and f € R(A — \I), we have

+oo
(26) [dE0rn = i ses
and
+oo
(26/) [aEwr <o, i ses
Moreover, there exist real constants b and c such that
+o0 .
d(E
27) sz < [ TEORD <y,

forall f € L+ L.
Corollary 3. In the settings of Theorem 7 for all f,g € L+ £

R +R oo q(E oo g(E
(28) ‘( 2 fg) <a\// 1+t2 \// 1+t2’

where a > 0 is a constant (see [2]).
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3. LINEAR STATIONARY CONSERVATIVE DYNAMIC SYSTEMS

In this section we consider linear stationary conservative dynamic systems (1. s. c. d.
s.) 0 of the form

(29)

{ (A—z)=KJp_
(Im A = KJK*).

pr =p_ —2iK*x

In a system 6 of the form (29) A, K and J are bounded linear operators in Hilbert spaces,
p_ is an input vector, ¢ is an output vector,and x is an inner state vector of the system
f. For our purposes we need the following more precise definition:

Definition. The array

A K J
(30) o= (mc%my E)

is called a linear stationary conservative dynamic system or Brodskii-LivSic rigged operator

colligation if

(1) A is a correct (x)-extension of an operator T of the class A 4.
(2) J=J*=J ' €[E,E], dimE <
(3) A—A* =2iKJK*, where K € [E,$_] (K* € [9+, E])

In this case, the operator K is called a channel operator and .J is called a direction
operator. A system 6 of the form (30) will be called a scattering system (dissipative
operator colligation) if J = I. We will associate with the system 6 the operator-valued

function
(31) Wo(z) =1 —2iK*(A—2I)"'KJ

which is called the transfer operator-valued function of the system 6 or the characteristic
operator-valued function of Brodskii-Livsic rigged operator colligation. According to The-
orem 7, R(K) C R(A — M) and therefore Wy(z) is well-defined. It may be shown [10],
[25] that the transfer operator-function of the system 6 of the form (30) has the following

properties:
Wy (2)IWy(2) —J >0 (Imz>0,z¢€ p(T)),
(32) Wy (2)JWy(2) —=J =0 (Im z=0,z€ p(T)),
Wy (2)JWy(2) = J <0 (Imz<0,z€ p(T)),

where p(T") is the set of regular points of an operator T'. Similar relations take place if we

change Wy (z) to W (2) in (32). Thus, the transfer operator-valued function of the system
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0 of the form (30) is J-contractive in the lower half-plane on the set of regular points of
an operator T" and J-unitary on real regular points of an operator T'.
Let 6 be a l.s.c.d.s. of the form (30). We consider the operator-valued function

(33) Vo(z) = K*(Ar — 2I) ' K.

The transfer operator-function Wy(z) of the system 6 and an operator-function Vy(z) of
the form (33) are connected with the relation

(34) Vo(z) = iWy(z) + 1] [We(2) — I]J.

As it is known [11] an operator-function V(z) € [E, E] is called an operator-valued R-
function if it is holomorphic in the upper half-plane and Im V(z) > 0 whenever Im z > 0.

It is known [11,17] that an operator-valued R-function acting on a Hilbert space E
(dim E' < 00) has an integral representation

(35) V(z):Q+F.z+/+OO< ! ! )dG(t),

oo \t—2z 1412

where Q@ = Q*, F > 0 in the Hilbert space F, and G(t) is a non-decreasing operator-
function on (—oo, +00) for which

Definition. We call an operator-valued R-function V(z) acting on a Hilbert space E,
(dimE < oo) realizable if in some neighborhood of the point (—i), the function V(z) can
be represented in the form

(36) V(2) = i[Wy(z) + I [Wy(2) — I]J,
where Wy(2) is the transfer operator-function of some l.s.c.d.s. 0 with the direction operator
J(J=J"=J'€e[E, E]).

Definition. An operator-valued R-function V(z) € [E,E], (dimE < o0) is said to be a
member of the class N(R) if in the representation (35) we have

i)  F=0,
y et
i7) Qe = /O<> de(t}e,

for all e € E with

+o0
/ (dG(t)e,e)p < oo.
We now establish the next result.
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Theorem 8. Let 0 be a l.s.c.d.s. of the form (30) with dimE < co. Then the operator-
function Vy(2) of the form (33), (34) belongs to the class N(R).

Proof. Let G_; be a neighborhood of (—i) and A\, u € G_;. Then,

Vo(\) — Vo(p) = K*(Ag — M) 'K — K*(Ag — pl) 'K

7 = (4~ VK (A~ A (Ag — ul) K,
and
(38) Vo) = Voltt) _ g (apy — A1y (Ag — uI) 'K,

= A

for all A, u € G_;. Therefore, letting A\ — p we can say that Vp(z) is holomorphic in G_;.
Without loss of generality (see [25]) we can conclude that Vy(z) is holomorphic in any one
of the half-planes.

It is obvious that V;*(z) = Vy(2) = Vy(2). Furthermore,

(39) ImVjp(z) = %K* (Ap —zI) Y (Ap — 2I)'K.

Since (—i) is a regular point of the operator T in the system (30) then (see [10])
I +iV(X)J is invertible in G_;.

Let now D, = (Agr—2I)71K, then it is easy to see that the adjoint operator D} is given
by D = K*(Ar — zI)~!. Therefore, we have ImVy(z) = ImzD? D, which implies that
ImVp(z) > 0 when Imz > 0. Hence we can conclude that Vy(z) is an operator R-function
and admits representation (35).

Let now B = K*(Ag +iI) ' (Ag — iI) "' K. It follows from (39) that B = 5-(Vp(i) —
V,(i)). Using Theorem 7 and representation (35) one can show that

dG(t)
1112

(40) Bf=/’ f. feE

and B € [E, E.
Let E’(A) be the canonical extended spectral function of the quasi-kernel A of the
operator Ag = (A + A*). Then relying on Lemma 6 for all f,g € E we have

+oo
(41) Gz = [ (125 - 1o ) 4COLDE +Qf.0)5
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where G(A) = K*E(A)K, A € X and
(42) Q= % [(Ap —il)™H + (Ag +il) 1K = %[Vg(—i) + V(i)

From Theorem 7 (see also [19]), we have for all f € F with Kf € £,

oo

(43) / (G0 ], ) < oo,
and
A )
(44) s < [ SEREDE <o

— o0

Moreover, (28) implies that

(45) Qfg (<C\//+ood th \//+°°d th

By (41) we have for any f,g € E

—+ o0

(46) Ve L. 9)e = (QF. ) + / (

— 00

1 t
t—X\ 141t

) UG, g)5.

On the other hand (35) implies

1 t
t—XA 1+41¢2

“+o0
(47) VoM f.9)e =(QF,9)e + MEf,9)E + / (

— 00

) ACD . 9)e.

Comparing (46) and (47) we get (Qf, g)r = (Qf,9)e, (Ff.g)r = 0, and (G(A)f,g) =
(G(A)f,g9) (A eX), for all f,g € E. Taking into account the continuity and positivity of
F, G(A), and G(A), we find that F = 0 and G(A) = G(A) (A e N).

Thus,

+o0

(19) v =a+ [ (5 - i) e,

14 t2

— 00

holds.
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Let By = K7€, E,, C E. Since E(A) coincides with E(A) on £, then for any e € Fo,
we have
+00
(49) / d(G(t)e,e)p < .

— 00

If e ¢ E, then Ke ¢ £ (see Theorem 7) and

“+o0
(50) / d(G(t)e,e)p = .
Further, since
G Q=5 V(i) +Vo(—i)] = 5 [K*(hr +iD) ™ + (hg — i) K]

we have R(Q) C R(K*) C E. Now formula (45) yields

(52) (Qf,9el <Clfle-lgle,  f,g€FE.
On the other hand, if e € E, then
Qe = % [K*(AR +il)" 4 (Ag — u)*l)Ke]
+oo +o0
_ Kk / 14:2 dB(t) Ke = / - i ~dC(t)e.

This completes the proof.

Next, we establish the converse.?

Theorem 9. Let an operator-valued function V(z) act on a finite-dimensional Hilbert
space E and belong to the class N(R). Then V(z) admits a realization by the system 6 of
the form (30) with a preassigned direction operator J for which I + iV (—i)J is invertible.

Proof. We will use several steps to prove this theorem.

STEP 1. Let Cgo(E, (—o0,+00)) be the set of continuous compactly supported vector-
valued functions f(t) (—oo < t < +00) with values in a finite dimensional Hilbert space
E. We introduce an inner product (-,-) defined by

“+o00

(53) (f.9) = / (G(dt) (), g(t))

— 00

2The method of rigged Hilbert spaces for solving inverse problems in the theory of characteristic
operator-valued functions was introduced in [23] and was developed further in [2].
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for all f,g € Coo(E, (—o0,+00)). In order to construct a Hilbert space, we identify with
zero all functions f(t) such that (f, f) = 0. Then we make the completion and obtain the
new Hilbert space L% (F). Let us note that the set Coo(FE, (—o0,+00)) is dense in LZ,(E).
Moreover, if f(t) is continuous and

+o0
54 | @@nr. s <o,
then f(t) belongs to L% (E).
Let ® be the set of the continuous vector-valued (with values in E) functions f(¢) such
that in addition to (54), we have

+oo
(55) / £2(G(dt) (1), () < oo,

— 00

Since Cyg C Dy, it follows that D is dense in Lé(E) We introduce an operator A on D,
in the following way:

(56) Af(t) =tf ().

Below we denote again by A the closure of the Hermitian operator A (56). It is easy to
see that this operator is Hermitian. Now A is a self-adjoint operator in L% (E) (see [9]).
Let $4 = D(A) and define the inner product

(57) (f,9)5, = (f,9) + (Af, Ag)

for all f,g € 9. It is clear that § is a Hilbert space with norm || - |5, generated by the
inner product (57). We equip the space L% (E) with spaces 9. and H_:

(58) 9. CLL(E)C$H_.

Let us denote by R the corresponding Riesz-Berezanskii operator, R € [fj_,ﬁJr].
Consider the following subspaces of the space F:

“+o00

(59) Ew={eck: /_OO d(G(t)e,e)p < oo}

F. =E=.

If e € Ew, then (54) implies that the function e(t) = e is an element of the space L% (E).

On the other hand, if e € F and e ¢ Fo, then e(t) does not belong to L% (F). It can be
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shown that any function e(t) = e € E can be identified with an element of $_. Indeed,
since for all e € E

oo e, e
o [

— o0
the function

(&

V142

belongs to the space L% (E). Letting f(t) € Do, we have

(61) &(t) =

“+o0
(62) | s e)canse. s <.
Therefore, the function f(t) = v/1+ t2f(t) belongs to the space L%(E) and hence
~ +OO ~
(). 2(t)) = / (G(dt) (), (1)) .

Furthermore,

((F@), e < IF D - e

(63) \//+001+t2 (dt)f \//+Ood 1+t2 e,

= Ifll5, - llelle-
Also, .\ .
/_ (G(dt)f(t),e(t))E:/_ <\/1+t2G dt 1€+t2)E
+oo N
~ [ canim.aoe
= (f(t),é(t))
Therefore,
+oo
(64) ()= [ (Ganse.e)e

is a continuous linear functional over $, for f € ®g. Since Dy is dense in ., e(t) = e

belongs to $_.
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We calculate the Riesz-Berezanskii mapping on the vectors e(t) = e, e € E. By the
definition of R, for all f € $, we have (f,e) = (f, 726)55+' Hence, for all f € D¢ (see also

2])

+oo +oo e
o= [ Guans.emns = [ a+ﬁ%¢wvw,(”)E

—00 —00 1 + t2
e(t) ~
=/ ) = (f,Re)g., -
( 142 5y +
Thus
~ e(t)
(65) Re:1+t2, ee L.

Let us note some properties of the operator A Tt is easy to see that for all g € 5:j+, we
have that ||Ag|| < l9llg, - Taking this into account we obtain

©6) Ay = sup WARDL_ o WA ISl

TP alls, T P Tl S 2P gl

Hence, the operator Ais (-, —)-continuous. Let A be the extension of the operator AtoH
with respect to (-, —)-continuity. Now,

(67) (A=At~ (A—uD) g = (A= ) (A= A)"HA — ul) g

holds for all g € 5%,. Note in particular that

~

(68) (A—iD)"lg— (A+il)"g = 2i(A — i)™ (A +il)"1g
and
(69) I(A—=dD)" g||* = [[(A+il) " g

for all g in H_. It follows from (60) that the element

(70) fy=11s reE

belongs to the space L% (E). It is easy to show that, for all e € E,
e

t—M\
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STEP 2. Now let 5:)+ be the Hilbert space constructed in Step 1 and let
(72) D(4) = H; ORE,

where by & we mean orthogonality in $,. We define an operator A on D(A) by the

following expression:

(73) A=A .
D(4)

Obviously, A is a closed Hermitian operator.

Let us note that if F,, = 0 then ®(A) is dense in L% (E). Define $y = D(A) and let P
be the orthogonal projection of $ = LQG(E) onto §. We shall show that PA and PA are
closed operators in §). Let

(74) A=A . D(A) =9, ORE,,.

D (A1)

The following obvious inclusions hold: A C A; C A. It is easy to see that ®(A;) =
D(A) D RFs, D(A1) = H and A, is a closed Hermitian operator. Indeed, if we identify
the space F with the space of functions e(t) = e, e € E we would obtain LQG(E)@ﬁO =F.

Since

/+°° d(G(t)e,h)
TS TE
S
and ~
~ e B
Re = ]__{_—-[;2, e c FOO

for all e € Eo, h € Fy, we find that F, is (-)-orthogonal to RF,, and hence D(A;) = $o.

We denote by A7 the adjoint of the operator A;. Now we are going to find the defect
subspaces 91; and D1_; of the operator A. Since the subspace E € H_ is (+)-orthogonal to
D(A), we have that (A +iI)~'E = M4;. Moreover, by (71) we have

e

(75) (Zii])_le:tii, ecE.
Therefore

(76) = {10 € 12(B), 10 =15, ceB),
Similarly, the defect subspaces of the operator A; are

(77) = {0 e 2B, 10 =5 cema )
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Obviously, M C Dy because

+oo +o0
t
/ It — )\|2(G(dt)eve)E < K(\) /(G(dt)67e)E < oo, e€l.
Taking into account that
(78) D(A}) =D(A) + N + M7,

we can conclude that D(A%) C D(A). At the same time, the inclusion A; C A implies that
D(A*) D D(A). Combining these two we obtain D(A}) = D(A) and PA = A*. Since A is
a closed operator, PA is also closed. Consequently, A is the regular self-adjoint extension
of the operator A which implies A is a regular Hermitian operator.

Since A is the self-adjoint extension of operator A we find by (10) that
(79) D(A) =D(A) + (I -U)M,

for some admissible isometric operator U acting from ; into H_;. It is easy to check that

~

UA—il)"le= (Z +il)7Le, for all e in E. Consequently, the operator U has the form:

(80) U( 6) © . ecE.

t—i)  t+i

Straightforward calculations show that

A e e e 2ite
( )(t—z) t—1 t+1 t2+1

Let A* be the adjoint of the operator A. In the space D(A*) = $H1 we introduce an inner
product

(81) (f,9)+ = (f,9) + (A" f, Ag),

and construct the rigged space . C $H C $H_ with corresponding Riesz-Berezanskii oper-
ator R. Since PA is a closed Hermitian operator, 5:9+ is a subspace of .
By Theorem 2, $4 = D(A) + (U — I)M;, where

N, ={fi €M, (U—1ID)fi € Ho}-

Taking into account that




we can conclude that

sﬁtzz{ , eeFOO:EeEOO}.

t—1

Therefore,

(82) D(A*) =D(A) + te eF
N 21 5T

STEP 3. In this Step we will construct a special self-adjoint bi-extension whose quasi-
kernel coincides with the operator A. Then applying (7), we will have

Hr=DA) M N, &N,
where 9V, , are semidefect spaces of the operator A, M = RE, and
D(A) @ Ey = $H = LE(E).
We begin by setting

(83) (f?g)l :(f7g)++(P9—i{f7P9_ﬁ;g)+a for all fageﬁ-l-'

Here Py} is an orthoprojection of $; onto M. Obviously, the norm || - ||; is equivalent to
| - ||+ We denote by $4; the space $; with the norm || - ||1, so that 11 C H C H_; is
the corresponding rigged space with Riesz-Berezanskii operator R;.

By Theorem 1 there exists a (1)-isometric operator V' such that

(84) DA =D(A) & (V+DHN, aN),

where D(V) =9, &N, R(V) =N, & M and (—1) is a regular point for the operator V.
Moreover,

o =i(I+ Pf)(A* +il)7L f;,
(85) Vo =1i(I+ PngL-)(A* —i)7LU f;,

where ¢ € D(V), fi € M.

Here U is the isometric operator described in Step 2. Consequently we obtain

fi = 3(A* +iD)(I + Py)e,
(86) Ufi = —3(A" —il)(I + P§)Ve,
where ¢ € D(V), fi € M.
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It follows that
fi-Ufi=o+Vo+iA*Pi(V —I)p
A(f; —Uf) =il +U)fi = A"(p+ V) +iPf (I = V)g
fitUfi=@o—Vo—iA*PH(I - V)p

Applying formula (11) we get
9. =DA)+U+DN;, and N, ={f; €N, (U—-1)fi € H}.

Since fi —Ufi = ¢ + Vo +iA*Py(V — I)p, we find that f; — Uf; € 9 if and only if
Py (V + I)¢ = 0. (This follows from the fact that A*Py(V — I)p € D(A) C H and
from the formula $ = o + 9N (see [4])). Let us note that if Py (V + I)¢ = 0 then
fi +Ufi = ¢ — V. Thus,

(87) N = {f = (A" +il)(I + Py)e, Py (V+1)p=0}.
Let N = KerPy (I + V). Then we have

(88) 9y =D(A)+ (I -V)N.

A~

We denote by Py the projection operator of $ onto ®(A) along (I — V)N, P, =1 — P.
Since D(A) = 9, we have Py € [H4,9,]. We will denote by P¢ € [$_,$_] the adjoint
operator to Py, i.e. (Pof,g) = (f,Ptg), for all f € 6,9 € H_. If f; € N;, then

fz"FUﬁ':([—V)go,forcpeN,and

A =V)p =iPf,o+iPg Vo+ ARSI —V)p =iV + g+ A"PH(I = V)p
=i[(I+V)p —iA* Py (I — V).

This implies

AT+ U)fi =i(fi = Ufi).

Hence

té ¢
89 (LY seR..
(89) <t2+1) 2r1

Let @ € [E, E] be the operator in the definition of the class N(R). We introduce a new
operator Ry acting in the following way:

(90) Rof =iQRA*Pf, [€ 9.
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In order to show that Ry € [$)4, E], we consider the following calculation for f € 9:

(Rof,9)E| sup (QR™YA*Pif, 9)g|

|Rof|lp = sup ————— =
gee  l9lle gEE lglle
_IRTA* P f,Qg) 8| IR~TA*P fls - |Qyllm
= sup < sup
gEE lglle gEE lglle

< AP fllg, <b|A"Piflls., b,c- constants.

Here we used that P f € D(A), for all f € §, formulas (65) and (89), and the equivalence
of the norms [| - ||g  and [ - 4.
For f € ., we have Pif = (I — V)p, p € N and

AP f =i(V+1)p+iA* Py (V — I)ep.

We now have
|A* Py (V = Dgll2 = [|A" Py (V = De||* + [[ A" A" Py (V = I)e|®
= [A"PR(V = D + [|PPR (V = De|?
< A" Py (V = Dl + [Py (V = De?
= | Pr(V = Dell%,

and
[i(V + D +iA*PE(V — Dgll} = APV — Dell} + [lo + Vol 3

<PV = Dll2 + le + Vel 2
=l - Vo2

This implies that there exists a constant k such that

(91) AP f|| < | P fll+ < Kl fll+, YfeEHt.

Therefore, for some constant d > 0 we have || Ry f||<d| f|l+, Vf € H4. Thus, Ry € [94, E].
Let R{ be the adjoint operator to Ry, i.e. R§ € [E,$_] and for all f € 9, e € E,

(Rof,e)p = (f,Rie). Since Ro(D(A)) = 0, R(R§) is (-)-orthogonal to D(A). Letting
M =N, &N, &N, we obtain from (88)

(92) M=V +HOM,&N)+ (I —V)N.
In the space 9 we define an operator S in the following way

S(¢+V¢)=%(I—V)90, peMaN,
(93) i i
Slpn = Ven) = | =Ra(Rg + FORTIA" + 5 (P, — Py )| (ow = Veow),
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where ¢ € N. In order to show that S is a (1)-self-adjoint operator on 9, we first check
that

(94) (Sle+Ve),o+ Ve =(e+ Ve, S+ Vo), ¢ e

It is easy to see that
(P — Py Jen —Von) =on +Ven, on €N.

This follows from the definition of the space N and the fact that ¢n belongs to 9.
Furthermore, since ¢ € 9, and Von € N, we have that P PN = PN, P , _VgoN =

pn, and P;{;VQDN = Pﬁ,_igoN = 0. Consequently,

((en +Von),on —Von) = [lenlli — [Venl3

(95)
= ||P;{;<PN||% - ||P94{LiV90NH? =0

Since Py(I — V)N = 0, we have

(96) (RiPsR™MA*(on —Von), on —Ven) = (R A" (on —Ven), Po(pn —Ven)) = 0.
This allows us to consider only the R§-containing part of (93), i.e

(S(en = Ven),on = Von)i = (~RiBER ™A™ (on — Veon), (on — Vion
= (R7'A%(pn — Von), —Ro(en — Von))e

= (R~ 1A*(sON Vn),iQR™A*Pi(pn — Von)) e

(—iQR™'A*(on = Von), R A*(on — Von))s

= ((pn = Von), RR'A*(on = Von))e

((ov = Veon), RiIRFR ™ A* (o — Von)h

((en = Ven), S(en — Von))r.

Now we will show that
O7)  (Se+Ve),on =Ven)i =(@+Ve,S(e+ Vo), eneN, peMan
Let us note that P (on + Vn) = 0 implies Pyiony = —PyiVin. Also, (¢, on)1 =

(Vo,Von)1, since V is a (1)-isometric mapping. We will now show that the orthogonality
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relations yield (p, Vion)1 = (¢, Py Von)1 = 0. First we need a calculation

7
(Sl +Vo),on —Ven) = 5((1 —V)e,on —Von)i

=i(p, oN)1 — 5(907 Von) — §(V<P7 ON)1
7 7

=i(p,on)1 — = (. Von)1 — = (o, P Veon)

2 2
=i(p, oN)1 — 5(907 Vin) + 5(907P9J{V90N)1
. )
=i(p,oN)1 + §(P$(I — V), on)1-
Also, note that
7 7
(90 + Vo, §(P9J1r; - P;%_Z_)(SDN — VSON)) =5 (e+Vo,on +Von),,
1

and

(p+ Vi, S(on —Von) = (p+ Vo, —Ri(Ry + PR A*(on — Von)h

]

2(90 + Vo, on +Ven):.

Next, recall that 9R(R3) is (-)-orthogonal to ®(A) and
e+VoeD(A) =D(A) @ (V+ )N oN).
It follows that
(¢ + Vo, RIRGR ™ A" (o = Vion))1 = (p + Vo, RER ' A" (o — Viow)) = 0,

(0 + Vo, ~RiBR A (on = Von)i = (9 + Vo, A (on — Ven))s,
= —(p+ Ve, A%(pn = Ven))
— (Al + Vo), AgA™(on — V).
Applying Theorem 1 we obtain:

~

. (S
Alp+ Vi) = A"(p + Vi) + R Pr (I = V)g,

A (on = Von) =il +V)on + A*PH (I —V)en,
A ”r i
AA* (o = Vipn) = AAPE(L = V)pn +iA*(V + Dgn = SR PET = V)pw

=iA*(V 4+ Den — Py (I — V)pn.
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Here we used the following relations:
A (I -V)eD(A),

A(f; =Uf;) = A" (o + Vi) +iPy (I - V),
fi—Ufi=o+Vep+iA*PH(V — D),

. (.
Alp+ V) = A9+ Vo) + R PRI = Ve,

and
1
AA P (I —Veoy — 572—1(1 —V)p=—PH(I—-V)epn.

The above identities yield that

(0 + Ve, A(on = Von))g, = (¢ + Ve,ilon +Von) —i(Py (I = V)p,on)

Thus,
(p+ Vo, ~RiPF R A (o = View))o = i(0 + Vi, o + Vi)
+i(PY (I = V)p,0n),
(¢ + Vo, %(w +Ven)h = —%(90 + Vo, on +Von)i,
and

(e+ Ve, S(en —Ven))i =ile+ Ve, on + Ven)

. i
+i(P(I = V)p,on)1 — 5@ +eon+Venh

. 7
=i(p, on)1 + §(V90, ON)1
7 )
—(o,Von)1 +i(Ph(I— V), on)
. 7
=i(p, on)1 + §(P§(I —V)p,onh

= (S(p+ V), on —Von).

+

\)

This shows that S is a (1)-self-adjoint operator in 90t.
By Corollary 2, a self-adjoint bi-extension of the operator A is defined by the formula

« - v i
(98) B = APJ 4 + [A +R (S—éP;;+§P§,_i>]P§I,
where S is defined by (97). Obviously, if f = fa+(V +1)p, ¢ € N, &N, and fa4 € D(A)

then Bf = A f. This means that the quasi-kernel of the operator B coincides with A.
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STEP 4. In this Step we will construct a (x)-extension of some operator of the class A 4.
First, we introduce the bounded linear operator K acting from the space F into the space
$H_ as follows:

(99) Ke= (P} + R})Pr_ +1Pg_e, ec€E,

where Pr_ and Pg__ are orthogonal projections of the space E onto F, and E., respec-
tively, and I is an embedding of F, in H_.
Let K* € [$4, E] be an adjoint of the operator K, i.e.

(Kf.g9)=(f,K"g), feE, gechH.
Let
(100) C=K*JK,

where J € [E, E] satisfies J = J* = J~1. Since R(K) is orthogonal to D(A), C(D(A)) = 0.
Moreover, (Cf,g) = (f,Cg) for all f € 9, g€ H.
We define an operator A by

(101) A=B+iC.

We now show that A is a (x)-extension of some operator 1" of the class Ay4.
Let A be a regular point of the operator A and let Ry = (B — AI)~1. Also, note that

(R/\fag):(fa (A_S‘I)_lg% erﬁ_,QEﬁ.

As it was shown in Step 1 (see (71))

(E—AI)_IZ%, VGEE,

where E is considered as a subspace of $_. Clearly,

(R/\P(Skeag) = (Pgea (A - 5‘I)_lg)

A~ —

= (e,(A=AI)"g) = (A= Al)"te,g), Ve € E, g € § = LL(E).
It follows that

(102) RaPje= % Ve € E.
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Since Ry(D(A)) =0, Ro(A — AI)~1g =0, for all g € H, and we have
(RARS&Q) = (Rgea (12i - 5‘[)_19) = (67 RO(IZ1 - S\I)_lg) = O?

]?i,\Kel = }A%APS‘el = e € FOO,

€1
A,
eﬁ—f—a €2 EEOO7

~ €9
R)\KGQ R)\egt b\

This implies that the operator K is invertible. Indeed, if Ke = 0, then (P +RZ)e; = —Ies
and RyKe = 0. Hence, Ry(P; + R%)é = —Ryes. That is,
€1 €2

PN ton fTeten

which implies that e = 0.
We should also note that RyK € [E, $4], since Ry maps R(K) into 4 continuously.
Let us consider now the operator-valued function V' defined by

(103) V(\) = K*R\K, Im\#0.

Obviously, (V(Ne,h)g = (RaKe,Kh) for e € E, h € E, e = e1 + ez, h = hy + ho.
Therefore,

(RaKe, Kh) = (R\(P{ + R%)ey + Raea, (PF + RE)hy + Ihy)

=(R AP e1 + Ryes, (P54 Ro)hy + Ihg)

= (RaPrey, Prhy) + (RyPe1, Rihy) + (RaPreq, ha) + (Rxea, Pihy)
+ (Rxea, Rjha) + (Raea, ha)

—= (PyRxPje1,h1) + (PoRaPter, ha) + (RyPie1, ha) + (Ryea, hy)
(R

+ (RoRxea, ha) g + (Raes, ha).

We also have
€1 ~

]?{,\P{fel = PREY Q_ff)_
Consider an element
€1 te ey
_ - _ F.
- 241 (t-neEsn A€
Clearly
/ IA]2¢4 d(G(t)ei,e1)E ~
[t — A2(t2+ 1) 14+ ¢2 ’
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and hence

— D(A).
t—XA 241 €(4)
Moreover,
t€1
t2+16(I—V)N, e1 € F.

This implies

Consequently,
T /
(POR,\PS‘el,hz) = / (t N 2 + 1> d(G(t)el,hz)E-

We also have that
(RoRAPy, h1)p = —(QR'A*P R\Pje1,h1)p = —(R™A*PiR\Poer, Qh1) .

From (65) and (89) we obtain

> — * > * > * €
RIA*P R\Pfe1 =R (t2—|1—1) = —eq,

from which it follows that

(RoRAP ho)g = (e1,Qha) = (Qe1, ha) .

Furthermore we obtain
+o00 1
(RyPje1, hy) = / (m> d(G(t)es, ha)E
+o00 1
— [ (25 dCeaha)e - @erchi + Qe

+oo
t
= / a1 d(GMerha)p + (Qer ho)p

— 00

“+oo

:/( ! t )d(G(t)el,hz)E-i-(Qel,hz)E

t—X 2+1
—o00
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Since RyRyes = 0, we have

“+o0
(Ryez, h1) = / (%) d(G(t)ez, h1)r — (Qez, h1)g + (Qez, ) E
7" 1 |
— [ (25 5y) G en )z + (Qeaitue
Thus,
+oo
. 1 t
(104) (R>\62, hg) = / (t Y — t2 T 1) d(G(t)eg, hQ)E + (QGQ, hg)E
These calculations imply
i 1 t
(]%Ae, h) = / (t T 1) d(G(t)e,h)g + (Qe, h) g,
hence,
+oo
1 t
(105) et = [ (725 - iy ) dGie e + Qe

Next, we show that (B + iI)]fEiiKe = Ke, for all e € E, where B is the strong self-
adjoint bi-extension defined by (98). By Theorem 7, the equation (B — AI)z = f has a
unique solution z for any

l

+ o ipt

fei)%{Rl‘l(S— 5

We will now show that in fact

R(K) =R [R;l (S - %Pg;; + %P*,i)} N

If o € N, then

?

/l: ~
(5 57 + 57 ) (o = View) = Ra(Rs + PR A" (o — Vipw)
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Using (89) we can conclude that R~ (I — V)N = F,., and hence

R {Rll <S - %P;{ + %P*,_)} (I - V)N = (P} + R})Fxe.

Letting PT = Py, + P}, , we have

1 1

Therefore,

Eo +% [7%—1 (S — 5P, + %P,;;,_iﬂ — R(K).

Since Ry = (B — AI)~1, the above calculations imply
(106) (B— X)) 'Ke = R\Ke,

for all e € E. For Im\ # 0 we have that RyKE =M, is the defect space of the operator
A. Therefore (B + iI)]%ﬂKe — Ke and R,KE =MNy;.
Taking into account (105) we get

+00
Vi=i) = / (ti% - t2il) dG(t) + @
(107) y +/°° aG() | 0
1+¢2
__iB+qQ
Therefore,
(108) iV (=i)J+1=BJ+iQJ +1I.

The operator iV (—i)J + I is invertible and so is the right hand side of (108). Since
I+BJ+iQJ =JI+JB+1iJQ)J, where J is a unitary self-adjoint operator in the space
E, 0 is a regular point for the operator I + BJ +iJ(@Q. At the same time 0 is a regular point
for the operators I + JB —iJQ = (BJ+iQJ +I1)* and I+ BJ —iQJ = (I + JB+iJQ)*.
Let

Z=(I1+BJ—iQJ)™', Zcl[E, E],

7*=(I+JB+iJQ)"', Z*<c|E, E],
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and let I' = (I + JB +iJQ)~ 1. Clearly Kerl' = 0. We will show that for any f € E, the
equation

(110) (A+il)g=Kf,

has a unique solution g = R_iKI‘f, where R_; = W and A = B + iC. Moreover,
AR_,KTf=BR_,KI'f+iKJK*R_;KLf, f € E.

As shown above (see also [2])

K*R_Tf = V(~i)L'f = (Q — iB)L',
iKJK*R_,KTf = K(JB+iJQ)T'f
K(I+JB+iJQ)I+ JB+iJQ) 'f — KT'f
Kf—KUf, fekFE.
Also, ) R R
(A+i)R_;KTf=B+i)R_;KI'f+iKJK*R_;KTf
=Kf, fek.
If there exists a g € H4 such that Ag = —ig, then g € 9_;. Since R([') = E, we find
that R_;KTE = M_;. Therefore g = R_;KTe, e € E, and (A +il)R_;KTe =0, Ke = 0,
e =0, and g = 0. It follows that the equation (A +iI)g = K f has a unique solution given
by g = R_,KTf and (A +il)"*KE =M_,.
Similarly, 0 is the regular point for the operator I + JB —iJQ in E. Let

(111) I=(I+JB—-iJQ)™!

In the same way as above, we can show that the equation (A* —il)gK f, f € E, has a
unique solution of the form g = ]EiiKI‘lf and (A* —il)'KE =M.
If f; € M, then f; = fa+ fon, where fa € D(A), fon € M =N, &N, ®N. Therefore,
A*fi = PAfa+ A" fon = iPf;,
A¥fon =iPf;i — PAfa,

and
(A+il)f;i = (A+il)fa+iPf; — PAfA +ifom

+ Ryt <S — —P+, + 2 5 Py, ) fon +iKJK* f;,

= —-P)A+il)fa+i(P—1I)f; € Ex CR(K).
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This implies that
(A+il)f; — 2if; = (A+ i) f;.

That is 2if; = (A +dI)(f; — f=i), (f=: € M_;). Hence (A +il)$H4 C N;. Since
(A+i)D(A) = (A+il)D(A),

and (A+i1)D(A)ON; = $H, we have (A+iI)$H C H. Similarly, (A*—iI)$H; C $H. Therefore
we can conclude that the operators (A +iI)~! and (A* —il)~! are (—,-)-continuous (see
[25]). Let

D(T) = (A+i)~19,

(112) o
D(Th) = (A" =)™ 9.

It is easy to see that D(T) and D(T}) are dense in § and that the operators (A +iI)~!
H

and (A* — i])_l‘ are (-, -)-continuous.
Let us define

‘@(T)’
T, = A"

(113)

D(T1)

The points (i) and (—i) are regular points for the operators T and T; respectively. This
implies that T7 = T™.

Since T and T™ are quasi-kernels of operators A and A* respectively, and ReA =B is a
strong self-adjoint bi-extension of the operator A we find that T € A4 (the fact that PT
and PT™* are closed follows from the (4, -)-continuity of 7" and 7).

STEP 5. Let us construct a linear stationary conservative dynamical system 6. Let
K € [E,$_] be the operator defined in the Step 4. It is easy to see that

1
21

9_( A K J)
S\ HrCHCTH E

is a l.s.c.d.s. In particular, 6 is a scattering system if J = I. Since Vy(z) is a linear-

(A—A*) = KJK*.

Therefore,

fractional transformation of Wy(z) then Vy(z) = V(2) whenever z is in some neighborhood
G _; of the point (—7). This completes the proof of the theorem.

Remark. It can be seen that when J = I the invertibility condition for I + iV (\)J is

satisfied automatically.
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Theorem 10. Let an operator-valued function V(z) belong to the class N(R). Then V (z)
can be realized by the scattering (J = 1) system (dissipative operator colligation) 0 of the
form (30).

The following theorem deals with the realization of two realizable operator-valued R-
functions differing from each other only by the constant terms in the representation (48).

Theorem 11. Let the operator-valued functions

(114) Vi(A) = Q1 + +/Oo(t_1A— 1jt2>dG(t)

and

(115) ) = @ + +/Oo(t_lA - ) 460

— 00

belong to the class N(R). Then they can be realized by systems

A K J
(116) 0, — (m O E) (AL D Th)
and

A Ky J
(117) 0, — (m e E) (Ay O Tb)

respectively, so that the operators Ty and T acting on the Hilbert space $) are both exten-
sions of the Hermitian operator A defined in this Hilbert space.

Proof. Applying Theorem 9 to the function Vi(\), we obtain a lLs.c.d.s. 6; of the type
(116). The corresponding Hermitian operator A; constructed in the Steps 1 and 2 of the
proof of Theorem 9 satisfies the formulas (72) and (73). The construction of A; doesn’t
involve the operator @)1 from (114). It is easy to see that the corresponding rigged Hilbert
space 539 c 9V ¢ .6(_1) was built without the use of the operator )1 too.

Similarly, if we apply Theorem 9 to the function V2(\) we get the corresponding Her-
mitian operator A, = A; and the same rigged Hilbert space. This occurs because the
operator-functions V5 () and V() differ from each other only by the constant terms (4
and Q. Setting A = Ay = A, we can conclude that T7 and T are both extensions of the
Hermitian operator A.

A closed Hermitian operator A is called a prime operator [25] if there exists no reducing

invariant subspace on which it induces a self-adjoint operator.
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Definition. A ls.c.d.s. 6 of the form (30) is said to be a prime system if its Hermitian
operator A is a prime operator.

Theorem 12. Let the operator-valued function V(z) belong to the class N(R). Then it
can be realized by the prime system 0 of the form (30) with a preassigned direction operator
J for which I + iV (—i)J is invertible.

Proof. Theorem 9 provides us with a possibility of realization for a given operator-valued
function V(z) from the class N(R). Let us assume that its Hermitian operator A has a
reducing invariant subspace ' C $ on which it generates the self-adjoint operator Aj.
Then we can write the following (-)-orthogonal decomposition

(118) H=9"+9", A=A A,

where Ag is an operator induced by A on $°.
Now let us consider an operator 7' D A as in the definition of the system 6. We have

(119) T="Ty® A,

where Ty D Ap. Indeed, since A; is a self-adjoint operator it can not be extended any
further. Clearly, ®(A;) = $H'. Similarly,

(120) T* =TF @ Ay,
where Tj D Ap. Furthermore,
H+ =91 ®HL =D(45) ©D(A).

We now show that the same holds in the (+)-orthogonality sense. Indeed, if fy € f)(}r,
f1 € 9L =D(A;) then
(f07f1)+ = (fO?fl) + (A*f():A*fl)
= (fo, 1) + (Ag.fo, A1 f1)
=04+0=0.
Consequently, we have
9rcHcH_=9'en9,co’en cn’aent
=9l eD(4) CcH’eD(4) cH’ el
Similarly, we obtain A = Ay @ A; and A* = Ay @ A;. Therefore,
A—A"  (Ag® A1) — (Aj @ Ay)
2 2i
A Ay AL - Ay
T P
Ag —Af

)
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where O is the zero operator. This implies that
KJK* = KoJK; & O.

Let PJ? be an orthoprojection operator of $, onto f)i and set K = Ky. Now K* = K(’)“PJ?,
since for all f € F, g € $H; we have:

(Kf,9) = (Kof,g9) = (Kof,g0 +91) = (Kof,g0) + (Kof,9g1)
= (Kof,90) = (f,Kig0) = (f, K;P)g).

Next, consider e € E and x = 2° + 2! in 4+ such that
(A —M)PYx = Ke.

Then
(Ag ® A1 — M) PYx = Kge,
Agz? — \z¥ = Kye,
(A — AI)z° = Kge,
2% = (Ag — M) Koe.

On the other hand, z° = (A — M\I)~!Ke. Therefore
(A= M)"'Ke = (Ag — M) Koe,

and

K*(A—X)"'Ke= K;(Ay — M) Kge.

This means that the transfer operator-functions of our system 6 and of the system

. Ao Ko J
07 \o,cHCcH E

coincide. This proves the statement of the theorem.

4. EXAMPLE

Let

B 1dx
qdt’
with



be a differential operator in § = L, , (I > 0). Obviously,

*

L lds
i dt’
with
D(T*) = {x(t) . /() € Ly g, 2(l) = o} ,
is the adjoint operator of T'. Consider the Hermitian operator A (see also [1]) defined by

_ ldx
T dt
D(A) = {x(t) L2/ (t) € L3, 2(0) = x(1) = o} ,

Ax

where its adjoint A* is given by

1dx
r=-—
i dt’

D(A*) = {x(t) L 2(t) € L%O,l]} .

*

Then $, = D(A*) = W3 is a Sobolev space with scalar product

l 1
@os = [ oOu@dr+ [ 7@
0 0
We construct the rigged Hilbert space [9]
W21 - L[20,l] - (W21)*7

and consider the operators

ldx |
Az =~ +ix(0) [5(z — 1) — 8(2)],
«  ldx
Atz = T +iz(l) [6(x —1) —o(z)],

where z(t) € W3, §(x), 6(z — ) are delta-functions in (W3 )_. It is easy to see that
ADT DA, A" DT* D A,

and Lde 4 e (0)[6(z — 1) — 6(x)] K —1

0dt

Wi CLg, C (Wy)- C!
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is a Brodskii-Liv§ic rigged operator colligation where

Kec=c- %[5@ —1)=6(zx)], (ceCh
Kz = (x J5lote =) 6<:c>1) = 5 lalD) - 2],

for z(t) € W3. Also

A — A* 1 1
B = (e - -8 ) Folote — ) - 8ol

The characteristic function of this colligation is
Wo(\) =T — 2iK*(A — XI) 'K J = e,

Consider the following R-function (hyperbolic tangent)

V(\) = —i tanh (%)\Z) .
Obviously this fucntion can be realized as follows

. iz —EAl Al
' i et —e 2 et —1
V(A) = —itanh (5)\1) = —Zm By +1

=i [Wo\) + 1]  [We(N) = 11J. (J=-1)
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